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SUPERSONIC GAS FLOW AROUND BLUNT BODIES 

0. M. Belotserkovskiy, Editor 

This review deals with certain characteristics 
of using the method of integral relations for the 
solution of the mixed problem of supersonic flow 
around blunt bodies, describes the construction of 
the numerical algorithms, and demonstrates their use 
for various cases of flow. Many calculations of 
two-dimensional and three-dimensional bodies of 
different shapes were performed. An investigation 
was made of an ideal gas with constant values of 
heat capacities, flows with equilibrium and non- 
equilibrium dissociation, ionization, vibrational- 
dissociation relaxation, and radiation. Viscous 
gas flows were also calculated. The results of the 
calculations are given in the form of tables and 
graphs. Supersonic flow around blunt bodies was 
also studied experimentally. A comparison of the 
calculated and the experimental data is presented. 



PREFACE 

During f l i g h t s  a t  high supersonic  v e l o c i t i e s  problems of t h e  h e a t  protec-  
t i o n  of bodies  compel t h e  wide use  of b lun t  aerodynamic shapes.  Therefore ,  t h e  
cons t ruc t ion  of t h e  p a t t e r n  of flow p a s t  such bodies  i s  of cons iderable  prac- 
t i c a l  i n t e r e s t .  

Despi te  t h e  f a c t  t h a t  b lun tness  can be geometr ica l ly  s m a l l  i n  comparison 
wi th  t h e  o v e r a l l  dimension of t h e  body, i t  has  a very important  e f f e c t  of t h e  
o v e r a l l  flow p a t t e r n ,  forming a s p e c i f i c  p a t t e r n  of flow wi th  a detached shock 
wave. 

For a number of y e a r s  t h e  Computer Center of t h e  Academy of Sciences USSR, 
t h e  Leningrad Phys ico technica l  I n s t i t u t e  i m .  A. F. I o f f e  of t h e  Academy of 
Sciences USSR, and o t h e r  o rgan iza t ions  under t h e  supe rv i s ion  of 0. M. Be lo tser -  
kovskiy and Yu. P. Lun'kin have been developing numerical  a lgori thms f o r  ca l -  
c u l a t i n g  flow around b l u n t  bodies  wi th  a detached shock wave. When construc-  
t i n g  t h e  ind ica t ed  s o l u t i o n  i n  t h e  region of i n f luence  of b lun tness ,  w e  used 
t h e  method of i n t e g r a l  r e l a t i o n s  [ 1 , 2 ] ,  proposed by A. A. Dorodnitsyn f o r  
so lv ing  c e r t a i n  non l inea r  problems of aerodynamics, which w a s  developed by 
0. M. Belotserkovskiy f o r  c a l c u l a t i n g  mixed gas flows i n  a reg ion  with an 
unknown boundary. Ca lcu la t ions  i n  t h e  supersonic  zone w e r e  performed by t h e  
method of c h a r a c t e r i s t i c s  o r  a l s o  by means of t h e  method of i n t e g r a l  r e l a t i o n s .  

Of t h e  o the r  publ ished numerical  schemes pe rmi t t i ng  s o l u t i o n  of t h e  prob- 
l e m  of supersonic  flow around b lun t  bodies ,  w e  need t o  po in t  ou t  t h e  works of 
S.  Utid and M. Yasukhar; M. Van Dyke; P. Garabedyan and Kh. Libershteyn;  
R. Vaglio-Laurin and A. F e r i ;  S. K .  Godunov, A. V. Zabrodin,  and G .  P .  Prokopov; 
S .  M. G i l in sk iy  and G. F. Te len in ;  G .  P.  Tinyakov; and L. I. Severinov. 

The f i r s t  s o l u t i o n  of  t h e  d i r e c t  problem of c a l c u l a t i n g  supersonic  flow 
around b lun t  bodies  w a s  g iven  i n  an exac t  formulat ion i n  1957 [3] .  P. I. 
Chushkin [4]  examined t h e  l i m i t i n g  case of such a f low,  v i z . ,  a son ic  gas  
flow pas t  bodies  where t h e  shock wave separa ted  from t h e  body a t  an i n f i n i t e l y  
g r e a t  d i s t ance .  M. Van Dyke [5]  and o the r s  proposed a fundamentally d i f f e r e n t  
numerical  scheme based on so lv ing  t h e  inve r se  problem. Despi te  t h e  f a c t  t h a t  
a t  present  t h e r e  are r a t h e r  many numerical  schemes f o r  so lv ing  t h e  mixed prob- 
l e m ,  t h e i r  development and p e r f e c t i o n  cont inues  even now s i n c e  p r a c t i c e  raises 
eve r  new, more complicated problems f o r  s tudy ( i n v e s t i g a t i o n  of flows w i t h  
chemical r eac t ions ,  r a d i a t i o n ,  v i scous  f lows,  c a l c u l a t i o n  of flow around bodies  
having a d i s c o n t i n u i t y  of  t h e  genera t r i 'x ,  e t c . )  . 

I n  t h i s  review w e  w i l l  dwel l  on certain c h a r a c t e r i s t i c s  of us ing  t h e  method 
of i n t e g r a l  r e l a t i o n s  f o r  t h i s  problem; w e  w i l l  de sc r ibe  t h e  cons t ruc t ion  of t h e  
numerical  a lgori thms;  and we  w i l l  demonstrate t h e i r  u s e  f o r  va r ious  cases of flow. 
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Numerous calculations of two-dimensional (plane and axisymmetric) and 
three-dimensional bodies of different shapes (smooth, with a curvature discon- 
tinuity, with a discontinuity of the generatrix) were performed. We examined 
an ideal gas with constant values of heat capacities, flows with equilibrium 
and nonequilibrium dissociation, ionization, vibrational-dissociation relaxa- 
tion, and radiation. Viscous gas flows which are described by Navier-Stokes 
equations were also calculated. The results of the calculations are given in 
the form of tables and graphs. 

Along with the calculations, supersonic flow around blunt bodies was also 
studied experimentally. The eighth chapter was completely prepared by G.  M. 
Ryabinkov and contains the results of his experimental investigations. The 
same chapter presents a comparison of calculated and experimental data. 

The calculations were performed with the participation of A. I. Bykov, 
N. A. Vorob'yev, N. V. Leont'yev, N. V. Mel'tsis, R. M. Romanov, Ye. S.  Sedov, 
and N. P. Shulishnin. A check of the differences of the tables presented in 
this book was performed at the Computer Center of the Academy of Sciences of 
the USSR under the supervision of L. S. Bark. The authors extend their grati- 
tude to these comrades. The authors wish to thank Academician A. A. Dorod- 
nitsyn for his constant attention to this work. 
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SYMBOLS 

- W 

w w  t’ n 

- w w  
x’ Y 

- C 

vi 

length of arc measured along body contour; 
normal to body (n = 0 corresponds to body contour); 
time ; 
radius of curvature of body at arbitrary point; 
distance along normal from axis of symmetry of body; 
distance along normal from surface of body to shock wave; 

principal semiaxes of ellipsoid; 

Cartesian coordinates; 
angle formed by the tangent to the body contour and shock 

wave, respectively, and the direction of the oncoming 

velocity components in direction n, s, respectively, re- 

value of total velocity related to wmax; 
tangential and normal (to shock wave) components of velocity, 

respectively, related to w * max ’ 
velocity components along axes x, y, respectively, related 

sound velocity related to w * max ’ 
critical sound velocity related to wmax; 

stream function; 
specific heats at constant pressure and volume, respectively; 

flow ; 

lated to the maximal velocity value wmax; 

to w - max ’ 

Mach number and angle, respectively; 
Prandtl number; 
Reynolds number; 
universal gas constant; 
density referred to density in oncoming flow pa 

pressure referred to paw2max; 

molecular weight referred to molecular weight of gas in 

temperature related to paw2 /R; 
entropy referred to R/2pa; 

specific enthalpy of i-th component and entire mixture, 

enthalpy of formation of i-th component extrapolated to 

mass concentration of i-th component; 

oncoming flow pa; 

max 

respectively, related to stagnation enthalpy w2 

absolute zero; 

1 2 ;  max 



w - mass rate of formation of i-th component as a result of all 

X - molar concentration of i-th component; 
Tij, eij'Tij - temperature, specific internal energy, and relaxation time, 

i 

i 
chemical reactions; 

respectively, of j-th vibrational degree of freedom of 
i-th component; 

respectively; 
hT 'hC Y he 

K - equilibrium constant; 

P* - viscosity coefficient ; 

- partial derivatives of enthalpy with respect to T, Ci, eij 

P 

A ,  E - magnitude of radiant energy absorbed and emitted, 
respectively, per unit volume in unit time; 

- Planck function; 
- Planck constant; 

- Stefan-Boltzmann constant; 

Bv 
h* 

b* 
k - Boltzmann constant; 

E* - light velocity; 
E * ( P ,  T )  - emission coefficient per unit length. 

All the linear dimensions are related to the characteristic dimension 
of the body (to the radius for a sphere and to the vertical semiaxis b for 
ellipsoids). The subscript m denotes quantities before the shock wave, v = 
0 or 1, respectively, for plane or axisymmetric cases. 
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CHAPTER 1 

ALGORITHMS OF NUMERICAL SCHEMES OF THE METHOD OF 
INTEGRAL RFJATIONS FOR CALCULATING 

MIXED GAS n O W S  

1. Statement of t h e  Problem 

The complete system of equat ions desc r ib ing  motion i n  a mixed-flow region 

The problem c o n s i s t s  of determining t h e  s o l u t i o n  i n  t h e  

/7* 
c o n s i s t s  of equat ions of gas  dynamics and r e l a x a t i o n  equat ions.  A s t a t i o n a r y  
flow i s  examined. 
region of i n f luence  of t h e  i n i t i a l  system, i . e . ,  i n  t h e  region bounded by t h e  
shock wave, body contour ,  and boundary c h a r a c t e r i s t i c s .  The s o l u t i o n  i s  set 
up i n  a c l a s s  of f u n c t i o n s  wi th  a continuous l i m i t e d  d e r i v a t i v e .  

The i d e a  of t h e  method of i n t e g r a l  r e l a t i o n s  i s ,  as is  known, t h a t  by 
covering t h e  i n t e g r a t i o n  range with a c e r t a i n  c u r v i l i n e a r  c a l c u l a t e d  network 
and by in t roduc ing  t h e  r e p r e s e n t a t i o n  of func t ions  with r e spec t  t o  one of t h e  
d i r e c t i o n s  i n t o  t h e  p a r t i a l  d i f f e r e n t i a l  equa t ions ,  w e  o b t a i n  i n  t h e  two-dimen- 
s i o n a l  case an approximating system of ordinary d i f f e r e n t i a l  equa t ions ,  t h e  
s o l u t i o n  of which i s  found by means of t h e  well-developed numerical  apparatus .  
Representat ion of t h e  func t ions  i n  both d i r e c t i o n s  i s  a l s o  p o s s i b l e ,  which 
l eads  t o  a system of a l g e b r a i c  t r anscenden ta l  equat ions.  An a d d i t i o n a l  tri- 
gonometric approximation of t h e  unknown func t ions  i n  t h e  t r a n s v e r s e  plane i s  
introduced f o r  three-dimensional flows. 

The s ta tement  of t h e  problem and gene ra l  scheme of using t h e  method of 
i n t e g r a l  r e l a t i o n s  p e r m i t  s e t t i n g  up t h e  algori thm i n  a ma t r ix  form of c l a s s e s  
of numerical  schemes. The i r  r e a l i z a t i o n  on e l e c t r o n i c  computers s u b s t a n t i a l l y  
f a c i l i t a t e s  t h e  process  of programming and permits  c a l c u l a t i o n  f o r  va r ious  
approximations of t h e  system with r e spec t  t o  s i n g l e  programs. The type of 
a lgori thm depends only on t h e  v a r i a b l e  with respect t o  which t h e  approxima- 
t i o n  i s  performed. Considerat ion of s p e c i f i c  p r o p e r t i e s  of f lows, t h e  use of 
va r ious  complete systems of base f u n c t i o n s ,  and the  d i v e r s e  s t r u c t u r e  of t h e  
c a l c u l a t e d  networks do not  change t h e  essence of t h e  algori thms.  It is  possi-  - / 8  
b l e  t o  w r i t e  out  t h e  gene ra l  form of t h e  approximating ope ra to r  a l s o  f o r  an 
a r b i t r a r y  system of base func t ions .  

1. The s e l e c t i o n  of a s u i t a b l e  system of coord ina te s  plays an important 
r o l e  both f o r  i n v e s t i g a t i n g  equa t ions  and f o r  automation of t h e  c a l c u l a t i n g  
process.  

It i s  convenient t o  w r i t e  t h e  system of d i f f e r e n t i a l  equa t ions  of t h e  prob- 
l e m  e i t h e r  i n  or thogonal  coord ina te s  s, n ,  where s is  t h e  l e n g t h  of t h e  a r c  
measured along t h e  body, n i s  a normal t o  t h e  body (n = 0 corresponds t o  t h e  
body con tour ) ,  o r  i n  coord ina te s  s ,  5 = n / E ( s ) ,  where n = E ( S )  is  t h e  equat ion 
of a shock wave. I n  t h e  system s ,  n i t  is  easy t o  chafige from one body shape 
t o  another ,  which pe rmi t s  c a l c u l a t i n g  flow around bodies  of d i f f e r e n t  shapes 
*Numbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  o r i g i n a l  f o r e i g n  text. 

1 

I 



(smooth or with a discontinuity) by a single program. Furthermore, in these 
coordinates the approximating system has a comparatively simple form, and the 
data obtained can be used directly for calculating the boundary layer or heat 
transfer . 

In the system s ,  E the shock wave becomes parallel to the body, which en- 
ables us to set up integral relations along s.  

2. In a number of cases for constructing numerical schemes it is conve- 
nient to use different forms of writing the initial system of equations and 
boundary conditions. The fact is that mathematically equivalent forms of the 
equations and boundary conditions are not always equivalent from the point of 
view of the accuracy of their approximate representation. 

Partial differential equations of the initial system are written in a 
divergent form as laws of conservations. Such a form of equations is conve- 
nient in that integration with respect to one of the variables is performed ex- 
actly, and the expressions (complexes of functions) which usually change more 
smoothly than the individual functions entering them, are approximated. 

Actually, in the method of integral relations the integral which is a 
smoother function than the integrand is approximated. In this case, the 
accuracy of approximation increases and a good representation is achieved more 
quickly with an increase of the number of approximation. Finally, the integral 
permits a continuous representation in the case when the integrand has a 
discontinuity of the first kind (for example, a discontinuity of curvature of 
the generatrix of the body). 

The initial system can be simplified if we incorporate into it known in- 
tegrals and write certain partial differential equations along the lines of 
flow in the form of ordinary differential equations. Then the initial system 
will contain fewer partial differential equations which, in essence, are re- 
presented by means of the method of integral relations. The final relations 
and ordinary differential equations of the initial system are written along 
the boundaries of zones and, consequently, are used in the approximating sys- 
tem in an exact form. Thus, the boundary-value problem for such an approxi- 
mating system will be simpler and it will represent more accurately the corres- 
ponding initial system of equations. 

/9 

In this connection, when examining nonequilibrium flows, it is expedient 
to introduce equations of material balance and the Dalton equation in place 
of certain kinetic equations of the system, and to write the remaining kinetic 
equations and adiabatic condition along the lines of flow. The introduction of 
the Bernoulli integral to the system is also useful. For flows of an ideal and 
equilibrium-dissociating gases the adiabatic condition is taken in the form of 
constancy of entropy along the lines of flow. 

If we also take into account equilibrium heat radiation of the gas, assum- 
ing that the shock layer is optically thin (we disregard energy dissipation), 
then the divergence of the vector of the radiation flux, which is represented 
as the difference of the radiation energy emitted and absorbed (is a unit volume 
in unit time) will enter the energy equation. Calculation of radiation 
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equ i l ib r ium wi th  cons ide ra t ion  of absorpt ion i s  s u b s t a n t i a l l y  complicated by 
t h e  f a c t  t h a t  i n  t h i s  case t h e  energy equat ion becomes i n t e g r o - d i f f e r e n t i a l .  

I f  i n  t h e  region of i n f l u e n c e  of a smooth body t h e r e  i s  a d i s c o n t i n u i t y  
of t h e  g e n e r a t r i x  and t h e  flow p a t t e r n  changes s o  t h a t  t h e  son ic  po in t  on t h e  
body w i l l  be a t  t h e  po in t  of d i s c o n t i n u i t y  ( son ic  d i s c o n t i n u i t y ) ,  then a Prandt l -  
Meyer flow w i l l  occur i n  t h e  supersonic  neighborhood of  t h i s  po in t .  The char- 
ac te r i s t ic  of t h e  second family i n  t h i s  case degenerates  t o  a p o i n t ,  and t h e  
d i s c o n t i n u i t y  i t s e l f  w i l l  be  e s s e n t i a l l y  a s i n g u l a r  po in t  of t h e  flow. D i f f i -  
c u l t i e s  are encountered when cons t ruc t ing  numerical  schemes of c a l c u l a t i n g  flow 
p a s t  such bodies ,  e s p e c i a l l y  i n  t h e  neighborhood of t h e  d i s c o n t i n u i t y .  I n  a 
number of cases it  is expedient  t o  use an asymptotic expansion such as t h e  
s o l u t i o n  of R. Vaglio-Laurin [ 6 ] ,  which holds t r u e  f o r  a p l ane  and axisymmetric 
v o r t e x  flow i n  a c e r t a i n  zone of t h e  ''boundary l aye r "  j o i n i n g  t h e  subsonic  and 
supersonic  neighborhoods of t h e  s o n i c  d i s c o n t i n u i t y .  /10 

3. W e  w i l l  po in t  ou t  c e r t a i n  f e a t u r e s  i n  t h e  formulat ion of t h e  problem. 
L e t  us examine, f o r  s i m p l i c i t y ,  t h e  case  of t h e  a d i a b a t i c  flow of an i d e a l  gas. 
The system of equat ions d e s c r i b i n g  such a flow i n  coordinates  x ,  y ,  where t h e  
x-axis is  d i r e c t e d  along a tangent  t o  t h e  body and t h e  y-axis is  d i r e c t e d  along 
t h e  normal (Fig.  1 . 1 ) ,  can be  w r i t t e n  i n  t h e  usua l  form: 

( w , - c  2 2 ) - + w , w y  aWx w J y ;  
ax (1.1) 

1 v TdS where Q = z Y  p & 
o r  1, r e s p e c t i v e l y ,  f o r  t h e  p l ane  of t h e  axisymmetric case;  S is  entropy. 

i s  t h e  v o r t e x  va lue ;  c i s  t h e  v e l o c i t y  of sound; v = 0 

The problem c o n s i s t s  of determining t h e  single-valued and continuous solu-  
t i o n  toge the r  w i th  i t s  d e r i v a t i v e s  (with t h e  except ion,  perhaps,  of t he  boundary 
p o i n t s )  i n  a minimal r eg ion  of i n f l u e n c e ,  t h e  boundaries of which are t h e  shock 
wave AB3,  a x i s  of symmetry AE ( i n  t h e  two-dimensional c a s e ) ,  body contour DE, 

and t h e  boundary c h a r a c t e r i s t i c  B D (Figs .  1.1 - 1 . 3 ) .  3 

By region of i n f l u e n c e  of t h e  problem w e  w i l l  denote t h e  p a r t  of t h e  
region containing t h e  e n t i r e  e l l i p t i c  subregion AB D E and a minimal charac- 

t e r i s t i c  t r i a n g l e  inc lud ing  t r a n s i t i o n a l  l i n e  B D (Fig.  1 .4) .  The boundary 

cond i t ions  f o r  t h e  i n i t i a l  system are set up a t  t h e  f r o n t  of t h e  shock wave, 
a x i s  of symmetry, and s u r f a c e  of t h e  body. Thus, w e  o b t a i n  a problem with an 
"open" upper bound, wherein only t h e  cond i t ion  of r e g u l a r i t y  d i s t i n g u i s h i n g  
t h e  class of s o l u t i o n s  wi th  a l i m i t e d  d e r i v a t i v e  makes t h e  problem s ing le -  
valued. 

1 1  

1 1  

3 



Figure 1.1. Flow of a p e r f e c t  
gas (Mo3 = 4 ;  x = 1.4) around 

Figure  1.2. Flow of a p e r f e c t  
gas  (Moo = 4 ;  x - 1.4) around a 

a c i r c u l a r  cy l inde r  (v  = 0; sphere  (v  = 1; 6 = 1 ) :  - son ic  
6 = 1 ) :  - s o n i c  l i n e  (w = c) -  l i n e  (w = c)-B D --- s i n g u l a r  
BIDl; --- s i n g u l a r  l i n e  (w = c)-  

B2D1; - * - * -  boundary c h a r a c t e r i s -  

11; 
X l i n e  (w = c ) - B ~ D ~ ;  - 0 - 0 -  boundary 

c h a r a c t e r i s t i c  -B,D. 
X 

2 t i c  -B D. 3 

L e t  L (y) be  a c e r t a i n  l i n e  x = x (y) l y i n g  i n  t h e  i n t e g r a t i o n  range. L e t  

us  determine on t h i s  l i n e  t h e  va lues  of a l l  d e r i v a t i v e s  of t h e  unknown func t ions ,  
f o r  which purpose w e  must add t o  system (1.1) t h e  r e l a t i o n s  be ing  r e a l i z e d  along 

1 

awy , dwy* aw, aw, aw, - + - x l = -  - + - x  --.  
a y  ax d y  ’ ay a x  dy 

Then from (1.1) and (1.2) w e  ob ta in :  

(1.2) 

Here A is  t h e  determinant  of system (1.1) - (1.2) and t h e  determinants  A ( A  ) 

are obtained from A by r ep lac ing  t h e  elements  of t h e  f i r s t  (second) column by 
corresponding va lues  of t h e  r i g h t  s i d e s  of t h e  system. 

Y X  

W e  w i l l  write t h e  cond i t ion  t h a t  t h e  l i n e  L (y) i s  a c h a r a c t e r i s t i c ,  i . e . ,  
t h e  condi t ion  of t h e  i m p o s s i b i l i t y  of a s ingle-valued de termina t ion  of t h e  de- 
rivatives of a l l  unknown func t ions  on t h i s  l i n e .  It fol lows from ( 1 . 3 )  t h a t  

4 



when A = 0 system (1.1) - (1.2) can 
a l low only inde termina te  so lu t ions .  
I n  o rde r  t h a t  t h e s e  s o l u t i o n s  remain 
f i n i t e  w e  must r e q u i r e  t h e  vanishing 
of a l l  determinants  composed by suc- 
cessive in t roduc t ion  of t h e  r i g h t  s i d e s  
i n t o  t h e  columns of t h e  determinant  of  
t h e  system, i .e . ,  t h e r e  should be 
A = 0 ( t h e  e q u a l i t y  A = 0 fol lows Y X 

from A = 0 and A = 0) .  

- / 12 

Y 

Consequently, t h e  cond i t ion  

A = 0 when A = 0 (1.4) 

ensures  t h e  boundedness of a l l  der iva-  
t i v e s  of t h e  unknown func t ions  w w 

on t h e  c h a r a c t e r i s t i c  l i n e .  

a E 
Y 

Figure 1.3.  Flow of an i d e a l  gas 
(Ma = 4 ;  x = 1.4) p a s t  a sphere 

= 1)  wi th  a son ic  d i s -  x’ Y 
sonic  

(v  = 1; 

c o n t i n u i t y  (x  = 0.5);  - 
l i n e  (w = c)-B D --- s i n g u l a r  1 1; 
l i n e  (wx = c ) - B  D - - 0 - 0 -  boundary 2 1’ 
cha rac t e r i s t i c -B  D. 

Ro ,. 
L e t  u s  now examine t h e  s o l u t i o n  of 

t h e  l o c a l  Cauchy problem f o r  i n i t i a l  
system of equat ion  (1.1) i n  t h e  neigh- 

s i n c e  l a te r ,  when de r iv ing  t h e  numerical  
3 borhood of l i n e  x = const  and y = const  

s o l u t i o n ,  t h e  approximating ope ra to r  w i l l  be used i n  p r e c i s e l y  t h i s  form. 

I n  t h e  neighborhood of x = cons t ,  w e  have 

where 

dw, JW, E, 
2 2 ’  

- -  
ax w, -c 

Analogously f o r  y = cons t ,  

I n  t h e  i n t e g r a t i o n  range,  l e t  t h e  v e l o c i t y  component w pass  through t h e  /13 
X 

son ic  va lue  (which occurs  i n  our  problem), then  when w = c y  i f  a d e f i n i t e  solu-  

t i o n  of t h e  Cauchy problem (1.5) e x i s t s ,  then  i t  need no t  be t h e  only one. The 
X 

5 



p o i n t s  a t  which w 

such p o i n t s  w e  w i l l  h e r e a f t e r  c a l l  t h e  s i n g u l a r  l i n e  of the i n i t i a l  system. 

= c w i l l  be  s i n g u l a r  p o i n t s  of t h e  system. The t o t a l i t y  of 
X 

I I 

a b C 

Figure 1.4.  Types of reg ions  of in f luence :  --- charac- 
t e r i s t ic  of I family;  - - - c h a r a c t e r i s t i c  of I1 family;  
BIDl - son ic  l i n e  (M = 1 ) ;  B3D - boundary c h a r a c t e r i s t i c .  

A s  fo l lows  from (1.5) ,  f o r  boundedness of t h e  d e r i v a t i v e s  a t  p o i n t s  of t he  
s ingu la r  l i n e  w e  must r e a l i z e  a s p e c i a l  cond i t ion  

Ex = 0 when w = c. (1.7) X 

Otherwise, i n f i n i t e  va lues  of t h e  d e r i v a t i v e s ,  i . e . ,  i n f i n i t e  a c c e l e r a t i o n s ,  
w i l l  be on t h i s  l i n e ;  motion cannot cont inue  beyond t h e  s i n g u l a r  l i n e  ( t h e  
s i n g u l a r  l i n e  i t s e l f  w i l l  be a l i m i t i n g  l i n e )  and t h e  e n t i r e  s o l u t i o n  w i l l  no t  
have any phys ica l  meaning. 

The na tu re  of such s i n g u l a r  po in t s  is obvious - a t  them, t h e  d i r e c t i o n  
x = const  a p p l i e s  t o  one of t h e  c h a r a c t e r i s t i c s  of t h e  i n i t i a l  system of 

W x c l  
X w w M  equat ions.  Actua l ly ,  a t  po in t s  where w = c w e  have - = - = - = s i n  a, where 

ci i s  t h e  Mach angle .  Depending upon t h e  s i g n  of t h e  v e l o c i t y  component w t h e  

d i r e c t i o n  x = cons t  a p p l i e s  t o  t h e  c h a r a c t e r i s t i c s  of t h e  f i r s t  (w > 0) o r  t h e  

second (w < 0) family a t  p o i n t s  of t h e  s i n g u l a r  l i n e .  

Y ’  

Y 

Y 

I n  o t h e r  words, t h e  s i n g u l a r  l i n e  i s  a locus  of p o i n t s  a t  which t h e  d i r e c t i o n  
of i n t e g r a t i o n  becomes perpendicular  t o  t h e  c h a r a c t e r i s t i c .  When s e l e c t i n g  o t h e r  
unknown func t ions  t h e  p o s i t i o n  of t h e  s i n g u l a r  p o i n t s  remains as be fo re ,  whereas 
on changing t h e  system of coord ina tes  (and, consequent ly ,  t h e  d i r e c t i o n  along 
which t h e  d e r i v a t i v e s  are determined) t h e  p o s i t i o n  of t h e  s i n g u l a r  l i n e  can a l s o  
change. The s o l u t i o n  of t h e  l o c a l  Cauchy problem (1.6) i n  d i r e c t i o n  y i s  always 
s ingle-valued and is  bounded i n  our  problem s i n c e  i n  t h e  e n t i r e  i n t e g r a t i o n  
range ( w  1 << c. 

Y 
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Thus, at each point of the singular line, the condition of regularity of 
the solution which makes the problem unique can be written in the form A = 0 

Y 
along the corresponding characteristic, or as E = 0 ,  wx = c along the ray 
x = const. If the singular line coincides with the characteristic, which occurs, 
for example, in Tricomi's second mixed problem, then these conditions will be 
identical. 

- I14 X 

In schemes I of the method of integral relations where integration of the 
approximating system is done with respect to x, the solution "encounters" the 
singular line and condition (1.7) isolates the only regular solution and thus 
closes the problem. Here, of course, all boundary conditions in the region of 
influence of blunting should be satisfied. The conditions of compatibility 
(1.4) along the boundary characteristic are now fulfilled automatically. 

In schemes I1 where the representation of functions along the shock layer 
is introduced, the solution of the approximating system is found in the y-direc- 
tion. The integration range here is limited above by the boundary characteristic 
which cuts out the exact region of influence of blunting. In this case, condi- 
tion (1.4) ensures regularity of the solution along the upper bound and thus 
closes the approximating system. Derivatives only along the characteristic it- 
self enter this condition, consequently it is used in the approximating system 
in each approximation in an exact form. 

The regularity of solution within the integration range follows from corres- 
ponding representations of unknown functions along the shock layer, from the 
regularity of the solution at the limits of the integration range, and from the 
iterative method of constructing the sought numerical solution of the boundary- 
value problem for the approximating system. This solution is found by multiple 
iteration of the solutions of the Cauchy problem with initial data on the shock 
wave until the corresponding conditions on the body are fulfilled. In each iter- 
ation the regular solution is determined without limiting lines. Condition (1.7) 
is fulfilled here automatically on the singular line. It is not convenient to 
use it directly for closing the system in schemes I1 since derivatives with re- 
spect to both directions enter condition (1.7). 

In schemes I11 where the representation of functions are introduced simul- 
taneously in two directions and the initial system of partial differential 
equations is replaced in the two-dimensional case by a system of algebraic 
transcendental equations, both forms of writing the conditions closing the 

algorithm of schemes 111). In this case, a completely identical solution 
is obtained. 

approximating system were used (depending on the order of constructing the /15 

4 .  For simplicity, a system of polynomial functions is usually used as the 
complete base system of functions. The introduction of trigonometric represen- 
tations is valid in the problem of sonic flow around bodies [4]. It seems to us 
inexpedient to use here base functions of another form (for example, Lagrange 
polynomials) because the computer algorithm is complicated without a noticeable 
increase in the accuracy of the calculations. 
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It i s  requ i r ed  t h a t  a numerical  s o l u t i o n  b e  cons t ruc t ed  of a system of k 
second-order p a r t i a l  d i f f e r e n t i a l  equat ions  con ta in ing  k unknown funct ions .  
When so lv ing  t h e  problem by t h e  method of i n t e g r a l  r e l a t i o n s ,  t h e  coord ina te  
system is s e l e c t e d  s o  t h a t  t h e  two oppos i te  l i m i t s  of t h e  reg ion  are coord ina te  
l i n e s .  The i n t e g r a l  r e l a t i o n s  are a l s o  set up i n  t h i s  d i r e c t i o n .  

I f ,  at  t h e  oppos i t e  l i m i t s  of t h e  r eg ion  t h e r e  i s  a sum of k boundary condi- 
t i o n s ,  then  t h e  corresponding approximating system of  ord inary  d i f f e r e n t i a l  
equat ions  proves t o  be  completely c losed .  I f  one of t h e  boundaries  of t h e  re- 
gion i s  no t  known beforehand, an a d d i t i o n a l  boundary cond i t ion  i s  requi red .  I n  
t h e  presence of a s i n g u l a r  l i n e ,  t h e  corresponding boundary cond i t ions  can be 
absen t ,  t h e  cond i t ions  of r e g u l a r i t y  r ep lace  them. H e r e  t h e  s i m p l e  method of  
i n t e g r a l  r e l a t i o n s  i s  used. The l a w s  of conserva t ion  expressed by t h e  i n i t i a l  
system are w r i t t e n  a c r o s s  t h e  zone i n  t h e  form of i n t e g r a l  r e l a t i o n s .  

Three types  of  numerical  schemes have proved convenient f o r  d i f f e r e n t  f low 
regimes [7 ,  8,  91. W e  w i l l  demonstrate t h e i r  cons t ruc t ion  i n  t h e  two-dimensional 
case. 

2. Scheme I 

1. The cons t ruc t ion  of t h e  a lgor i thm f o r  c a l c u l a t i n g  an a r b i t r a r y  approxi-  
mation by scheme I of t h e  method of i n t e g r a l  r e l a t i o n s  i s  presented  f o r  t h e  
example of flow around a b lun t  axisymmetric body wi th  cons ide ra t ion  of e q u i l i -  
brium d i s s o c i a t i o n  of t h e  gas.  

The i n i t i a l  system of equat ions  i s  w r i t t e n  i n  coord ina tes  s ,  n ;  t h e  in t eg ra -  
t i o n  range i s  d iv ided  by l i n e s  pass ing  between t h e  s u r f a c e  of t h e  body and t h e  
shock wave (Fig.  1 .5 ) ,  and t h e  func t ions  (and t h e  i n t e g r a l s  themselves) are 
represented  by i n t e r p o l a t i o n  polynomials a c r o s s  t h e  shock l a y e r  wi th  p o i n t s  of 
i n t e r p o l a t i o n  a t  t h e  zone boundaries [2, 3 ,  7 ,  8 ,  10-191. 

/16 

a b C d 

Figure 1.5. Scheme I 

For equ i l ib r ium f lows,  t h e  complete system of  equat ions  ( p r o j e c t i o n  o f  t h e  
motion equat ion  onto n ,  con t inu i ty  equat ion ,  stream func t ions ,  en t ropy ,  Be rnou l l i  
i n t e g r a l ,  and thermodynamic r e l a t i o n s )  i n  dimensionless  form looks  l i k e :  
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here  
- - - -  - 

z =  r z ;  I = r l ;  t = r t ;  H =  rH; g= rg; 

?= g/R +AQ COS e; A = I + n / R ;  r = r o  + n c o s  e .  
2 -  puu; l =  pu; t = pu; H = p +  p u 2 ;  g = p + p &  

The boundary cond i t ions  are as fol lows:  on t h e  s u r f a c e  of t h e  body (n = 0): 
u = 0 ,  $ = 0 ,  S,(O) = 0; on t h e  shock wave (n = E ( s ) ) :  

2 
w,=w,coso; pw,=wmsino; p = p, -pw,  +(w,sino12; 

y l = 2 - w w ;  
dw, W ,  h T ~ ~ s  0 - w ,  ( D e + p  1. -= ~ 

r 2  
do p h  T - ~ n ( D ~ , s i n o + 2 p T ~ n  ) ' 

here,el=w2siq2o; e=e,-q,w,coso. On t h e  a x i s  of  symmetry (s  = 0) : U = 0, y = 0, s = 0. 

Two p a r t i a l  d i f f e r e n t i a l  equa t ions ,  which are presented he re  approximately,  

/17 

e n t e r  t h e  i n i t i a l  system (1.8).  

W e  w i l l  approximate t h e  func t ions  z ,  E, ? i n  t h e  fol lowing manner: 

N . .  'N . 

is1 i =O i = O  

N - fin,s)= z i z ( s ) t i ;  t(n,s)= c "s)gi; T(n,s, =( z ' y ( s ) g i  

W e  w i l l  d i v i d e  t h e  i n t e g r a t i o n  range i n t o  N zones by l ines 5 = k/N, k = 1, 2 ,  ..., N-1,  and i n t e g r a t e  each of t h e  p a r t i a l  d i f f e r e n t i a l  equa t ions ,  i n t roduc ing  

9 



into them approximations, with respect to n from zero to each of the N remaining 
lines : 

Analogously,the second equation of (1.8) is transformed to the system 

Here fk denotes f(s, 5 = k/N). 

In a vector form we can write: 

here 
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Using the relation between the coefficients of approximate polynomials and func- 
tions on the lines of approximation 

*- 
*TI w-'T* ; *i 3 W--l(T*-T,); Y = W W * - V , ) ;  

wa I I W ~ J I ;  w k i = ( $ ,  k, i = 1, ... N, 
we obtain a system of equations in the form 

0' The obtained system consists of 2 N  equations with 2 N  + 2 unknown functions t 
- -  
t,, z,, EO. 

A t  the shock wave 

u - wn s in(a-e) ;  uN==~,cos(o-e). N- 
From where 

, v;+wne'cosb-e)  E, a w n  , 
do a a '  =- avr; - pufr + w, - e = o :  B = - 

he re 
a=- dw n c o s ( o - e ) -  ~ ~ s i n ( o - 0 ) ;  p= awn -sin(o-e)+w,cos(o-e). 

do d o  

Knowing a(s), the function E(S) is found from the geometric relation 

The equations for E '  and IJ' close the approximating system. Having expressed 
the functions t, z, y, etc., in terms of unknown functions u, v, p ,  p ,  we ob- 
tain a system of the form, @T',=G, where 

11 



-?1 

-bN 

-f: 1 

-CN 

-wndo duh e' 

c 2 =  - phT is the square of the velocity of sound, D = p p h T - p T h P .  
D P+2 PT 

The complete approximating system of equations for numerical integration 

> 
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The prime 

When s = 0 t h e  

everywhere denotes  a d e r i v a t i v e  with respect t o  s; 

va lues  of ui(0) ,  i = 1, 2 ,  ..., N-1,  and ~ ( 0 )  are unknown, i . e . ,  

of N q u a n t i t i e s  (% is  found from r e l a t i o n s  on t h e  shock wave). It is  obvious 

kl, mkl and m t h a t  when v = c t h e  ma t r ix  Q degenerates  when from t h e  form n 

k = 0, 1, ..., N - 1  (when k = N t h e r e  is no degenerat ion owing t o  a). The con- 
d i t i o n s  of r e g u l a r i t y  of t h e  s o l u t i o n  a t  t h e s e  N p o i n t s  permit a unique de te r -  
mination of N unknown parameters. 

00 k k  

Thus, w e  have a system of ordinary d i f f e r e n t i a l  equat ions (1.9) with i n i -  
t i a l  d a t a  when s = 0 

I n t e g r a t i o n  of system (1.9) i s  performed from t h e  a x i s  of symmetry t o  t h e  
upper l i m i t  ( c l o s i n g  r a y  o r  boundary c h a r a c t e r i s t i c ,  see Fig. 5 ,  a , b ) .  I n  t h i s  
ca se ,  w e  need s a t i s f y  t h e  cond i t ions  of r e g u l a r i t y  a t  t h e  s i n g u l a r  p o i n t s  and 
t h e  boundary cond i t ions  of t h e  problem i n  a minimal region of i n f luence .  

W e  cannot use t h e  cond i t ions  of constancy of entropy along t h e  l i n e  of flow 
1 2 1  f o r  nonequilibrium flows, and system (1.8) must be supplemented by a corres-  - 

ponding equat ion.  I n  o rde r  not  t o  in t roduce  p r o j e c t i o n s  of t he  equat ions of 
motion onto t h e  s-axis  ( t h e  approximation of which proves t o  be less a c c u r a t e  
than t h e  approximation of o the r  equa t ions ) ,  w e  use t h e  a d i a b a t i c  flow cond i t ion  
along t h e  l i n e s  of flow 

( t  - t i m e  ). - - - - = o  dh 2 dP 
dt f) dt 

I n  t h i s  ca se ,  t h e  equat ion of s ta te  i s  w r i t t e n  as: 

P a P ( P ,  T , C i  1, 
and t h e  expression f o r  enthalpy h w i l l  have t h e  form: h = h(T,C.) f o r  t h e  case 

of nonequilibrium d i s s o c i a t i o n  and h = h(T,C. ,T .  ,) f o r  t h e  case of v i b r a t i o n a l -  

d i s s o c i a t i o n  r e l a x a t i o n .  H e r e  T i s  t h e  v i b r a t i o n a l  temperature of t h e  j - t h  

v i b r a t i o n a l  degree of freedom of t h e  i - t h  component. 

1 

1 1J 
i j  

Furthermore, t o  t h e  i n i t i a l  system of gas dynamic equat ions,  w e  must add 
r e l a x a t i o n  equa t ions  d e s c r i b i n g  t h e  change of m a s s  concen t r a t ion  of t h e  compon- 
e n t s  C and v i b r a t i o n a l  ene rg ie s  e = eij(Tij)  and a l s o  t h e  Dalton equat ion and 

i i j  
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equations of material balance. 
ponents containing different types of atoms, the Dalton equation has the form 

If the gas mixture consists of q different com- 

and (a - 1) equations of material balance are written as: 

(1.10) 

(1.11) 

where n is the number of atoms of type m (m = 1, 2, 3 ,  ..., a) in component im 
i (i = 1, 2, ..., 4); Bml = const; Bll = 1. 

The form of the relaxation equations depends on the character of the kinetic 
processes in question. 

For vibrational relaxation we have: 

(1.12) 

where e T are the specific internal energy and relaxation time, respec- - /22 ij' ij 
tively, of the j-th vibrational degree of freedom of the i-th component. 

For nonequilibrium dissociation in equilibrium vibrations we have 

dCi wi ( p , T ,  C i  1 
dt  P 
-- - (1.13) 

If we take into account simultaneous occurrence of vibrational dissocia- 
tion relaxation, then equations (1.12) and (1.13) are written as: 

(1.14) 

The form of the functions Qij and w depends on the details of  the kinetic 

It is best not to approximate 
i 

processes and their interaction with each other. 
the relaxation equations and the adiabatic condition but to write them along the 
lines of flow and project them onto the line 6 = k/N, k = 1, 2, . . . , N-1. Thus, 
for the case of vibrational-dissociation relaxation the approximating system 
with respect to scheme I will have the form: 

14 



(1.15) 

i = 1 , 2  ...., 4 ;  j - 1 , 2  ,..., t i j ;  k = l , 2  ,..., N - 1 ,  I 

where r is t h e  number of v i b r a t i o n a l  degrees  of freedom of t h e  i - t h  component 
and 

/23 i 

The approximating system has s i n g u l a r i t i e s  a t  t h e  p o i n t s  where t h e  tangen- 
t i a l  components of v e l o c i t y  vk prove t o  be  equa l  t o  t h e  "frozen" v e l o c i t i e s  of 
sound 

Ck - (g) , k = O,1, ... , N - 1. 
k 

(1.16) 

W e  no te  t h a t  i n  t h i s  case, both  v i b r a t i o n s  and d i s s o c i a t i o n  are frozen.  

2.  L e t  us  examine f o r  t h e  most genera l  case, v i b r a t i o n a l - d i s s o c i a t i o n  re- 
l a x a t i o n ,  t h e  approximating system i n  t h e  second approximation (N = 2 ) .  L a t e r ,  
w e  w i l l  p r e sen t  t h e  r e s u l t s  of c a l c u l a t i o n s  w i t h  r e spec t  t o  scheme I f o r  N = 2. 

L e t  u s  des igna te  a l l  q u a n t i t i e s  on t h e  body by t h e  s u b s c r i p t  "O", on t h e  
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i n t e rmed ia t e  l i n e  by t h e  s u b s c r i p t  "2", and on t h e  shock wave by t h e  s u b s c r i p t  
"1". 

t i o n ,  w e  o b t a i n  
Solving t h e  f i r s t  equa t ion  of system (1.15) relative t o  t h e  unknown func- 

' E2 1 - 0  - 0  , U,' -; u ; = r ( z 2 - t 2 1 1 2 ) .  Eo u o - - *  
NO N2 t2  

The form of t h e  remaining equat ions  of system (1.15) i n  t h i s  case  does no t  
change. The q u a n t i t y  E 

equa l  t o  

e n t e r i n g  t h e  equat ion  f o r  0' = Ea/",-,, when N = 2 i s  
(3 
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The d e r i v a t i v e s  dC/dt and de /d t  a r e  found from k i n e t i c  equat ions  desc r ib ing  - 1 2 5  
v i b r a t i o n a l  and d i s s o c i a t i o n  r e l axa t ion .  The q u a n t i t i e s  dw /day  dpl/du, 

dT /do a r e  determined by t h e  corresponding d i f f e r e n t i a l  equat ions f o r  an 

obl ique  shock. L e t  u s  examine a diatomic gas on t h e  assumption t h a t  immediate- 
l y  behind t h e  shock t h e  v i b r a t i o n s  and d i s s o c i a t i o n  are "frozen,"  then w e  must 
add C = C(T,), e = e(Tm) t o  t h e  boundary condi t ions  of t h e  problem on t h e  shock 

wave. The s p e c i f i c  en tha lpy  of t h e  gas is determined he re  as: 

n l  

I 

where C C and hl,  h are t h e  m a s s  concent ra t ions  and s p e c i f i c  e n t h a l p i e s ,  

r e s p e c t i v e l y ,  of monatomic and diatomic components of t h e  mixture;  h(Oi in-  
1' 2 2 

i 
c ludes  t h e  i n t e r n a l  energy of a c t i v e  degrees  of freedom ( t r a n s l a t i o n a l  , ro t aL  
t i o n a l ) ,  work of expansion, and energy of formation of t h e  corresponding com- 
ponent D * e is  t h e  v i b r a t i o n a l  energy of t h e  i - t h  component r e f e r r e d  t o  as a 

u n i t  m a s s  of t h e  mixture .  I f  w e  t a k e  i n t o  account t h a t  t h e  r o t a t i o n s  of t h e  
molecules are f u l l y  e x c i t e d ,  then  f o r  t h e  monomatic component 

i' i 
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h , = h r )  = - T + D ,  5 . (e,=o),  
k l  

and for the diatomic 

To begin solving the approximating system we must assign, when s = 0 ,  the 
values of the parameters E 0 and u 2 ( 0 )  and approximate the velocity along the 

axis of symmetry in the form of the quadratic polynomial 

Then, the wanting boundary conditions on the axis of symmetry are determined by 
integration, from the wave to the body, of the following system of equations: 

(1.17) 

The unknown parameters and u 2 ( 0 )  are found from the conditions of regu- 
larity of the solution at the singular points, Eo = 0 when v 0 = co and E 2 = 0 

when v 2 = c2' 

We will now examine only nonequilibrium dissociation, taking into account 
Equations for (e)' k (k = 0.2) will that vibrations are excited in equilibrium. 

be absent in approximating system (1.15) and the expressions for TA and T; change: 

T I -  -- ( [ ( h , ) ,  - (h,)o I(cl); + 2u0 uo' 1 ; 
(h T I 0  

0 -  

wherein 

In the expressions for E 
and consider that 

and E 0 2 when s > 0 we should also set e' 0 = 0 ,  e; = 0 
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The parameters behind the shock wave and also their derivatives with re- 

' do' do 
spect to the angle of inclination of the shock wave 

determined on the assumption that immediately behind the shock only dissociation 
is "frozen" and the vibrations are in equilibrium. 

The equation for de/dn will be absent in system (1.17) for determining the 
wanting boundary conditions on the axis of symmetry, and the expression for dT/dn 
will take the form 

All other expressions remain unchanged. The "frozen" sonic velocities will be fi 
determined as usual by formulas (1.16) where hT = c+)c i.e., only dissociation 
is "frozen. I' 1 

When calculating full equilibrium flows the enthalpy of the mixture h = h 
(p, T) and its molecular weight p = p(p, T) are determined either from approxi- 
mations or from solving a system of equations of chemical eauilibrium. In this 
case the relaxation equations are absent in the apF .oximat ing system (1.15) and 

wherein hT=(*)r,,h are also found either from approximations or from 
a T  p a p  

equations of chemical equilibrium. 

In the expressions for E and E when s > 0 we must set e' = 0 and (C ) '  = 0 0 2 k l k  
(k = 0.2). The parameters behind the shock wave and their derivatives with re- 
spect to a we will now find on the assumption of full equilibrium behind the 
shock. To determine the wanting boundary conditions on the axis of symmetry 
there is no need to set up the velocity profile in the form of a quadratic poly- 
nomial. As usual, only the two unknown parameters E and u (0) are assigned, 0 2 
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and t h e  q u a n t i t i e s  p ( O ) ,  T 2 ( 0 ) ,  po(0) ,  To(0) are determined by i n t e g r a t i o n ,  

along s = 0 from t h e  wave t o  t h e  body, of t h e  equat ion  
2 

-- dT 2 - Q h ~  --. 
dp 2 h T  

The approximating system as usua l  has  two s i n g u l a r  p o i n t s  when v = c and 0 0  
v2 - - c2, where c and c are "equilibrium" son ic  v e l o c i t i e s  0 2 

The flow of an i d e a l  gas wi th  a cons tan t  hea t  capac i ty  i s  a p a r t i c u l a r  case  
of an equ i l ib r ium flow. When determining t h e  thermodynamic q u a n t i t i e s  i t  i s  
s u f f i c i e n t  t o  set  

- / 2 8  

t 1/T;  p T =  -p/T. 
P P  

h, = C  = c o n s t ;  h = 0; P P 

3. Thus, i n  scheme I i n  t h e  second approximation f o r  d i f f e r e n t  ca ses  of 
flow, we ob ta in  a boundary-value problem f o r  a system of ord inary  d i f f e r e n t i a l  
equat ions  wherein two unknown parameters  on t h e  a x i s  of symmetry ( E  

should be determined from t h e  condi t ions  of r e g u l a r i t y  of t h e  s o l u t i o n  a t  
s i n g u l a r  p o i n t s  

and u2(0))  0 

E , =  0 whenN, = 0 and E 2 = 0 when N, = 0. (1.18) 

Usually such a problem is solved by m u l t i p l e  i t e r a t i o n  of t h e  s o l u t i o n  of 
t h e  Cauchy problem. Calcu la t ions  show t h a t  t o  s a t i s f y  condi t ions  (1.18) and a 
smooth ex tens ion  of t h e  s o l u t i o n  beyond t h e  s i n g u l a r  p o i n t s ,  a v a s t l y  h igher  
accuracy of determining t h e  parameters E and u (0) than  t h e  accuracy of so lv ing  

t h e  problem i t s e l f  (accuracy of t h e  approximation of t h e  i n i t i a l  system, accuracy 
of numerical  i n t e g r a t i o n )  i s  needed. However, such a h igh  accuracy i s  necessary  
no t  over  t h e  e n t i r e  i n t e r v a l  of change of  t h e  independent v a r i a b l e  s but  only i n  
a r a t h e r  narrow neighborhood of t h e  s i n g u l a r  p o i n t s  themselves.  Therefore ,  when 
so lv ing  t h e  boundary-value problem according t o  scheme I ,  i t  is b e s t  t o  set out 
i n  t h e  fol lowing manner. A s  soon as t h e  parameters  become s o  r e f ined  t h a t  i n  a 

0 2 

c e r t a i n  range 0 < s < s t h e  "fork" va lues  of t h e s e  - - k  
E ( ~ )  , u(')) g ive  a s o l u t i o n  wi th  t h e  requi red  accuracy , w e  can begin 

0 2 , - *  
so lv ing  t h e  Cauchy problem no t  from s = 0 but  from s = s,-, l i n e a r l y  i n t e r p o l a t i n g  - Is ~~ 

k t h e  boundary cond i t ions  f o r  s = between f!') and f i 2 ) .  Here t h e  va lue  of  s 'k 1 
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can be successively increased and, consequently, we can continue to integrate 
the approximating system in an ever narrower interval. This method is rather 
easily automated and yields a great gain in time, and in calculations of severely 
blunt bodies (6 >> 1) is simply necessary since the required accuracy of the 
parameters chosen when s = 0 can prove to be limited in a number of cases of 
the computer matrix. 

Calculations also show that to retain a continuous dependence of the solu- 
tion upon the parameters, integration in the region of singular points must be 
performed with control of accuracy and automatic step selection. However, as /2q 
a criterion for "fork" values of the parameters it is not expedient to use the 
conditions Ei < 0 or Ni < 0 since in this case the step will be severely dimini- 

ished. In place of them it is necessary to examine the conditions E < 6 or 
N. < 6, where 6 is a certain small number selected in conformity with a pre- 
scribed accuracy of integration. If both conditions E < 6 and Ni 6 are 
simultaneously fulfilled as the parameters are refined, then as the criterion 
it is convenient to use the signs of the second derivatives of velocities v" and 

v" which can be found numerically. 

i 

1 

i 

0 

2 

To extend the solution beyond singular points the method of "complexes" 
has proved to be sufficiently effective [ 2 0 ] .  In this case, the approximating 
system is written so that in place of equations for the tangential components of 
velocities, pressures, and temperatures along the body and intermediate lines 
(these equations have singularities), we introduce equations relative to the 
''complexes'' of these quantities standing under the sign of partial derivatives 
with a divergent writing of the initial equations. The approximating system in 
"complexest' does not have singularities in the entire shock layer, For example, 
in place of six equations for v' o, P i ,  Ti, vi, pi, T i  of system (1.15) describing 

vibrational-dissociation relaxation according to scheme I in the second approxi- 
mation, we can introduce the equivalent equations with derivatives of the "com- 
plexes" 

where 

- 1 -  E - -( t l - r l t 2 ) ;  E - 1  = - ( T '  o - r o t o ) ;  ' 2 -  t 2  

These equations together with the remaining equations of system (1.15) can be 
integrated with any predetermined accuracy in the entire shock layer, including 
points where v = c Here, however, since the right sides of the (i = 0.2). i i 
equations depend not only on the ''complexes" but also on the gas dynamic quan- 
tities themselves, 
algebraic systems. 

at each step of integration we must solve the following 
/30 
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(1.19) 

H e r e ,  t h e  known q u a n t i t i e s  are to, go, t2, g2, U ~ , ( C ~ ) ~ ,  eo, (C1)2e2, s i n c e  they 

are found from s o l v i n g  d i f f e r e n t i a l  equat ions  and t h e  v a l u e s  p 

( i  = 0.2) are unknown. Each of t h e  systems (1.19) h a s  two s o l u t i o n s .  Inves t iga-  
t i o n s  have shown t h a t  up t o  t h e  p o i n t  where v = c ( i  = 0.2) w e  must t a k e  one 

s o l u t i o n ,  and beyond t h i s  p o i n t ,  w e  must t a k e  t h e  o t h e r  (at t h e  s i n g u l a r  p o i n t  
i t s e l f  bo th  s o l u t i o n s  co inc ide) .  Thus, t h e  s i n g u l a r i t y  occurr ing  i n  t h e  problem 
and r e l a t e d  w i t h  t r a n s i t i o n  through s o n i c  v e l o c i t y  does n o t  d i sappear ,  and only 
t h e  c h a r a c t e r  of i t s  m a n i f e s t a t i o n  changes. The s o l u t i o n  of systems (1.19) f o r  
t h e  case of a completely nonequi l ibr ium flow and t h e  flow of an i d e a l  gas  wi th  
a cons tan t  s p e c i f i c  h e a t  can be obtained i n  an a n a l y t i c a l  form. I n  t h e  case of 
flow wi th  nonequi l ibr ium d i s s o c i a t i o n  (equi l ibr ium v i b r a t i o n s )  each of t h e  sys- 
t e m s  reduces t o  one t r a n s c e n d e n t a l  equat ion  and i n  t h e  f u l l y  equi l ibr ium case, 
t o  two ( t h e s e  equat ions  are solved by i t e r a t i o n ) .  
machine t i m e  t o  s o l v e  systems (1.19) w e  can change over  t o  i n t e g r a t i o n  of t h e  
approximating system i n  “complexes” only upon approaching t h e  s i n g u l a r  p o i n t s ,  
and i n  t h e  remaining reg ion  use  t h e  usua l  form of t h e  approximating system. 

vi, pi, Ti i’ 

i i 

To avoid excess ive  use  of 

4.  W e  n o t e  t h a t  scheme I examined above g i v e s  more a c c u r a t e  information 
on t h e  shock wave and on t h e  body which i s  q u i t e  important  f o r  p r a c t i c e  and 
f o r  comparison wi th  experiments.  This  scheme i s  s u i t a b l e  f o r  c a l c u l a t i n g  flows 
a t  high Mach v a l u e s  of t h e  oncoming flow when t h e  shock l a y e r  i s  comparatively 
t h i n  and t h e  l a w  of d i s t r i b u t i o n  of  t h e  parameters  a c r o s s  t h e  l a y e r  has  a 
s u f f i c i e n t l y  smooth c h a r a c t e r .  The scheme is  convenient ly  used when c a l c u l a t -  
i ng  flow around s e v e r e l y  b l u n t  bodies  [ l o ,  1 2 ,  131, as w e l l  as bodies  w i t h  a d i s -  
c o n t i n u i t y  of t h e  c o n f i g u r a t i o n  [11, 15 ,  181 o r  d i s c o n t i n u i t y  of t h e  curva ture  of 
t h e  g e n e r a t r i x  [19].  

3.  Scheme 11. 

1. The i n i t i a l  system of equat ions  i s  w r i t t e n  i n  coord ina tes  s ,  5 - 131 
( 5  = n/E(s) ) ;  t h e  range  of i n t e g r a t i o n  i s  d iv ided  by l i n e s  rl = s / s i ( < )  - const  

pass ing  between t h e  a x i s  of symmetry s = 0 and t h e  boundary c h a r a c t e r i s t i c  
s = sl(<) (Fig.  1 . 6 ) ;  t h e  func t ions  are approximated along t h e  shock l a y e r  
by polynomials i n  terms of s wi th  c o n s i d e r a t i o n  of  symmetry when s = 0 [2 ,  7 ,  
8 ,  21-25]. 

L e t  u s  c o n s t r u c t  t h e  a lgor i thm of t h e  c a l c u l a t i o n  i n  t h i s  scheme f o r  cases 
of axisymmetric gas flows i n c o r p o r a t i n g  a f u l l y  equi l ibr ium s ta te ,  equi l ibr ium 
s ta te  wi th  r a d i a t i o n  (volume luminenscence),  o r  a nonequi l ibr ium s ta te .  
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Figure 1.6. Scheme 11. 

The complete system of equations for all these cases contains the equa- 
tions of motion and continuity 

d - a ( t E )  + 2- i = Y E ;  - ( S E ) +  2 s ;  
d s  d e  d S  d e  

(1.20) 

where 

and also the Dalton equation (l.lO), equation of material balance (l.ll), and /32 
the equation of state 

P 
L ) =  

(1.21) 

Furthermore, in the case of a complete equilibrium state, this system includes 
the equation of energy 

h + w 2  = 1 ,  (1.22) 
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the equation of the law of mass action 

(1.23) 

where K 

gas 

is the equilibrium constant, and the expression for enthalpy of the P 

(1.24) 

In the case of a thermodynamically equilibrium radiating gas (without 
absorption) we use the equation of energy in the form 

dh d T - F z + p = o ,  2dP 2 E  

and also equations (1.23) and (1.24). 

emitted by a unit volume in unit time referred to 

Here E is the quantity of radiant energy 

p o o w ~ a x  / R o .  
With consideration of dissociation relaxation and the absence of  radia- 

tion of the gas, we use equations (1.22), (1.24), and relaxation equations 
(1.13). 

In the case of vibrational-dissociation relaxation we use equations (1.22), 
the expression of enthalpy 

and relaxation equations (1.14). 

The boundary conditions of the problem contain, additionally, the continua- 
tion Ci = Ci(T,) on the shock wave (< = l) and the relation along the boundary 
characteristic ( s  = s,(<)) for a sphere: 

(1.25) 

where - I33 . 
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(the superscript pertains to the characteristics of the I family). 
case of a full equilibrium state 

In the 

whereby in the case of the equilibrium state of the radiating gas 

r2 = ~ U r C ~ ( p h ,  -2 )  ' 
2 E  

and the remaining relations (1.26) do not change. 

With dissociation relaxation 

and in the case of vibrational-dissociation relaxation 

The equations of the lines of flow and the characteristic are written as: 

Partial differential equations (1.20) enter the complete system of equations. 
They are approximated across the shock layer. 

- I34  

Let us introduce rl = s/s,(<), where s = s (5) is the equation of the boundary 1 
characteristic. 
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The approximation directions here are the set of lines q = k/N, k = 0, 
1, ..., N; and the functions are represented in the following manner: 

N 

i s 1  
L ( 6 , s )  = iL(s)q2i'1 for odd functions. 

The partial differential equations with the introduced approximations are 
integrated with respect to s from the zero line to each of the N remaining lines. 
For example, 

The remaining partial differential equations are 

k= 1,2, ..., N e  

analogously transformed. 1_3-1 

It is convenient to write the system of ordinary differential equations 
obtained after integration of the three partial differential equations as: 

Here and henceforth the prime denotes a derivative with respect to 5 .  
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For the even functions * ~ ~ ~ ~ ~ f ' ~ ~ ,  i = 0 ,  1, ..., N;for the odd functions 
* -  L=l(iLI( ,  i = 1 ,  ..., N, 

T =  114k II. q k  = E2PElk - s1 'MI k cos e k ;  

i Between the coefficients in approximations f and the values of the functions 
at the boundaries of zones f there is a relation, respectively, for the even 
and odd €unctions 

i 

I n t o  the obtained system of equations we substitute the quantities 

+ -  -1- , *-  f - rm f * ,  L = W - l L * ,  

then we will have 
- 

Ahj: +Q -0; AE+*+ V = 6; C L: +U=O. 
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Here 

We will now express the derivatives Mf, Ni, Lf in terms of the derivatives 
of the unknown functions ui, vi, pi¶* piy having eliminated some of them by means 
of the equation of state, the Bernoulli integral, and conditions on the zero line 
of flow and on the characteristic. Then we obtain 

A,B * + A,F'+ A ~ P '  +A, = 0; B, ii ' + 
+ B,iY'+BJ'+B, =O, C,ii'+C,V'+C,~+C, =o. 

Here Ti' =IluiII, i = O ,  1,  . . . I  N ;  F'-I\vlII I i = 1, ..., N ; i j '=  IIpI1I. i = 0, 1, ..., N ; 
A , ,  Bu , c ,  are matrices of dimension N x (N + 1); A,, Bvy C are matrices of 

V 

Bo' co dimension N x N; A B 
are columns of dimension N. 

C are matrices of dimension N x (N - 1); Ao, 
P' P' P 

In a more compact form the system appears as: - @ T ' =  0, 
where the matrix @ in the integration range does not have degeneration. The 
obtained system of 3N ordinary differential equations can be solved for all 
0 < < < 1 .  - 

The complete approximating system of equations for numerical integration 
in scheme I1 has the form (for a q-component gas mixture containing different 
types of atoms) : 

-'= cp @-%; p i =  6 01 u' 0 ;  pr; = 6 N 1  u' N t 6 N 2 v ; + 6 N 3 ,  

4 ' C Gii (k) Cil = A i  (k) , k=1,2 ,..., a-1; z Cii=l, j=0,1,2 ,..., N ,  
i = l  i=l 

(1.26) 

2 
whereby in the case of a full 

equations of the law of mass action (1.23) are added. 

equilibrium state of the gas H = (wj)' and 
j 
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For an equilibrium state of the radiating gas 

and , furthermore , equations (1.23) are added. 

In the presence of only dissociation relaxation 

and relaxation equations of the form 

are used. 

In the case of vibrational-dissociation relaxation 

. 4  
H:k) = (w,?)  + i r l  8 h ( T i k ) C i i C i i  

and the following relaxation equations are added: 

k = 1, 2, ..., ri, where ri is the number of vibrational degrees of freedom of 
the i-th component. 

2. Having assigned the position of the shock wave, determinable by para- 
meters E ~ ,  E ~ ,  ..., E we find from the conditions on the wave, by means of 

solving system of equations (1.26) from the wave to the body, using the con- 
ditions u (( = 0 )  = 0 ,  i = 0 ,  1, ..., N (N + 1 is the condition of "nonflow" 
on the body), we find by means of the generalized Newton method [26] the quan- 
tities E ~ ,  E ~ ,  ..., sN, satisfying the problem. In this case, the corrections 

N' 
the iterative method, the values of all unknown functions when 5 = 1. When /38 

i 
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6 ~ .  for the quantities E are determined from the system of equations 
J j 

N au.  
j = o  d E j  

z 2 6~~ = - - u ~ ( E ~ ,  ..., E,,,), i = 0, I, ..., N, 

wherein the derivatives dui laEj  are replaced by means of the formulas 

ai l .  
d. U i ( ~ O ,  ... , E j  + A I  , ... , E N ) - U ~  ~ ( E ~ ,  ..., ~ j , - . " . - ,  E&) 

A a E j  

3 .  G. F. Telenin [27] proposed a numerical scheme of the straight-line 
method for calculating bodies of analytic form which was close to scheme I1 
of the method of integral relations. In it he used rectilinear separation of 
the integration range wherein this range was limited above by an arbitrary ray 
(and not by a boundary characteristic) intersecting the sonic line. Calcula- 
tions here are carried out by an "analytic" scheme, the calculations of each 
specific case being carried out until the boundary ray enters the transonic 
region and the data on it stop noticeably affecting the obtained numerical 
solution. The use here of a rectilinear separation network permits, generally 
speaking, a slight simplification of the form of the approximating operator. 

Scheme I1 of the method of integral relations permits constructing a 
numerical solution of the problem in physical coordinates with an accurate 
examination of the region of influence of blunting and closure of the approxi- 
mating system. Here, in conformity with the form of the boundary characteris- 
tic, is used a curvilinear calculated network for the given problem which is 
automatically set up during the calculations. We see from the construction 
of the algorithm of scheme I1 that the approximating system is written out 
with sufficient simplicity for an arbitrary number of the approximation and 
any complete base system of functions. 

of the number of the approximation (here all boundary conditions of the prob- 
lem for any N are exactly satisfied). The data of the calculations obtained 
by this scheme are convenient for analysis and further use (for example, ex- 
tension of the calculation by the method of characteristics). 

The computer algorithm is completely 
automated and permits performing a stable calculation even at large values - /39 

Scheme I1 is suitable when the approximating functions change more weakly 
with respect to s than with respect to n. This takes place, for example, for 
bodies with a slowly changing curvature at small Mach numbers of the oncoming 
flow or in nonequilibrium flows when the distribution of the flow parameters 
across the shock layer is not smooth. In these cases, scheme I1 gives a good 
accuracy even at small values of the number of the approximation [21-231. 
The developed algorithm also permits calculating flow around bodies with a 
discontinuity [24]. In this case, the asymptotic solution of R. Vaglio- 
Laurin [ 6 ]  is used in the vicinity of the sonic discontinuity (region G ,  
Figure 1.6, c) . 

For scheme I1 it is expedient to program the approximating system directly 
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in the n-th approximation. 
the machine itself selects the necessary number of the approximation. Realiza- 
tion of the algorithm of scheme I1 on electronic computers requires, as a rule, 
less machine time than in scheme I. 

After assigning a specific accuracy of determination, 

4 .  Scheme 111 

Schemes I and I1 use an approximate representation of initial equations in 
one direction on a movable curvilinear calculated network with continuous approxi- 
mations. For the problems under consideration, such a representation is con- 
venient since it permits obtaining a satisfactory accuracy at a comparatively 
small number of the approximation. However, for approximating systems of ordi- 
nary differential equations we must solve the boundary-value problem of a rather 
high order, which is usually done by means of multiple solution of the Cauchy 
problem. In a number of cases this causes certain difficulties related, for 
example, with the passage of the singular points in omission scheme 11. Therefore it 
is sometimes convenient to use finite-difference representations on the select- /40 
ed calculated network in both directions (scheme 111) [2, 8, 91.  Here, when 
representing the functions with respect to the second direction, integration of 
the system need not be done. 

The algebraic transcendental equations obtained as a result of approxima- 
tion, which are solved numerically by the iterative method, give values of the 
unknown parameters at the nodes of the network. Such an approach was used in 
1952 by P .  I. Chushkin when examining the problem of supersonic flow past a 
wedge with a detached shock wave. 

We note that if we use a linear and not a continuous approximation,we will 
have an ordinary finite-difference scheme. 

s=o O M  1 5  
a b 

Figure 1.7. Scheme 111. 

1 5  
C 

1. Let us construct the approximating system for scheme 111, using at 
first approximations along the shock layer (scheme 11) and then across it 
(Figure 1.7). In scheme I1 we have a system of 3N ordinary differential equa- 
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- tions of the type 
mT'= 0 ,  

whereby in the integration range l @ l  > 0 .  This system of equations is written 
along the lines TI = k/N = const in the region D (0 5 11 5 1, 0 
0 = s/sl(5), 5 = n/E(s); the value 5 = 0 corresponds to the surface of the body, 
5 = 1 to the shock wave, 
ary characteristic (see Figure 1.7,~). 

5 5 I), where 

= 0 to the axis of symmetry, and 11 = 1 to the bound- 

We will denote 1 - 5 = 5 and introduce the following approximations: 

having thus separated the integration range with respect to 5 between the wave 
and the body into M zones (see Figure 1.7,b). 

/41 

- -  
where 'Pi*"Pio are columns of order M with the j-th element 'Pijj(Pi0' respectively; 

is a square matrix *Ti is a column of coefficients in the approximation;K= II m i i  II 
of rank MJ mii= 

Hence, we obtain 

By virtue of the approximations introduced 

(1.27) 

(1.28) 

where X-IIXiill is a square matrix of rank M, xii = 

(1.27) far 'Pi; in (1.28). we will have 

. Having substituted 
8.- 

- -1 T;, - x M  ( F,* - 'Pio 1 

It remains to substitute the thus introduced approximations into the system - 
q' ip-1 b 

and write it for all 5 = j / M ,  j = 1, 2, ..., M. 
nonlinear algebraic equations 

Then we obtain a system of 3MN 
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(1.29) 

Here L, Lo, B are matrices of dimension M x 3N, whereby 

i =  1 , 2  ,..., 3N; j - l , 2  ,..., M. 
To this system we add the remaining equations of the complete approximating 
system of equations (1.26) of scheme I1 with the introduced approximations with 
respect to 5 and which are written at the nodes of the calculated network. All 
boundary conditions are fulfilled at the nodes of the network lying at the bound- 
ary of the integration range. The obtained closed algebraic system is solved by 
the iterative method. The unknown quantities are the values of the gas dynamic 
functions at the nodes of the network and also the N + 1 parameter E i = 0 ,  

1, ..., N, determining the position of the shock wave. With continuous approxima- 
tion the calculations are performed directly in the entire integration range D 
with an exact examination of the region of influence of the problem. 
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i' 

2. Let u s  now construct the approximating system with respect to scheme 
111, using at first approximations of the functions across the shock layer 
(scheme I) and then along it. We will examine an equilibrium flow, but in 
place of the condition of isentropy S = S (+) we will use the projection of the 
equation of motion onto axis s .  Proceeding in the same manner as when construct- 
ing the approximating system for scheme 11, we obtain a system of 3N ordinary 
differential equations which in a matrix form can be written 

where 

- -, - - # -, - - - #  - #  z ,  = - b ;  a t , . + t ,  = - c ;  ago t g , = - d ,  

a t w EI-lii - 1; 

(1.30) 

- - - - -  
z* ,  t*, g*, Y,, X*, io, Eo are columns with elements of the values of the func- 
tions on the intermediate lines, and the expressions for the matrices W, M, z, 
are given in section 2 of this chapter: 
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We note that to construct the approximating system with respect to scheme 
111, there is no need to solve system (1.30) relative to the derivatives of the 
unknown hydrodynamic quantities ui, vi, Ti;, etc. 

We will now draw M rays sR = const ( s e  = s ) with N of them (M > N) drawn M M  
in such a manner that they pass through the singular points of system (1.30), 

where on lines n = kc(.) (k = 0 ,  E, .. ., N - 1) the corresponding tangential 
components of velocity prove to be equal to the sonic velocity (vk = ck). 

position of these points is not known beforehand. 

- 143 

k N  
The 

Let us now represent the form of the shock wave and the right sides of 
system (1.30) with consideration of evenness and oddness of the functions in 
the form 

- 
where b=Ilb,II , etc. 

Having integrated each equation of system (1.30) from s = 0 to s = s , 
R = 1, 2 ,  ..., M, we obtain a system of 3NM transcendental algebraic equations. 
We will now calculate the number of unknown quantities. Just as for scheme I, 
in the equilibrium case on the axis of symmetry, N - 1 values of velocity are 

unknown at the points of intersection of lines n = --E(s) with the axis. If we 
assign M + 1 values of the separation of the shock wave E R = 0 ,  1, ..., M 
and use the geometric relation for the angle of inclination of the wave, then 
at M + 1 points on the shock wave, all parameters can be determined from the 
conditions for an oblique shock. Further, having used the two finite relations 
(Bernoulli integral and the equation of state), at each node of the network, we 
can eliminate two of the five unknown quantities (p, p, T, u, v) and consider 
that at the MN remaining points of the region (except the wave and axis of 
symmetry) there will be 3MN-M unknown quantities (M values of the normal com- 
ponents of velocity on the body are equal to 0 ) .  A s  was already noted above, 

k 
k N  

R’ 

k 
i k N  the position of the singular points s (i = 1, 2, ..., N) on lines n = - & ( s )  
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(k = 0 ,  1, ..., N - 1) are also unknown. Thus, we have 3MN f 2N unknown quanti- 
ties determining the geometric pattern of flow and the gas dynamic parameters in 
the shock layer. 

To obtain a closed system of equations for determining these quantities, we 
must add to the algebraic system of 3MN equations 2N conditions of regularity /44 
and the locations of the singular points (Ek = 0 when vk = ck, k = 0 ,  1, ..., 
N - 1). 

3 .  The following difference scheme of types I - I1 is also possible. In 
the initial system of equations of equilibrium flow (where in place of S = S($) 
we will use the second equation of motion), we will introduce the substitution 
n =  . In this case, the partial differential equations (1.8) to which we 

added the equation of motion in a projection onto s ,  are transformed to 

S, 

s1 (d 

The representation will be analogous to that In scheme I; 

N N 

i - 1  i - 1  
[ T - q s 1 ' A H ]  = c ' z ( q ) e i j  Fs, = c i Y ( q ) c i ;  

Then, after transformations by scheme I, we obtain a system of 3N ordinary 
differential equations of the form: 

- -  
The unknowns in this system will be 3N + 3 functions t o7  go, E ,  tk7 g,, and also 

i N values of s (5 = ,), i = 1, 2, ..., N. 
respect to q 

We will introduce approximations with 
1 
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We will integrate our equations with the introduced approximations with respect 

to 
equations 

from rl = 0 to rl = 1 j = 1, ..., M. We obtain a system of 3MN algebraic 
M' 

z +AB = 0; Fo a' ' + T+AC= 0; gosI ' + Y + Q = 0, 

- - 
are matrices of dimension M x N ;  d o =  \Idoi 11; to-lltoill; ~ o = ~ l ~ o i l ~ ~  i = 1, 

matrices-columns of dimension M; 

of Zvk, tvky etc., their expressions in terms of Uvk, Vvk, p,k (the values p 
and T are eliminated by means of the Bernoulli integral and the equation of vk 
state), we obtain a system of transcendental algebraic equations relative to 
the unknown functions. 

M, are 

- d ( r l  = i/M), etc. Substituting in place doi - o 
vk 

In this system, the unknowns are 3 M ( N  - 1) values of the functions u, v, p 
at points (i, j), where i = 1, ..., M; j = 1, ..., N - 1. Furthermore, the 
values of v and p on the body are unknown, i.e., at points (i, 0 ) ,  i = 1, ..., M 
( 2 M  unknowns). 
(0, i), i = i, ..., N - 1 (N - 1 unknowns). Further, the values of E are un- 
known at points (i, N), i = 0 ,  1, ..., M (M + 1 unknowns), and also the values of 
sl(c) at points (M, j), j = 0, 1, ..., N (N + 1 unknowns). In all, we thus have 
3MN + 2N + 1 unknown quantities. But, at point (M, 0 )  we have the relation u = cy 
i.e., 3MN + 2 N  unknowns remain in 3MN equations. 

On the axis of symmetry the unknowns are the values of u at points 

We obtain the lacking 2 N  relations from the characteristic conditions, having 
N .  * 

substituted into them the approximations of functions S1(Q * i -o 'S15', and also u, 
v, p. Actually we have 
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but E and E ’ ,  by virtue of the introduced approximations, represent polynomials /46 
relative to s1 since rl = 1, then 

S 

i Writing the latter equality for 5 = - i = 1, 2, ..., N, and expressing i in 
N’ S1 

terms of s = s ( 6  = z),  we obtain N relationships o f  the type 
li 1 N 

are matrices of dimension ;-1 where F1=IlSliII is a column of dimension N, and x, 
N x N. 

Introducing analogously into the relation for the characteristic (1.25) the 
approximations for u, v, p we will have another N deficient relations. Thus, 
we obtain a closed system of transcendental algebraic equations on a recti- 
linear calculated network (see Figure 1.7,~). 

4 .  Let us construct, as an example, an approximating system according to 
scheme I11 (type I - 11) for the case of an equilibrium flow in approximation 
2 x N. For this purpose we will divide the region between the shock wave and 
the body into a number of subregions, drawing one intermediate line 11 = E ( s ) / ~  
along the shock layer and N rays s = s (j = 1, 2 ,  ..., M) in a transverse 
direction. j 

Having taken the first two equations of system (1.8) and having added to 
them the equation of motion in a projection onto axis s 

ag a(AZZ) =z,  
a s  a n  + - 

we integrate them from the body to the intermediate line n = E ( s ) / ~  and up to 
the shock wave n = E ( S ) .  Approximating the integrand quadratically with re- 
spect to n, we obtain the following relations: 

where 
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We note that an exact relation p' = t v' or gh = v t' is realized along the 

body, therefore, the first equation of system (1.31) is written in the following 
manner: 

0 0 0  0 0  

2; = wo, where w = $ v + r'p 
0 0 0  0 0 '  

Let us now represent the right sides of system (1.31) by polynomials with re- 
spect to s with consideration of the evenness or oddness of the represented 
functions: N 2 i  

wo = W O O +  8 oois ; W 2 =  WZO+ z iTi s 2 i ;  2i i= 1 i = l  

.- 
where aoi a  z2ia q l i ,  q2ir T o i ,  v2: are coefficients of the interpolation polynomials. 

Having integrated each of the equations of system (1.31) with respect to s from 
s = 0 to s = s ( j  = 1, 2, ..., N ) ,  we obtain the approximating system of form 

j 

(1.32) 
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(j = 1, 2, ..., N). 
We will consider that the last two rays s = s and s = s pass, respec- 

tively, through points where the tangential components of velocity on the mid- 
line and on the body are equal to sonic velocities 

N-1 N 

' 2 ( N -  1)  = 2 ( X -  1 )  ; "ON' (1.33) 

We will add to system (1.32) the conditions of regularity of solution at. 
these points 

where 

( 1 . 3 4 )  

and a l so  relation ( 1 . 3 3 ) .  The obtained system of 6N + 4 algebraic transcendental 
equations is also an approximating system with respect to scheme I11 in approxi- 
mation 2 x N. 

We will describe the order of calculation. Let us assign on the axis of 
symmetry ( s  = 0 ) ,  a certain value of the magnitude of separation of the shock 
wave E and also the velocity at the point of intersection of the axis with 

the midline u and on all remaining rays the magnitude of the derivative E '  

three quantities at the point of intersection of the ray with the midline (for 
u j = 1, 2, ..., N) and two quantities at the point of example, PZj Y TZj Y 2j ' 

0' 

20 j' 

intersection of the ray with the surface of the body (for example, POj Y voj 3 

j = 1, 2, ..., N; u 5 0 ) .  We will also consider unknown the parameters 

s and s which determine the position of the singular points. Thus, in all /49 
Oj 

N-1 N 
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we have 6N + 4 unknown parameters. 
Let us represent the function E ' ( s )  with respect to s in the form 
N N 

then, having solved the system of linear equations E;- Z 

i 

Ec(s)= 2 

we find the coefficients of approximation 

separations on each ray 

S2i-1 
i ql iil i i ' 

and determine the magnitudes of the 

Using the geometric relation, we determine the angle of inclination of the shock 
wave Q for each s = s 

j j 
( ~ + E ~ / R ~ ~ )  eoi + E ;  - .  

+ El /Rei)- E' 
# 

i J 

where R and 0 are known for a given body shape. From the relations for an 

oblique shock we determine all parameters behind the shock wave for each s = s . 
By means of the equation of state p/p = RT/u (T,p), we determine all lacking 
gas dynamic quantities at the nodes of the network, after which on each ray the 
right sides of system (1.31) can be calculated. 

0 j O j  

j 

Solving the systems of linear equations 

2 i  N - 2 i  N 
w o j -  Woo' i p o i s i  ; W Z i  - W 2 0 =  z WZiSi ; 

i=l 

- 
we find the coefficients of approximations 0 
ization of 6N + 4 equations of the approximating system. 
not satisfied, then having changed the values of the parameters, we repeat the 
entire p&cess. The selection of parameters is accomplished by some iterative 
method, for example, by Newton's method or by the method of steepest descent. 

w etc., and check the real- Oi' 2i' 
If these equations are 

Scheme I11 of the method of integral relations was successfully used, for 

The results of the calculations of flow past a sphere for 1.05 5 M, 5 2 

/50 
example, to calculate supersonic flows at small Mach numbers of the oncoming 
flow. 
obtained by this scheme are given in the second chapter. 
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5. Check of the Accuracy of the Calculations 

In the general case of nonlinear systems of partial differential equations, 
it is quite difficult to obtain an analytic estimate of the accuracy and con- 
vergence of the method of integral relations. Therefore, numerical estimates 
of a different kind should be considered as the basic criteria here. For this 
purpose, calculations of the same cases of flow were performed by different 
numerical schemes, and within each scheme with a different number of approxi- 
mat ions. 

Let us examine, at first, the effect of the number of the approximations 
on the accuracy of the calculations. Table 1.1 shows certain results of cal- 
culations for a circular cylinder around which flows an ideal gas ( X  = 1.4) at 
M, = 3 obtained by scheme I for the first, second, and third approximations 
(N = 1, 2, 3). The table illustrates the practical convergence with respect 
to the approximations of the geometric pattern of flow (separation of shock 
wave) and profiles of gas dynamic quantities (velocity, pressure, and tempera- 
ture) on the body. The data of this table indicates a sufficiently rapid con- 
vergence of the method of integral relations. It should be taken into account 
that the examined case is less favorable for scheme I owing to the comparative- 
ly large thickness of the shock layer. 

Calculation experience has shown that in scheme I a sufficient accuracy 
of the calculations (2.5 - 3 decimal points) is achieved in most cases for 
axisymmetric bodies (u = 1) even in the second approximation (N = 2) and for 
plane bodies ( V  = 0 )  when N = 2; 3. In this case, the algorithm is realized 
directly (the singular points in the process of calculation pass in sequence). 
For large values of N, it is expedient to use the iteration process [28] in 
which only one j-th singular point passes in each iteration, and the value of 
vi(s) on other lines of the approximations (i = 0 ,  1, 2, ..., N = 1; i # j) 
are stored. 

Tables 1.2 - 1.4 present the results of calculations for a sphere by 
scheme I1 for different approximations (from N = 2 to N = 6 )  for M, = 10. 
Different types of flows are examined: an ideal gas with constant values 
of heat capacities x = 1.4 (see Table 1.2); equilibrium flow of oxygen 
p, = 0.001 atm, T, = 290°K (see Table 1.3), and a nonequilibrium flow of 
p, = 0.001 atm, T, = 290°K, Ro = O.lm(see Table 1.4). For all cases, the 
forms of the shock waves are given, as well as the profiles of the gas dy- 
namic quantities (components of velocity, pressure, temperature, and con- 
centration of oxygen for nonequilibrium flows) across the shock layer along 
the axis of symmetry (s = 0), intermediate line ( s  = s1/2) and boundary 

/51 

characteristic (s = sl). 
the characteristic of the second family (- Mach Line) was used as the boundary 
characteristic when performing the calculations, and the characteristic of the 
first family (+ Mach Line), cutting off a minimal region of influence, was used 
for nonequilibrium flow. 

For the case of an ideal gas and equilibrium flow, 
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Upon calculation of flow around smooth bodies by scheme I1 for cases of an 
ideal gas, and also with consideration of equilibrium and nonequilibrium pro- 
cesses, it was established that the accuracy of the method increases within the 
integration range approximately by one decimal point in each new approximation 
(from 2.5 - 3 decimal points at N = 2-3 to 4-6 decimal points when N = 5-6). 

Another criterion of estimating the 
accuracy of integral relations can be a 
comparison of calculations of the same 
cases by different schemes and their 
comparison with data obtained by other 
methods. As an example, Table 1.5 gives 
the results of calculations for the case 
of flow of an ideal gas past a sphere 
x: = 1.4 at M, = 10, obtained by schemes 

I and I1 in the second approximation. 
It should be noted that here data are 
presented which were obtained by schemes 
in each of which an approximate repre- 
sentation of the functions in two dia- 
metrically opposite directions was used. 

Figure 1.8. Points at which the 
Of calculations by schemes 

I and I1 are compared (Tables 1.5- 
1.6). 

At nine points of the flow field behind the shock wave (Figure 1.8), the values 
of density, temperature, and the tangential and normal components of velocity 
are compared and at three points, the magnitudes of separation of the shock wave. 
Table 1.6 presents analogous data for the case of an equilibrium flow of an oxygen 

15; stream around a sphere at M, = 10, p, = 0.01 atm, T, = 290'K. 
L~ 

We see that the results obtained by means of different schemes agree nicely 
with one another. This indicates reliability of the calculation results and 
also a sufficiently accurate approximation of the initial differential operator 
in the schemes in question. 

I .  
0 05 20 1,5 I 

Figure 1.9. Comparison of the results of calculations 
by the method of integral relations and finite-difference 
method (sphere M, = 4, ideal gas, x = 1.4): 
- Method of integral relations (scheme I, N = 2 ) ;  

Calculation "A" 
000 Calculation "B" 

Method of finite difference [29]. 
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In Figure 1.9 we have compared calculations (form and position of shock 
wave, sonic line; distribution of pressure po and density po along the body) 

obtained by means of the finite-difference scheme of S. K. Godunov [ 2 9 ]  and 
scheme I for the sphere at M, = 4, x = 1.4. Hence, it follows that with 
"dimunition" of the network (calculation ''€3") the results of the calculations 
by the finite-difference method approach the data obtained by the method of 
integral relations. 

A check during numerical solutions of known exact relations which are not 
used in the approximating system (such as the integrals of the initial system, 
conditions of constancy of flow rates, constancy of entropy along the line of 
flow, etc.) can also serve as a check of the accuracy of the method. Calcula- 
tions show that for scheme I, in the second approximation, the condition of 
constancy of the flow rate is fulfilled for all stream tubes with an error up 
to 0.1%, and in scheme 11, where entropy is not introduced into the initial 
system of equations, the relation S = S ($) is satisfied for the second approxi- 
mation with an error up to 1%. 

For scheme 111, approximating systems (1.31)-(1.33) with a calculated - 153 
network of the form 2 x N (two steps across line shock layer and N steps along 
it)were examined to elicit the accuracy of the calculations and the convergence 
of the solution based on approximations. The results of the calculations for 
the case of an ideal gas (M,,, = 10; x = 1.4, sphere) at different values of N 
(N = 2, 3, 4, 5) are given in Table 1.7; a comparison with the data of calcula- 
tions by scheme I (N = 2) is also given there. 

It is seen that in this scheme the establishment of the calculation results 
occurs rather quickly with an increase in the number of the approximation N (for 
example, the data when N = 3 and N = 5 differ from one another by 1%). A com- 
parison with scheme I gives a difference of less than 3%. The solution of the 
transcendental system was performed here by the iterative method, and even if 
the initial approximation was rough (for example, with an accuracy up to 50%) 
the time of computing the third approximation of the BESM-2 computer did not 
exceed four minutes. The equations of the approximating system were satisfied 
with an error of the order of lo-'. 
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TABLE 1.1 

IDEAL GAS. SCHEME I. (BASED ON APPROXIMATIONS). M, = 3; x = 1 . 4 ;  6 = 1; 

v = 0, PLANE CIRCULAR CYLINDER. 

Separation of Shock Wave and Distribution of Gas Dynamic Parameters Along 
Body 

s 
0.0000 
0.0000 
0.0000 

0.1250 
0.1250 
0.1250 

0.2500 
0.2500 
0.2500 

0.3750 
0.3750 
0.3750 

0.5000 
0.5000 
0.5000 

0.6250 
0.6250 
0.6250 

0.7500 
0.7500 
0.7500 

- 

N 
- 

I 
2 
3 

I 
2 
3 

I 
2 
3 

1 
2 

3 

I 
2 
3 

I 
2 

3 

1 
2 
3 
- 

E 

0.6969 
0.7086 
0.7036 

0.7018 
0.71 59 
0.7091 

0.71 75 
0.7370 
0.7274 

0.7469 
0.7708 
0.7591 

0.7937 
0.8181 
0.8056 

0.8626 
0.8813 
0.8687 

0.9591 
0.9635 
0.9520 

v 

0 
0 
0 

0.0485 
0.0558 
0.0607 

0.1011 
0.1178 
0.1239 

0.1586 
0.1827 
0.1865 

0.2192 

0.2459 
0.2477 

0.2812 
0.3063 
0.3076 

0.3446 
0.3642 
0.3653 
. 

P 
0.61 60  
0.6160 
0.6160 

0.6100 
0.6086 
0.6071 

0.5937 
0.5864 
0.5835 

0.5635 
0.5466 
0.5439 

0.5182 
0.4945 
0.4932 

D.4618 
0.4365 
0.4342 

3.3956 
3.3739 
3.3729 

. .  

0. 1429  
0.1429 
0.1429 

0.1425 
0.1424 
0. I 4 2 3  

0,1414 

0.1407 
0.1409 

0.1393 
0.1381 
0.1379 

0.1360 
0.1342 
0.1341 

D. I 3 1  6 
3.1295 
3.1293 

3. I 2 5 9  
3. I 2 3 9  
3.1238 
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TABLE 1.2 

1.00 
i.00 
1.00 
1.00 
1.00 

0.110 
0.50 
0.50 
0.50 
0.50 

0.00 
0.00 
0.00 
0.00 
0.00 

IDEAL GAS. SCHEME I1 ( BASED ON APPROXIMATIONS). M, = 10; X = 1 . 4 ;  6 = 1; u = 1, 

Distribution of Gas Dynamic Parameters Along Axis of Symmetry (S  = 01, 
1 Intermediate Line (s  = T1>, and Boundary Characteristic (s = sl) 

2 -0.170781 0 0.792517 0.138690 -0.152194 0.275667 0.732532 0.128692 -0.090562 0.509820 0.587722 0.104555 
3 -0.170782 0 0.792517 0.138690 -0.090195 0.508996 0.588498 0~104684 
4 -0.i70782 0 0.792517 0.138691 -0.151919 0.274525 0.733141 0.128794 -0.090195 0.508996 0.588496 0.104683 
5 -0.170783 0 0.792517 0.138691 -0.090195 0.50899680.588497 0.104684 
6 -0.170783 0 0.792517 0.138691 -0.151919 0.274525 0.733141 0.128794 -0.090195 0.508996 0.588497 0.104684 

2 -0.080861 0 0.859074 0.141923 -0.072675 0.243116 0.760957 0.133659 -0.041577 0.4531YO 0.534300 0.113270 
3 -0.081050 0 0.858978/0.141919 -0.041 199 0.451439 0.534454 0. 113501 
4 -0.081047 0 0,858983 10.141919 -0.072560 0.242172 0.761931 0.1337271-0.041248 0.451526 0~533u05l0.113489 
5 -0,081046 0 0.8.58984 0.141919 -0.041234 0.451500 0.534348 0.113492 
6 -0.081046 0 0.858984 0.141919 -0.072560 0.242169 0.761933 0.133727 -0.041211 0.451468 0.534421 0.113497 

2 -0.000017 0 0.879103 0,142861 -0.000014 0.208811 0.751668 0.136631 -0.00036 0.408292 0.464814 0.119044 
3 -0.000002 0 0.879102 0.142861 -0.00013 0.407786 0.464940 0.119103 
4 -0.000024 0 0.879103 0.142861 -0.000024 0.207945 0.753073 0.136684 -0.000055 0.408360 0.464025 0.119036 
5 -0.000029 0 0,879103 0.142861 -0.000051 0.407976 0.464609 0.119081 
6 -0.000029 0 0.879103 0.142861 -0.000022 0.207832 0.753203 0.136690 -0.000183 0.407324 0.465316 0.119157 

S I  s1 1 s = H S l  --- s = o  I 

Separation of Shock Wave 
E 

SPHERE. 



TABLE 1.3 

EQUILIBRIUM OXYGEN. SCHEME I1 (BASED ON APPROXIMATIONS). Ma = 10; pa = 0.001 atm; Tm = 290'K; 

. 6 = 1, V = 1, SPHERE. 

4 N  

1.00 
1.00 
1.00 
1.00 
1.00 i 

Distribution of Gas Dynamic Parameters Along Axis of Symmetry (s = 0), Intermediate 
Line (s = 1 sl), and Boundary Characteristic (s = s ) - 1 

2 

- - _ _  

s - 0  s -  SI 

U V P  T U v P T U v P T 
2 -0.088367 0 0.872946 0.069550 -0.077280 0.279930 0.799S46 0.068123 -0.034S57 0.5i535S 0.624932 0.064003 
3 -0.088367 0 0.872946 0,069549 -0.033994 0,91W7 0.62607t 0.064361 
4 -0.088366 0 0.872947 0.069S49 -0.077188 0.279362 0.799874 0.068329 -0.033911 O.SI4199 0.626150 0.064030 
5 -0.088367 0 0.872946 0.069549 -0.0339fO 0.514159 0.626130 0.064038 
6 -0.088367 O l  0.872946 0.069S50 -0.077188 0.279362 0.799874 0.068130 -01033912~0~514~60 0.626149,0.064038 

Separation of Shock Wave 
E 



TABLE 1 . 4  

1.00 
1-00 
1.00 
1.00 
1.00 

0.50 
0.50 
0.50 
0.50 
0.50 

0.00 
0.00 
0.00 
0.00 
0.00 

NONEQUILIBRIUM OXYGEN. SCHEME 11 (BASED ON APPROXIMATIONS). M, = 10; p, = 0.001 atm; 
T, = 290°K; R = 0.1 m; 6 = 1, L, 1, SPHERE. 0 

Distribution of Gas Dynamic Parameters Along Axis of Symmetry (s = 0), Intermediate Line (s = -s 1 ), 2 1  

2 -0.126782 0 0.835457 0.108536 1.000000 -0.094064 0.423639 0.680415 0.091364 1.000000 0.070714 0.658724 0.455385 0.065866 1.000000 
3 -0.126782 0 0.835457 0.108536 1.000000 0.069490 0.660325 0.453708 0.065676 1.000000 
4 -0.126782 0 0.835457 0.108536 1.000000 -0.087242 0.406684 0.694191 0.092899 1.000000 0.069344 0.660759 0.453148 0.065607 1.000000 
5 -0.126782 0 0.835457 0.108536 1.000000 0,069382 0.660761 0.453145 0.065606 1.000000 
6 -0.126782 0 0.835457 0.108536 1.000000 -0.087394 0.407090 0.693370 0.092864 1.000000 0.069362 0.660762 0.453145 0.065606 1.000000 

2 -0.053156 0 0.890847 0.091271 0.938582 -0.040790 0.275106 0.740382 0.089254 0.954756 0.000453 0.506811 0.459165 0.081634 0.990345 
3 -0.051987 0 0.891481 0.091615 , 0.936653' -0.001063 0.489681 0.462436 0.08i822 0.985876 
4 -0.052371 0 0,891109 0,091557 0.936813 -0.044404 0.271056 0.74.9512 0.089634 0.955222 -0.001137 0.488700 0.463173 0.081841 0.985873 
5 -0.052315 0 0.891110 0.091561 0.936822 -0.001004 0.489047 0.463447 0.081788 0.985012 
6 -0.052377 0 0.891104 0.091565 0.936839 -0.044567 0.271634 0.748895 0.089638 0.955350 -0.000798 0.489845,0.463506 0.081781 0.985020 

2 -0.000012 0 0.904452 0.078247 0.890285 -0.00002 0.177368 0.758145 0.075997 0.893426 -0.000013 0.335759 0.45710410.069436 0.899149 
3 0.000000 0 0.904438 10.077208 0.886164 -0~000001 0.333414 0.458055 0.068211 0.899500 
4 -0.000061 0 0.904372 0.078623 0.901020 
5 0.000000 0 0.904365 0.078621 0.891621 -0.000016 1 0.337086 0.459444 0.069920 0.901026 
6 -0.000095 0 0.904367 0.078690 0.891787 -0.000019 0.171454 0.766222 0.076656 0.894907 -0.000021 0.337801 0.459123 0.069952 0.901279 

0.891558 -0.000095 0.170952 0.766727 0.076635 0.894777 -0.000027, 0.336881 0.459690 0.069939 

and Characteristic (s = sl> 

Separation of Shock Wave 
E 

2 , 0.095504 0.107485 0.192428 
0.091321 0.195231 
0.091164 0.11147-6 0.196384 

~ 1 0.091069~ , 0.196723 
0.091069 0.111172 0.196723 



-0.07920 
-0.08086 

0.00000 
0.00000 

0.9000 
0.8591 

0.1420 
0.1419 

0.0000 
0.0000 

0.0000 
0.0000 

0.8790 
0.8791 

0.1429 
0.1429 

TABLE 1.5 

IDEAL GAS. SCHEMES I AND I1 (N = 2) .  M, 10; = 1.4; 6 = 1; 

v = 1, SPHERE. 
-~ .~ __ 

NUIBER OF POINT 
I oo 1 21 - j  22 1 20 ___ 01 

53 
8 
w 

cn - 
I 
I1 

I 
II 

I 
II 

I 
II 

I 
I1 - 

DINM 

4 -  1 

_ _  
1-0.3250 

-- 

0.1444 
0.1438 

-0.1515 
-0.1522 

0.2742 
0.2757 

0.7336 
0.7323 

0.1288 
0.1287 
~ ~ ~ _ _  

S OF POIN' 
. .. .. - . . -~ .- 

1-0.715 

5 - 0  

0.0000 
0.0000 

0.4091 
0.4083 

0.4628 
0.46W 

0,1189 
0.1190 - 

cot 
s - 0  I s - 0  

- 
1 - 0  

5% 
0.1360 
0.1356 

.0.1710 

.O. 1708 

0.0000 
0.0000 

0.7930 
0.7925 

0.1387 
0.1387 

__ - 
S-0.6500 

4 -  1 

0.1744 
0.1736 

-0.08992 
-0.0905f 

0.5084 
0.5098 

0.5892 
0.5877 

0.1046 
0.1046 

__ 
I-0.6900 

4 -  0.5 

.O.O4i6L 

.O. 041 5f 

0.4523 
0.4532 

0.5332 
0.5343 

0.1134 
0.1133 

. 

I 

I 

TABLE 1 . 6  

EQUILIBRIUM OXYGEN. SCHEMES I AND I1 (N = 2 ) .  M, = 10; p, = 0.01 atm; 

= 290'K; 6 = 1; v = 1; SPHERE. T, 
- -  - 

NUMBER OF POINT 
~ 0 2 - T  0 0  [ 2 7 7 2  I 20 I 1 1 1 -  ___ 12 r 1 0 :  

COORDINATES OF POINT 
.~ ~ 

5-0.3 

4 -  1 ___ 
0.08495 
0.08473 

~~~ . . 

s.0 s.0 s - 0  

4 -  1 5 -  0.5 4 1  0 

0.07886 
0.07865 

.0.09605 -0.04202 0.0000 

.0.09597 -0.04154 0,0000 

0.00000 0.00000 0.0000 
0.00000 0.00000 0.0000 

0.8653 0.9039 0.9133 
0.8655 0.9043 0.9135 

0.07654 0.07683 0.07691 
0.07650 0.07680 0.07681 

s- 0.3219 

5- 0.5 

I 
II 

I 
I1 

I 
II 

I 
II 

I 
I1 - 

-0.08627 0 03784 0 0000 -0.04885 -0.01966 0,0000 
-0.08628 ~~0:03780(0:0000 1-0.05039 (-0.021 551 O.OOOO 

0.2549 
0.2552 

0.2083 
0.2089 

0.1526 
0.1532 

0.4733 
0.4762 

0.3910 0.2965 
0.3961 0.3040 

0.8050 0.8097 0.7964 0.6587 0.5952 0.5380 
0.8051 0.8100 0.7962 0.6562 0.5855 0.5229 

0.07499 0.07560 0.07599 0.07055 0.07224 0.07344 
0.07495 0.07556 0.07595 0.07042 0.07206 0.07323 
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TABLE 1.7 

IDEAL GAS. SCHEME I11 (BASED ON APPROXIMATIONS) AND I (N = 2). M, = 10; . X =  1.4; 6 = 1; v = 1, SPHERE. 

Distribution of Gas Dynamic Parameters Along Shock Wave ( 6  = 1.0), Intermediate Line 

( 5  = 0 . 5 ) ,  and Body ( 5  = 0) 

2 
3 
4 
5 

1 

- 
E;- 0 --____ I 4 -  1 4 -  0.5 N S -  

~ P P T  u v p p T l t u  --, E i U  P ' P ' T  U 

Scheme (2 o.ooo 0.1507 1.571 5.714 0.7925 0.1387 -0.1708 o 6.047 0.8579'0.1419 -0.08329 o 6.153 0.8790 0.1428 0 0 
6.153 0.8790 0.1428 0 0 
6.153 0.8790 0.1428 0 0 
6.153 0.8790 0.1428 0 0 
6.153 0.8790 0.1428 0 0 

0.750 0.1949 0.9684 5.588 0.5377'0.09622 -0,06101 0.5681,4.515 0.5032 0.1114 -0.03726 0.4674 
0.750 0.1855 0.9470 5.577 0.5218 0.09356 -0.06914 0,5833 4.379'0.4662 0.1055 -0.02745 0.5040 

0.750 0.1863 0.9759 5.583 0.5299 0.09492 -0,06491 0.5756 4.476 0.4826 0.1078 -0.03109 0.4943 
0.750 0.1910 0.9700 5.589 0.5380 0.09628 -0,06070 0.5670 4.483 0.4900 0.1092 -0.03280 0.4830 

0.750 0.1863 0.9597 5.584 0.5312 0.09514 -0,06423 0.5744 4.48710.4843 10.1079 -0.03158 0.4934 

3 0,000 0.1351 1.371 5.714 0.7925 0.1387 -0.1708 0 6.052 0.8588 0.1419 -0.08149 0 
6.051 0.8588 0.1419 -0.08151 0 

5 0.000 0.1354 1.571 5.714 0.7925 0.1387 -0.1708 0 6.051 0.8587 0,1419 -0.08170 0 
1 0.000 0.1360 1.571 5.714 0.7930 0.1390 -0.1710 0 6.051 0.8590 0.1420 -0.08190 0 

1111 4 0.000 0.1351 1.571 5.714 0.7925 0.1387 -0.1708 0 

6.113 0.8711 0.1425 0 0.05092 
6.074 0.8633 0.1421 0 0.07165 
6.074 0.8632 0.1421 0 0.07183 
6.076 0.8636 0.1421 0 0.07113 
6.071 0.8630 0.1421 0 0.07320 

5.971 0.8428.0.1412 0 0.1093 
5.830 0.8152 0.1398 0 0.1460 
5.831 0.8153 0.1398 0 0.1458 
5.829 0.8149 0.1398 0 0.1463 
5.830 0.8150 0.1398 0 0.1460 

5.666 0.7832 0.1382 0 0.1801 
5.417 0.7354 0.1358 0 0,2229 
5.427 0.7374 0.1359 0 0.2213 
5.415 0.7351 0.1357 0 0.2232 
5.446 0.7410 0.1360 0 0.2180 

5.129.0.6813 '0.1328 0 0.2650 
4.882 0.6357 0.1302 0 0.2974 
4.907 0.6404 0.1305 0 0.2942 
4.900 0.6391 0.1304 0 0.2950 
4.942 0.6470.0.1308 0 0.2900 

4.294 0.5311 0.1237 0 0.3662 
4.367 0.5439 0.1245 0 0.3580 
4.336 0.5385 0.1242 0 0.3615 
4.336 0.5385 0.1242 0 0.3615 
4.354 0.5420 0.1244 0 0.3590 



CHAPTER 2 

EQUILIBRIUM FLOWS 

1. Equilibrium Blunt-Body Gas Flow 

A s  is known, when a supersonic flow passes a body there is severe heating 
of the gas in the layer behind the nose shock wave. A s  a consequence of this, 
effects associated with the variable heat capacity of the gas are observed be- 
hind the wave front: excitation of internal degrees of freedom of molecules and 
their dissociation and ionization. These effects substantlally influence the 
position and form of the nose shock wave and also the distribution of hydrody- 
namic parameters in the shock layer. 

/60 

We examined the effect of variable heat capacity on the supersonic flow of 
various gases around blunt bodies. 
I and I1 of the method of integral relations. 

The calculations were performed by schemes 

One of them involves the direct solution of the system of equations of 
chemical equilibrium. It is worthwhile to resort to this method in the case 
of simple gas mixtures when the solution of the system of equations of chem- 
ical equilibrium at each step of integration does not require substantial ex- 
penditures of machine time. The values of enthalpies and constants of equili- 
brium of pure components that are needed for the calculation can be obtained 
from approximations with a high degree of accuracy since they are functions 
only of one variable, temperature. 

For multicomponent gas mixtures, systems of equations of chemical equi- 
librium become cumbersome and their numerical solution causes an undesirable 
increase of machine time. Therefore, it is expedient to use the available tab- 
ular data on the composition and thermodynamic functions for multicomponent gas 
mixtures, approximating them as functions of pressure and temperature. Thus, 
many authors have proposed approximations of thermodynamic functions of air. 
I. N. Naumova [ 3 0 ]  approximated the enthalpy h and molecular weight of air 1~ 
with respect to two variables; and T for temperatures up to 16,800"K and pres- 
sures from to 10 atm. The relative error in calculating h and 1-1 in ab- 
solute value is less than 1%. Less accurate, but simpler approximations were 
proposed by A. N. Kraiko [31]. He found analytic forms of the dependences of 
enthalpy h and density p as functions of pressure and temperature. 
of the calculation by these approximations coincide with the tabular data with 
an error of * 3% for h and f 1.5% for p in the temperature range of 400-20,000"K 

-3 3 and pressures of 10 - 10 atm. 

- /61 

3 

The data 

We can also determine the thermodynamic functions of gas mixtures on the 
basis of differential relations obtained from equations of chemical equilibrium. 
In this case we must have only approximations of the molar components of the 
mixture. The advantages of this method of calculating thermodynamic functions 
of gas are that the obtained system of ordinary differential equations is 
joined to the initial approximating system of the numerical scheme of solving 
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the gas dynamic problem and is integrated simultaneously with it. 
requires less machine time in comparison with the iterative method of solving 
the system of equations of chemical equilibrium. Such a method of solution was 
worked by V. K. Molodtsov for air [32]. 

This method 

When calculating equilibrium flows of gas we used all the above-indicated 
methods of determining the thermodynamic functions; the selection of the spe- 
cific method was determined by the requirement of convenience and minimal ex- 
penditure of machine time. A comparison of the various approaches shows a good 
agreement of the results obtained. A s  an example we will give the results of 
calculating equilibrium air flow around a sphere by scheme I1 in the second 
approximation when Ma = 10, Pa = 0,Ol atm, T, = 300°K. 
sponds to a calculation of thermodynamic functions by means of differential re- 
lations by v. K. Molodtsov's method of calculation "B" by the iterative method. 

1' Table 2.1 gives the distribution of the velocity components u 1, vl, pressure p 
and temperature T1 along the boundary characteristic of the second family (-Mach 
line) and also its coordinates s = sl(<). 
results of the calculations coincide with a satisfactory degree of accuracy. 

Calculation "A" corre- 

It follows from the table that the 

The approximating systems presented in the first chapter were used for 
calculations in a wide range of change of the initial parameters when it was 
necessary to take into account the processes of equilibrium dissociation and 
single and double ionization of the gas. The effect of equilibrium and also 
nonequilibrium processes on supersonic flow around blunt bodies was studied in 
oxygen, nitrogen, carbon dioxide, air, and other gas mixtures. Different body 
forms (sphere, ellipsoid of revolution, segmented bodies, blunt cones, etc.) 
were examined. 

Let us dwell briefly on certain results of calculations which are presented 
in Figures 2.1-2.4, 2.6-2.19 for oxygen, in Figures 2.20, 2.21 for oxygen, ni- 
trogen, and air, in Figures 2.5, 2.22, 2.23 for air, in Figure 2.24 for carbon 
dioxide, and also in Tables 2.2-2.9 (scheme I, N = 2); 2.10-2.28 (scheme 11, 
N = 2, 3) and 2.29-2.30 (method of characteristics). 

The influence of excitation of internal degrees of freedom, dissociation, 
and ionization is most clearly manifested for a pure gas; therefore, our exam- 
ination will begin with oxygen. 

Figure 2.1 shows the character of behavior of the magnitude of departure 
of the shock wave along the axis of symmetry for a sphere past which flows 
equilibrium oxygen, as a function of the Mach number Ma and pressure pa in the 

oncoming flow (T, = 290OK). 
is also plotted. The nonmonotonic character of the dependence = (Ma) is 
distinctly seen, the nonmonotonic character increasing with a decrease of the 
values of pa. This law of behavior is explained by the effect of the variable 
heat capacity of the gas: excitation of vibrations, dissociation, and ioniza- 
tion of the gas occurs with an increase of Ma. 

For comparison the curve for an ideal gas ( z  = 1.4) 
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p, =r,O 
Kt2 = f O -  

Figure 2.1. Separation of 
shock wave along axis of sym- 
metry during flow of equi- 
librium oxygen around a sphere 

(T, = 290°K, p, = 1 atm, 10 

atm, atm) and an ideal gas 
(K = 1.4). 

-2 

Figure 2.2. Behavior of molar 
concentration behind plane 
shock wave. 

Figure 2.2 shows the values of the 
molar concentrations of molecular and 
atomic oxygen, ions, and electrons (02, 

0 ,  O+, 0*, and ne) behind a plane 

shock wave as a function of M,. 
change of concentrations leads to a 
nonmonotonic dependence on M, of the 

gas density p 

the axis of symmetry (Figure 2.3; flow 
around a sphere). 

Such a 

behind the shock wave of 1 

We will explain the character of 
the change of the dependence (M,). 
When M, % 18, when the gas is already 
noticeably dissociated, the density 
value p 

magnitude of separation of the shock 
wave E 

(see Figure 2.1). 
of M, the gas becomes completely dis- 

sociated, compression diminishes (if 
we disregard the energy of dissociation 
and variable heat capacity of atomic 
oxygen, then p -+ 4.0), and the mag- 

nitude of departure of the wave cor- 
respondingly increases. Then primary /64 
ionization of the gas occurs with an 
increase of M, (Figure 2.2), its heat 

capacity increases, and consequently, 
compression of the gas (Figure 2.3), 
which leads to a decrease in the 
magnitude of separation E 0' A sub- 
sequent increase of M, involves ap- 

preciable ionization of the gas (Fig- 
ure 2.2), decrease of density p 

(Figure 2.3), and an increase in the 
magnitude of separation. 
amine the flow at very large values of 
the  Mach numbers of the oncoming flow 
(M, > 60), then we must take into ac- 

count secondary ionization of the gas 
(Figure 2.2). 
sion of the gas again increases 

reaches a maximum and the 1 

when p, = const is minimal 
0 

With an increase 

1 

1 

If we ex- 

In this case compres- 
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(Figure 2 .3 )  and the magnitude of separation decreases. 
note that at high Mach numbers we must also take into account gas radiation. 

It is necessary to 

Figure 2.3. Density behind shock 
wave (on axis of symmetry) during 
flow around a sphere of equilib- 
rium oxygen (T = 290"K, p, = 1 

atm, lo-' atm, 
ideal gas ( n  = 1.4). 

atm) and an 

Thus, the nonmonotonic dependence 
= (M,) on the whole is determined 

by the variable heat capacity of the gas 
and, primarily, by a nonmonotonic change 
of density behind the shock wave. It is 
seen that the magnitude of separation of 
the shock wave, owing to the variable 
heat capacity, can change severalfold. 
For an ideal gas when X = C /C 

P V  
the dependence tzO = (Moo) is a mono- 
tonic function. 

= const 

A change of density caused by dis- 
sociation and ionization is especially 
obvious for the case of oxygen. For 
air, which is a mixture of oxygen and 
nitrogen with markedly differing ener- 
gies of vibration and dissociation, a 
nonmonotonic change of density, and, 
consequently, the nonmonotonic char- 
acter of the dependence 

pronounced. A s  an illustration, in 
Figure 2.4 (equilibrium oxygen, d = 1, 
p, = 0.01 atm, T, = 290°K and in Fig- 

m,), is less 

ure 2.5 (equilibrium air, 6 = 10, p, = 0.01 atm, Tm = 290°K we present the re- 
sults of calculations with consideration of ionization, where we have plotted 
(solid line) the dependences of the magnitude of shock-wave separation E 

density po, mass concentration C 

centration of atomic oxygen x 

a function of M,. 
tion (see Figure 2 . 4 )  and for ideal gas x = 1.4 (Figure 2.5) are plotted by 
a dashed line. 

0' 
(for oxygen) and the molar con- -I- , Co, C O2 0 

(for air) at the critical point of the body as 
For comparison,the results of calculations without ioniza- 

0 

A comparison of experimental data on the magnitude of shock-wave separa- 
tion with the results of the calculations can serve, therefore, as a good 
criterion when investigating different physicochemical processes occurring in 
the shock layer. 

Since the magnitude of the shock-wave separation E is related with gas 

density in the shock layer pl, a number of authors have proposed an approxi- 
mate dependence for E 

0 
- /65 

= E (p ) which agree well with the calculations and 0 0 1  
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Figure 2.4. Magnitude of shock- Figure 2.5. Magnitude of shock 
wave separation, density, and mass wave separation, density, and molar 
concentrations at the critical concentration of atomic oxygen at 
point of the body (equilibrium critical point of body (equili- 
oxygen, 6 = 1, p, = 0.01 atm, brium air, 6 = 10, p, = 0.01 atm, 
T, = 290'K): - calculation with 

= 290'K): - calculation with 
ionization; ---- calculation with- 
out ionization. ionization; ---- ideal gas x = 1.4. 

experimental data. 
it form suggests a similarity of the flow field in the shock layer with respect 
to the Mach numbers of the oncoming flow. However, we can expeqt such a simi- 
larity only in the case of a monotonic change of density p 

wave from the number M,, i.e., at comparatively small Mach numbers, whereas in 

the region of a nonmonotonic change of density the similarity will be absent. 
This is confirmed by Figure 2.6 where the dependence = E (p ) calculated 
from the formula E~ = 0.52(pl-1) -o'86 (solid line) and the points obtained by 

the method of integral relations are shown for various cases. 
corresponding to small values of M, when the monotonic dependence p1 = pl(M,) 

are laid out on the solid curve. 

We note that the presence of such a dependence in an implic- 

behind the shock 1 

0 1  

Only the points 
/66 

To investigate more thoroughly the effect of variable heat capacity of 
the gas on the flow field in the region of nonmonotonic change of density, we 
will examine the results obtained on calculating the flow of equilibrium oxygen 
around a sphere when M, = 10; 25; 30;  p, = 0.01 atm; T, = 290'K. 
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Figure 2.6. Curve of 
similarity and results of 
calculations (points). 

Figures 2.7-2.9 show the position of shock 
waves for different Mach numbers of the on- 
coming flow. It is interesting to note that 
the shock wave for the case M, = 30 is situ- 
ated much closer to the shock wave when M,' 
10 than a wave when M, = 25. 

Figure 2.8. Separation of 
shock waves along surface 
of body (sphere, equili- 
brium oxygen, p, = 0.01 

atm, Tm = 29O0K). 

Figures 2.10-2.12 show the distri- 
bution of densities po, p1 and p2, re- 
spectively, along the surface of the 
sphere n = 0 ,  shock wave n = E(s ) ,  and 
intermediate line n = E ( s ) / ~  (scheme I, 
second approximation) for M, = 10 

Figure 2.7. Flow of equilibrium 
oxygen around a sphere (p, = 0.01 

atm, Tm = 290'K). 
/67 

L 
0 04 0.8 s 

Figure 2.9. Separation of shock 
waves along surface of body 
(sphere, equilibrium oxygen, p, = 

0.01 atm, Tm = 290OK). 
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(Figure 2.10); M, = 25 (Figure 2.11); M, = 30 (Figure 2.12). 
for the case M, = 10 the density drops with distance from the axis of symmetry, 
this drop being more appreciable along the body and intermediate line than be- 
hind the shock wave. 
of p2 and po, wherein p2 > po, and more appreciable difference of the profiles 

p2 and po is observed than when M, = 10; it is interesting that p 

not drop, but increases. 

sities is even more complex: p2 can drop more appreciably than p 

density behind the shock wave p 

then increases as in the case of M, = 25. 

It is seen that 

For the case M, = 25 (Figure 2.11) there is also a drop 

here does 1 
For the case M, = 30 (Figure 2.12) the change of den- 

and the 0’ 
at first drops, as in the,case of M, = 10, and 1 

/ 

Figure 2.10. Distribution of 5 , O L -  
densities along body p shock 0 42 Q4 as-> 

0’ 
wave p and intermediate line 

p 2  (equilbrium oxygen, sphere, 

M, = 10, p, = 0.01 atm, Tm = 

290°K). 

1’ Figure 2.11. Distribution of densi- 

1’ ties along body p 

and intermediate line p2 (equilibrium 

oxygen, sphere, M, = 25, p, = 0.01 atm, 
T, = 290OK). 

shock wave p . 0’ 

Figure 2.12. Distribution of densities 
along body p 

mediate line p (equilibrium oxygen, 

sphere, M, = 30., p, = 0.01 atm, T, = 

29O0K). 

shock wave ply and in- 0’ 

2 
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Figures 2.13-2.15 show the distribution of temperature To = To (s) /To ( 0 )  , - - 
pressure p 
(Co(0) is the concentration at the critical point) along the surface of a 

sphere for M, = 10; 25; 30; p, = 0.01 atm; Tm = 290'K. 

= p (s)/p (0), and concentration of atomic oxygen Co = Co(s) /Co(0)  0 0  0 

Figure 2.13. Distribution of 
temperature along sphere (equi- 
librium oxygen, p, = 0.01 atm, 
T, = 290'K). 

Figure 2.15. Distribution of 
mass concentrations of atomic 
oxygen along sphere (equilib- 
rium oxygen, p, = 0.01 atm, 
T, = 290OK). 

M,= 25 

Figure 2.14. Distribution of 
pressure along sphere (equilib- 
rium oxygen, p, = 0.01 atm, 
Tm = 290'K). 

It is seen that the temperature 
profile for Mm = 30 is closer to the 
temperature profile when M, = 10 than when 
M, = 25; the pressure profiles for differ- 
ent M, differ from one another very little, 
whereas the concentration profiles are 
completely different (for M, = 10 the con- 
centration drops, for M, = 25 it is prac- 
tically unchanged, and for M, = 30 it 
even increases). 

Figure 2.16 gives the position of 
the sonic points on the body (s ) and 
the points of intersection of the bound- 
ary characteristic with the shock wave 
(slo) for the case of equilibrium oxygen 

S 

flow around a sphere when p, = 0.01 atm, T, = 290'K for different M,. 

pendence f o r  s and s is also explicitly nonmonotonic. 

This de- 

10 S 

Thus, Figures 2.7-2.16 clearly show that in the region of high Mach numbers 
similarity of the flow field is absent in the shock layer. 
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The change of parameters along 
the shock layer was examined above. 
Now let us present certain results 
for a sphere (around which flows equi- 
librium oxygen at M, = 10, p, = 0.01 
atm, T, = 290°K) which characterize 

97 I 
the change of gas dynamic parameters 
across the shock layer. The calcu- 
lation was performed by scheme I1 
when N = 2, 3. 

Figures 2.17 and 2.18 give the 
distribution of the normal u and Figure 2.16. Position of sonic 

of intersection of boundary i 
characteristic with shock wave 
s (equilibrium oxygen, p, = 

0.01 atm, Tm = 290°K). 

points on sphere s and points i 
S tangential v components of velocity 

along the axis of symmetry (i = 0 ) ,  
boundary characteristic (i = l), and 

could be expected, for small Mach 
10 intermediate line (i = 2). A s  

numbers the profiles of u 0’ u2, VI’ 
v2 are close to linear, and the profile u 
tribution of the concentration of atomic oxygen (C ) is presented in Figure 

2.19. 

is completely nonlinear. The dis- 1 

O i  

Figure 2.17. Distribution of 
normal velocity component along 
axis of symmetry u boundary 

characteristic u and inter- 

mediate line u2 (sphere, equi- 

0’ 

1’ 

librium oxygen, Mm = 10, p, - - 
0.01 a m ,  T, = 290’K). 

Figure 2.18. Distribution of tan- 
gential velocity component along 
axis of .symmetry v 

acteristic v and intermediate line 

v2 (sphere, equilibrium oxygen, M, = 

10, p, = 0.01 atm, Tm = 290°K). 

boundary char- 0’ 

1’ 

From an examination of the results ob- 
tained for this case we can make the 
following conclusions: a) the density 

58 



Figure 2.19. Distribution of 
concentration of atomic oxygen 
along axis of symmetry (C ) 

0 0’ 
boundary characteristic (C ) 

and intermediate line (Co)2 

(sphere, equilibrium oxygen, 
M, = 10, p, = 0.01 atm, Tm = 

290°K). 

0 1’ 

Figure 2.20. Separation of 
shock wave along axis of sym- 
metry for oxygen, nitrogen, and 
air (sphere, p, = 0.01 atm, 
T, = 290OK). 

since this component predominates 

along the zero line of flow increases.and 
drops on the intermediate line and, espe- 
cially, on the boundary characteristic; b) 
the change of pressure across the boundary 
layer is negligible; c) the change of tem- 
perature, concentration of atomic oxygen, 
and molecular weight of the mixture is es- 
pecially substantial on the boundary char- 
acteristic (these parameters change little /71 
along the zero line of flow and interme- 
diate line). 

A similar series of calculations was 
performed for nitrogen. 
ularities here have the same character as 
for oxygen, however, the effect of vari- 
able heat capacity is manifested only at 
large Mach numbers of the oncoming flow. 
Furthermore, the processes of dissociation 
and ionization in this case occur not se- 
quentially as in oxygen but simultaneous- 
ly owing to the smaller difference of the 
energies of dissociation and ionization 
of nitrogen. In this connection the non- 
monotonic character of the magnitudes of 
wave separation and distribution of para- 
meters in the shock layer are less evi- 
denced for nitrogen than for oxygen. Nu- 
merous calculations were carried out for 
air. Figure 2.20 presents, for comparison, 
the dependence of the magnitude of wave 
separation along the axis of symmetry E 

on the Mach number of the oncoming flow 
Mm for oxygen, nitrogen, and air (p, = 

0.01 atm, T, = 290OK). It is seen that 
at small values of M,, when the variable 

heat capacity of air is mainly due to dis- 
sociation of oxygen, the curve E - 
(M,) for air is situated closer to the 
corresponding curve for oxygen. However, 
with an increase of the Mach number, when 
dissociation of nitrogen begins to play a 
role, the character of the change of the 
curve E = (Moo) resembles the behavior 

of the analogous dependence for nitrogen, 

The obtained reg- 

0 

0 - € 0  

0 

in air. 
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Figure 2.21 gives the values of density 
behind a direct shock wave for oxygen, nitro- 
gen, and air. In comparison with oxygen, in 
nitrogen and, accordingly, in air a shift of 
the density maximum toward larger values of 
M, is observed. 
examination of Figures 2.20 and 2.21 that 
the character of behavior of the dependence 

character of change of p1 (M,). 

.Yo 4 

It also follows from an 

:F 
44 

9 
7 = (M,) is determined mainly by the 
9 43 47 2! 25 H@ 

- 171 
Figure 2.21. Density be- 
hind shock wave (on axis 
of symmetry) for oxygen, 
nitrogen, and air (sphere, 
p, = 0.01 atm, T, = 290'K). 

The composite graph of Figure 2.22 
shows the forms of the shock wavgs, sonLC 
lines, distribution of pressure po and To 

(referred to the corresponding values at 
the critical point) along the surface of a 

sphere (6 = 1) and ellipsoids of revolution of different degrees of bluntness 
(6 = 10 and 100) for equilibrium dissociating air for M, = 6, p, = 1 atm, T, = 

300°K. 

6, x = 1.4) are also given for comparison. 
I, N = 2. 
is an ever weaker change of the flow parameters in the subsonic region; however, 
the law of behavior E(S)  changes in this case. 

The forms of shock waves and sonic lines in a case of an ideal gas (M, = 

Calculations were performed by scheme 
It is seen that with an increase of bluntness (increase of 6) there 

@ l e =  
. - L A . . -  - Figure 2.22. Flow around 

a sphere (6 = 1) and el- o 02 0,4 96 98 5 
lipsoids of revolution ( 6  = 10, 100) by 
equilibrium air when M, = 6 ,  p, = 1 atm, 
T, = 300°K (solid line) and an ideal gas 

M, = 6, n = 1.4 (dashed line). 

Figure 2.23 presents the 
same dependences for M, = 30, 

p, = 0.01 atm, T, = 300°K. 

ogous calculations were carried 
out also for the intermediate 
values of M,. The approximations /73 
of I. N. Naumova [30] were 
used here to calculate the thermo- 
dynamic functions of air. 

Anal- 

- 

Figure 2.24 shows the results 
of flow around bodies by equilib- 
rium dissociating carbon dioxide 
C02 (M, = 6, p, = 1 atm, T, = 

300°K) and an ideal gas (M, = 6, 

n = 1.29). Here the system of 
equations of chemical equilibrium 
was integrated directly. Calcula- 
tions were performed also for 
other mixtures of gases. 
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Figure 2.23. Flow around a 
sphere (6 = 1,) and ellipsoids 
of revolution (6 = 10, 100) by 
equilibrium air when i, = 6 ,  173 - 

I . . , ,  
0 0.2 e4 0.6 98 $ 

Figure 2.24.  Flow past a 
sphere (6 = 1) and ellipsoids 
of revolution (6=10,000) by 
an equilibrium stream of 
carbon dioxide when Mm = 

6 ,  p, = 1 atm, Tm = 300°K 

(6 = 10, 100) (solid line) 
and by an ideal gas when 
M, = 6 ,  X = 1.29 (dashed 

line). 
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2. Description of Tables 

Tables 2.2-2.9 give the results of calculating the flow of equilibrium ox- 

The calculations were performed by scheme I when N = 2. 
ygen and equilibrium air around a sphere (6 = 1) and ellipsoids of revolution 
(6 = 10, 100). 
following cases were examined: 

The 

1) Equilibrium oxygen - / 74 
M, = 10; p, = 0.01 atm; Tm = 290°K; 6 = 1 (Table 2.2); 

2) Equilibrium air 
M, = 4 ;  p, = 1 atm, Tm = 300°K; 6 = 10, 100 (Tables 2.3, 2.4); 
Mm = 6; p, = 1 atm, Tm = 300°K; 6 = 10, 100 (Tables 2.5, 2.6); 
Mm = 10; p, = 0.01 atm; T, = 300°K; 

M, = 15; p, = 0.01 atm; T, = 300°K; 

6 = 10, 100 (Tables 2.7, 2.8); 
6 = 10 (Table 2.9). 

The tables consist of two parts. In the first part the following data on 
the shock wave and on the surface of the body are given in relation to the length 
of the arc along the surface of the body s: E is the distance along the normal 
from the surface of the body to the shock wave; CT is the angle of inclination 
of the shock wave to the direction of the oncoming flow; S1, S '  are the values 

- of entropy OR the shock wave and its derivative with respect to s, respectively; 
po = po(s)/po(0), To = TO(s)/TO(0) are the pressure and temperature on the sur- 

face of the body respectively, referred to the value of these quantities at the 
stagnation point. 

1 

The second part of the tables presents, depending upon s, the distribution 
of the following gas dynamic quantities: u v are the velocity components 

along n, s, respectively; p 

of sound velocity; w 

coordinates of the boundaries o f  the zones x yi are also given (the origin of 

the coordinates is placed at the center of the body). The values of the func- 
tions are given OR the surface of the body 5 = n/E(s) = O(i = 0), on the inter- 
mediate line 5 = 0.5(i = 2 ) ,  and on the boundary characteristic 5 = l(i = 1). 

i' i 
is pressure; T. is temperature; c2 is the square i 1 i 

+ vi; I J ~  is the stream function, and the Cartesian 2 2 2  
= u i i 

i' 

Tables 2.10-2.28 give the results of calculating the flow of equilibrium 
oxygen, nitrogen, and air around a sphere. The calculations were performed 
by scheme I1 when N = 2,3. The following cases were examined: 

1) Equilibrium oxygen: M, = 10; 15; 18; 20; 21; 22; 23: 24; and 25; 
p, = 0.01 atm; T, 290°K (Tables 2.10-2.18); M, = 10; p, = 0.001 atm; 

Tm = 288'K (Table 2.19); 

Equilibrium nitrogen: M, = 10: 15: 20; 25; and 27; p, = 0.01 atm, 2 )  

62 

I 1 
I 



T, = 290°K (Tables 2.20 - 2.24); 

3) Equilibrium air: M, = 4 :  6;  10; and 30; p, = 1 atm; 0.1 atm; T, = 

300°K (Tables 2.25-2.8). 

The tables give the values of the following quantities on the axis of sym- 
s ,  u, metry (s = 0 ) ,  intermediate lines, and boundary characteristic (s = SI): 

v, P, T, P ,  h (enthalpy). 

Tables 2.29-2.30 present the results of calculations, by the method of 
Characteristics, of gas dynamic quantities in the supersonic region for a 
smooth body "spherical blunt-cylinder" (Figure 2.25, Table 2.29) and a body with 

Table 2.30). 

288°K) the initial data were obtained by scheme I1 of the method of integral 
relations. The Tables present the following quantities on the surface of the 

a discontinuity of the generatrix "spherical segment-cylinder" (Figure 2.26, /75 
For flow of equilibrium oxygen (Ma = 10, p, = 0.001 atm, T, = 

/76 - - ro - Cartesian coordinates of points on the body (the origin body: xo, YO' 

of the coordinates is placed at the critical point of the body), p 0' TO' P O '  

wo, c0 = tan 0 - tangent of the angle of inclination of the velocity vector 
with the x-axis, (C ) - mass concentration of atomic oxygen. The coordinates 

of the nose shock wave x B,  yB = rB are also given there. 
0 0  

Figure 2.25. Form of smooth. 
body "spherical blunt-cylinder" 
and position of points at which 
the data of Table 2.29 are 
given (calculation of super- 
sonic region by the method of 
characteristics). 

Figure 2.26. Body form with 
discontinuity "spherical seg- 
ment-cylinder" and location of 
points at which data of Table 
2.30 are given (calculation 
of supersonic region by the method 
of characteristics). 

We must bear in mind that the values of velocity are referred to wmax, of 
of enthalpy 2 

pressure to p,w max' of density to p,, of temperature to p,w max/R' 
to w2 All linear dimensions are referred to the 

characteristic dimension of the body (to the radius for a sphere and to the 
vertical semiaxis b for ellipsoids). 
dicated by the subscript CQ . 

12,  of entropy t o  R/2pm. max 

The values before the shock wave are in- 
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3. Calculations of Flows at Low Supersonic Velocities 

In concluding the chapter we will dwell on the results of calculating flows 
at low supersonic velocities. In a number of cases such flows are of consid- 
erable practical interest. 

Some data on the flow of air around a sphere at Mach numbers of the on- 
coming flow of 1.05 z M m  5 2 are given below. We note that at such velocities 

the effects associated with excitation of internal degrees of freedom of mole- 
cules can be disregarded and we can treat the air as an ideal gas with a con- 
stant heat capacity ( X  = 1.4). The calculations were performed by S. D. Popov 
by scheme I11 of the method of integral relations. Between the wave and the 
body in all variants was drawn one intermediate line (second approximation 
with respect to n), and four rays, not counting the axis of symmetry (the 
fourth approximation with respect to s) ,  were examined in the upper half-plane 
for M,? 1.5, and five rays were used for M, < 1.5. 

Figures 2.27-2.29 show the form and position of the shock waves and sonic 
lines for Ma = 2 (Figure 2.27), M, = 1.7 (Figure 2.28), and M, = 1.5 (Figure 

2.29). 
lines of flow gives more complete information about the parameters in the shock 
layer and, in particular, permits a sufficiently accurate determination of the 
sonic line. 

The lines of flow are also plotted on the graphs. Calculation of the 

/ 

A f 

Figure 2.27. Posi- 
tion and form of 
shock wave, sonic 
line, and lines of 
flow (dashed lines) 
for M, = 2.0 

(sphere). 

Figure 2.28. Posi- 
tion and form of 
'shock wave, sonic 
line, and lines of 
flow (dashed lines) 
for M, = 1.7 

(sphere). 

Figure 2.29. Posi- 
tion and form of shock 
wave, sonic line, and 
lines of flow (dashed 
lines) for M, = 1.5 

(sphere). 

Figure 2.30 presents the separation of the shock wave E 0 along the axis 
The dots 

We see that 
of the symmetry as a function of the change of the Mach number Ma. 
designate experimental data obtained by V. G. Maslennikov [33] .  
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the coincidence of the results is good starting from M, = 1.25. At lower Mach 
numbers of the oncoming flow the divergence of the experimental and theoretical 
data is noticeable. This is apparently explained by the insufficient accuracy 
of the calculations, since with a decrease of M, the region of influence mark- 
edly increases this requires the use of a higher approximation with respect 
to n. 

/79 

Figure 2.30. Dependence on 
M, of the magnitude of shock- 
wave separation along axis 
of symmetry of sphere: - 
scheme I11 of the method of 
integral relations; ... ex- 
perimental data of V. G.  
Maslennikov [33]. 

Figure 2.32. Comparison of 
experiemental data (dots) 
and theoretical results (curve) 
with respect to position and 
form of shock wave for M, = 

1.65. 

Figures 2.31 and 2.32 show the position 
and form of shock waves for Mm = 2.09 and M, = 

1.65. 
data of V. G. Maslennikov [34]. We see that 
the coincidence of the results is very good. 

Here the dots pertain to the experimental 

Figure 2.31. Comparison of ex- 
perimental data (dots) and theo- 
retical results (curve) with re- 
spect to position and form of 
shock wave for M, = 2.09. 

Figures 2.33 and 2.34 give the distribu- 
tion of pressure on the surface of a sphere 
(referred to the pressure at the stagnation 
point) and the position of shock waves for 
different values of M,. 
respectively, to M, = 1.05; 1.1; 1.2: 1.3: 
1.5; 1.7; and 2.0. With a decrease of M, 
the distribution of pressure differs more 
appreciably from Newtonian, which fs usual- 
ly used in the theory of supersonic flows. 
In this case the nose shock wave separates 
ever farther from the body and straightens 
out. 

The curves pertain, 
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0 85 fP s 

Figure 2.33. Distribution of pres- 
sure p 
different values of M,. 

over surface o f  sphere for 0 

Figure 2.34. Form of shock waves 
for various values of M,. 

Scheme 111 of the method of integral relations proved to be effective for cal- 
culating flow around bodies at low supersonic velocities. The use of schemes I 
and I1 for this purpose causes appreciable computational difficulties when solving 
the corresponding boundary-value problems for approximating systems, since with a 
decrease of the Mach number of the oncoming flow the dependence of the solution 
on the initial data increases, the round-off errors increase, and instability 
appears in the calculation. 

a singularity appears in the approximating system analogous to that in scheme I, 
since the normal component of the flow velocity proves to be close to the vel- 
ocity of sound. In scheme 111, where the approximating system is a system of 
algebraic equations, there are no such singularities, therefore the procedure 
of calculation of different cases, for example when M, = 10 and M, = 1.05, 

is completely analogous and requires approximately the same expenditure of 
machine time (about 10 min on the BESM-2 electronic computer for approximation 

We note that in scheme I1 at M, numbers close to unity 

2 x 5). 
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TABLE 2.1 

COMPARISON OF COMPUTATIONAL RESULTS BY DIFFERENT METHODS 
OF CALCULATING THERMODYNAMIC FUNCTIONS OF AIR 

(Sphere: M, = 10; p, = 0.01 atm; Tm = 300°K) 

Calcula- 
t t o n  "A." 

Calcula- 
t i o n  "R" 

5 

1.000 
0.891 
0 .766 
0.641 
0.516 
0.391 
0.266 
0 .141 
0.000 

1.000 
0.891 
0 .766 
0.641 
0.516 
0.391 
0.266 
0.141 
0.000 

-- 

;1(4 1 

1 . 0 0 0  
0 .949 
0.901 
0 .863 
0.833 
0 . 8 0 8  
0.789 
0.773 
0 .760 

1 . 0 0 0  
0 . 9 4 9  
0.901 
0 . 8 6 4  
0.833 
0 . 8 0 9  
0 . 7 8 9  

0.762 
0 .773 

~ 

u1 

0.0634 
0.0402 
0.0210 
0.00837 

t 0 . 0 0 0 4 1 4  
-0 .003 13 
-0 0041 5 
-0 .00306  
$0 .0000880  

0.0628 
0.0397 
0.0206 
0.00800 

+0.000441 
-0 ,0033 I 
-0.0042 6 
- 0 . 0 0 3 1 0  
t 0 . 0 0 0 0 4 2 8  

- __ _- . ., -_ 

"1 

0.676 
0.644 

0.550 
0.503 
0.460 
0 .422 
0.388 
0 . 3 5 7  

0.678 
0.644 
0.599 

0.598 

0.551 
0.504 
0.461 

0 .390 
0.359 

0.424 

~ 

P 1  

0 .437  
0.434 

0.434 
0.436 
0.437 
0.438 
0.437 
0 .435 

0 .436 

0.432 
0.432 

0 ,433 

0.433 

0.433 
0 .434  
0.435 
0.434 
0.432 

Tl 
0.061 I 9  
0.06407 
0 .06718  
0.06901 
0 .07192 
0.07355 
0.07482 
0.07501 
0.0 7663 

0.06112 
0.06402 
0.0671 I 
0 .06974  
0.07101 
0.07343 
0 , 0 7 4 6 9  
0.07567 
0 .07648 
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EQUILIBRIUM OXYGEN. SCKEME I. N = 2 

TABLE 2.2 

0.0759 
0.0791 
0.0798 
C.0811 
G.0830 

0.0~55 
0.0887 
0.0926 
0.0974 
0.1C3 

0.310 
0.118 
0.:29 
G:(YI 

M, = 10; p, = 0.01 a t m ;  T, = 290'K; p, = 0.01345 kg/m3; 

= 3328.1m/sec; h = 2 1  315OK; 6 = 1 
00 

W 
UElX 

1.570 
1.515 
1.460 
1.406 
1.352 

1.299 
1.247 
1.196 
1.146 
1.099 

1.056 
1.016 
0.979 
0.942 

s 

o. oooo 
o.cb25 
0 ,  i250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5oco 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

1.000 
0.995 
0.981 
0.958 
0.927 

0.888 
0.844 
0.792 
0.738 
0.682 

0.629 
0.577 
0.528 
0.482 

--- 
T O  

1.000 
0.999 
0.998 
0.996 
0.993 

0.989 
0.985 
0.980 
0.974 
0.967 

0.960 
0.953 
0.946 
0.938 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.0000 
0.0285 
0.0569 
0.0850 
0.113 

0.141 
0.169 
0.198 
0.226 
0.252 

0.277 
0.301 
0.324 
0.345 

0.913 0.0769 
0.909 0.0768 
0.896 0.0767 
0.875 0.0766 
0.847 0.0764 

0.811 0.0761 
0.770 0.0757 
0.724 0.0753 
0.673 0.0749 
0.623 0.0743 

0.574 0.0738 
0.527 0.0733 
0.483 0.0727 
0.441 0.0721 
I 

1.000 
0.998 
0.992 
0.982 
0.968 

0.951 
0.930 
0.905 
0.877 
0.845 

0.810 
0.772 
0.731 
0.687 

0.0000 0.114 
0.062-4 0.114 
0.124 0.114 
0.186 0.113 
0.247 0.112 

0.307 0.110 
0.366 0.108 
0.423 0.106 
0.479 0.103 
0.533 0.101 

0.585 0.0985 
0.634 0.0956 
0.681 0.0926 
0.726 0.0896 
1 

68 



TABLE 2.2 Continued 

0.0768 0.0972 
0.0767 0.0971 
0.0766 0.0969 
0.0764 0.0964 
0.0760 0.0957 

0.0736 0.0949 
0.0751 0.0939 
0.0745 0.0928 
0.0739 0.0915 
0.0732 0.0902 

0.0724 0.0889 
0.0717 0.0875 
0.0709 0.0862 
0.0701 0.0849 

= I u  
0.00176 
0.00340 
0,00829 
0.0166 
0.0280 

0.0423 
0.0594 
0.0788 
0.100 
0.122 

0.146 
0.169 
0.192 
0.214 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0,6875 
0.7500 
0.8125 

0.0967 
0,0966 
0.0961 
0.0954 
0.0944 

0.0931 
0.0917 
0.0900 
0.0882 
0.0863 

0.0845 
0.0826 
0,0808 
0.0790 

-0.0420 
-0.0415 
-0.0411 
-0.0404 
-0.0394 

-0.0380 
-0.0362 
-0.0338 
-0.0308 
-0.0269 

-0,0216 
-0.0146 
-0,00571 

0.00576 

0.00922 
0.0121 
0.0207 
0.0346 
0.0537 

0.0774 
0.105 
0.136 
0.170 
0.205 

0.239 
0.273 
0.305 
0.338 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.3000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
~~. .. . . 

0.0000 
0.0409 
0.0818 
0.122 
0.162 

0.202 
0.241 
0.278 
0.315 
0,349 

0.381 
0.411 
0.438 
0.463 

-0.0960 
-0.0956 
-0.0944 
-0.0923 
-0.0893 

-0.0853 
-0.0802 
-0.0737 
-0.0659 
-0.0561 

-0.0436 
-0.0283 
-0.0106 
+0.00876 

0.903 
0.900 
0.888 
0.870 
0.845 

0.815 
0.778 
0.738 
0.694 
0.650 

0.608 
0.967 
0.527 
0.489 

0.0000 
0.0543 
0.108 
0.161 
0.213 

0.264 
0.314 

0.407 
0.449 

0.361 

0.865 0.0765 
0.862 0.0764 
0.854 0.0762 
0.841 0.0759 
0.822 0.0754 

0.800 0.0748 
0.773 0.0741 

0.711 0.0723 
0.678 0.0712 

0.744 0.0732 

0.645 
0.614 
0.583 
0.552 

0.487 
0.521 
0.552 
0.581 

0.0701 
0.0689 
0.0677 
0.0663 

1.039 
1.037 
1.031 
1.022 
1.009 

0.992 
0.971 
0.947 
0.920 
0,889 

0.855 
0.818 
0.778 
0.736 

1.078 
1.077 
I .071 
I .062 
I .049 

I. 032 
1,013 
0.989 
0.962 
0.933 

0.900 
0.864 
0.825 
0.784 

~ 

0.0000 
0.0649 
0.129 
0.193 
0.257 

0.320 
0.382 
0.443 
0.502 
0.560 

0.617 
0.672 
0.725 
0.777 

O.OOO( 
0.0671 
0.134 
0.201 
0.267 

0.333 
0.398 
0.462 
0.525 
0.588 

0.649 
0.709 
0.769 
0.828 
- 

0.114 
0.114 
0.112 
0.110 
0.108 

0.104 
0.100 
0.095: 
0.0904 
0.085C 

0.0794 
0.074C 
0.068: 
0.063: 

0.112 
0.112 
0.109 
0.106 
0. I01 

0.095’ 
0.0875 

0.0711 
0.063’ 

0.055( 
0.0471 
0.040; 
0.033: 

0.080: 

- 

69 

IO 



EQUILIBRIUM A I R ,  SCHEME I. N = 2 

TABLE 2 .3  

1.000 
0.999 
0.998 
0.996 
0.993 

0.990 
0.985 
0.979 
0.971 
0.962 

0.949 
0.933 
0.911 
0.881 
0.836 

0.757 
0.725 
0.679 
0.603 
0.421 

3 M, = 4 ;  P, = 1 atm; Tm = 300OK; p, = 1.1765 kg/m 5 

f.000 
1.000 
0,999 
0.999 
0.998 

0.997 
0.996 
0.994 
0.993 
0.990 

0.987 
0.982 
0.977 
0.969 
0.956 

0.934 
0.924 
0.909 
0.883 
0.808 

W = 1591m/sec ;  hO0 = 4408'K; 6 = 10 
IlMX 

W *  Y 

0.1250 
0.1875 
0.2500 

0.3129 

0.5000 
0,5625 

- x  Y 

s 

0.000Doo 
0.090103 
0.000411 
0 . w 2 7  
0.00166 

0.00265 
0.00393 
0.09536 
0.00764 
0.0103 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6290 
0.6875 
0.7500 
0.8129 
0.8750 

0.9375 
0.953j 
0.9688 
0.9844 
1.0000 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

. -- 

E 

0.1000 
0.0998 
0.0992 
0,0982 
0.0968 

P.0949 
0.0927 
0,0899 
0.0866 
0.0827 

0.483 
0.483 
0.482 
0.480 
0.477 

0.474 
0.470 
0.465 
0.460 
0.454 

0.448 
0.440 
0.433 
0.424 
0.416 

0.408 
0.446 
0.406 
0.407 
0.420 

0.oooI 
0,062: 
0.125 
0.187 
0.250 

0.312 
0.374 
0.437 
0.499 
0.562 

0 0. oooo 
0 0.0101 
0 0.0202 
0 0.0304 
0 0.0408 

0 0.0515 
0 O.Ob27  
0 0.0745 
0 0.0874 
0 0.101 

1.570 
1,553 
I. 536 
1.518 
I. 501 

1.484 
1.466 
d.448 
I .429 
1.410 

1.389 
I .36a 
1.345 
f.321 
1.294 

1.255 
1.241 
1.220 
1,187 
1.118 

0.00000 
-0.001 I O  
-0.00443 
-0.00999 
-0.01 77 

-0.0278 
-0.0404 
-0.0556 
-0.0738 
-0.0955 

-0.121 
-0.151 
-0.186 
-0,229 
-0,281 

-0.364 
-0.398 
-0.449 
-0.536 
-0.746 
,. - 

e -  0 
0.722 0.134 0.f77 
0.722 0.134 0.177 
0.721 9.134 0.177 
0.720 0.134 0.177 
0.718 0.134 0.177 

0.715 0.134 0.f77 
0.712 0.134 0.f" 
0.708 0.133 0.176 
0.702 0.133 0.176 I 0.695 0.133 0,176 

0.0000 - 0.0354 
-r 0.0711 - 0.106 - 0.142 

- 0.180 
- 0.221 - 0.266 - 0.318 - 0.376 

- 0.443 
- 0.522 - 0.616 - 0,744 
- 0.986 

- 1.895 - 2.601 - 4-052 - 7.812 - 23.82 

- I I 1 
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TABLE 2 . 3  Continued 

0 
0 
0 
0 
0 

0.0781 
0.0726 
0.0662 
0.0585 
0.0488 

, 

- 
U 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

,O. 6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9531 
0.9688 
0.9844 
I. 0000 

0.0000 
0.0625 
0.1250 
0. 1875 

-0.0828 
-0.0823 
-0.0825 
-0.0830 
-0.0838 

-0.0849 
-0.0863 
-0.0880 
-0.0900 
-0.0925 

-0.0954 
-0.0990 
-0.103 
-0.107 
-0.1 I I 

-0. I09 
-0.704 
-0.0942 
-0.0709 
-0.0020€ 

0.8750 

0.9375 
0.9531 
0.9688 
0.9844 , I .  0000 

-0.178 
-0.178 
-0.178 
-0.179 
-0.180 

-0. 181 
-0.183 
-0.185 
-0.187 
-0.189 

-0.192 
-0.194 
-0.197 
-0.199 
-0.198 

-0. I90 
-0.185 
-0.175 
-0.154 
-0.0923 

0.9688 
0.9844 
1.0000 

V 

0.117 
0.135 
0.156 
0.183 
0.217 

0.268 
0.288 
0.315 
0.357 
0.457 

0.0000 
0.0116 
0.0233 
0,0352 
0.0474 

0.0599 
0.0728 
0.0863 
0.100 
0.115 

0.131 
0.148 
0.167 
0.188 
0.213 

0.245 
0.254 
0.264 
0.276 
0.298 

0.0000 
0.0131 
0.02 63 
0.0395 
0,0527 

0.0660 
0.0795 
0.0934 
0.107 
0.122 

0.138 
0.155 
0.173 
0.194 
0.220 

0.259 
0.275 
0.298 
0.335 
0.408 

- 

P 

0.686 
0.674 
0.659 
0.637 
0.604 

0.547 
0.524 
0.490 
0.436 
0.304 

0.704 
0.704 
0.704 
0.702 
0.701 

0.698 
0.695 
0.691 
0.686 
0.680 

0.673 
0.663 
0.651 
0.635 
0.615 

0.589 
0.583 
0.578 
0.576 
0.563 

0.641 
0.641 
0.640 
0.639 
0.638 

0.636 
0.634 
0.631 
0.628 
0.624 

0.62C 
0.614 
0.608 
0.601 
0.592 

0.578 
0.572 
0.564 
0.549 
0.515 

._ 

T 

0.132 
0.132 
0.131 
0.130 
0.128 

0.125 
0.124 
0.122 
0.118 
0.108 

5 
0.133 
0.133 
0.133 
0.133 
0.133 

0.133 
0.133 
0.132 
0.132 
0.131 

0.131 
0.130 
0.129 
0.128 
0.127 

0.125 
0.125 
0.124 
0.124 
0.123 

C2 

0.175 
0.174 
0.173 
0.172 
0.170 

0.166 
0.165 
0.162 
0.158 
0.145 

1.5 
0.176 
0.176 
0.176 
0.176 
0.176 

0.176 
0,175 
0.175 
0.174 
0.174 

0.173 
0.172 
0.171 
0,170 
0.168 

0,166 
0.166 
0.165 
0.165 
0.164 

0.130 
0.130 
0.130 
0.130 
0.130 

0.130 
0.129 
0.129 
0.128 
0.128 

0.127 
0.127 
0.126 
0.125 
0.123 

0.121 
0.121 
0.119 
0.117 
0.113 

0.172 
0,172 
0.172 
0.172 
0.172 

0.172 
0.171 
0.171 
0,170 
0.169 

0.169 
0.168 
0.167 
0.165 
0.164 

0,161 
0.160 
0.159 
0.156 
0.150 

W 2  

0.0137 
0.0183 
0.0246 
0.0335 
0.0471 

0.0723 
0.0832 
0.0993 
0.128 
0.209 

0.0068f 
0.00691 
0.00731 
0.0081: 
0.0092' 

0.0108 
0.0127 
0.0152 
0.0181 
0.0218 

0.0263 
0.0317 
0,0385 
0,0471 
0.0581 

0.0719 
0.0756 
0.0789 
0.0813 
0.0891 

I 0.0316 
0.0319 
0.0325 
0.0337 
0.0353 

0.0373 
0.0398 
0.0429 
0.0466 
0.0509 

0.0560 
0.0620 
0.0691 
0.0774 
0.0878 

0.103 
0.110 
0.120 
0.136 
0.175 

~ 

\v I --* r- 
0.0357 
0.0315 
0.0267 
0.0208 
0.0129 

0.000000 
0.000888 I E: 
0.00355 
0.00799 
0.0142 

0.0223 
0.0322 
0.0440 
0.0577 
0.0735 

0.0915 
0.111 
0.134 
0.160 
0.189 

0.225 
0.236 
0.248 
0.263 
0.284 

0.00000 
0.00187 
0.00750 
0.0168 
0.0300 

. 
0.0470 
0.0677 
0,0924 
0.121 
0.153 

0.190 
0,231 
0.277 
0.330 
0.390 

0.469 
0.496 
0.529 
0.579 
0.679 

0.340 
0.338 
0.335 

0.332 
0.327 
0.322 
0.316 
0.309 

0.301 
0.292 
0.281 
0.268 
0.253 

0.233 
Q.226 
0.217 
0.205 
0.179 

0.583 
0.582 
0.581 
0.578 
0.574 

0.569 
0.562 
0.555 
0.546 
0.536 

0.524 
0.511 
0.496 
0.479 
0.458 

0.430 
0.421 
0.408 
0.389 
0.346 

.. ___ 

____ 

Y - 

0.624 
0.686 
0.748 
0.810 
0.872 

0.933 
0.948 
0.963 
0.978 
0.991 

o.oooa 
0.064C 
0.128 
0.192 
0.256 

0.320 
0.384 
0.448 
0.513 
0.577 

0.642 
0.707 
0.773 
0.840 
0,909 

0.985 
1.007 
i .032 
1.064 
1.119 

0. oooc 
0.065: 
0.431 
0.196 
0.262 

0.328 
0.393 
0.460 
0.526 
0.593 

0.660 
0.728 
0.797 
0.869 
0.945 

1.036 
I. 065 
1.101 
1.151 
1.247 

. 

- 
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TABLE 2.4 

M, = 4 ;  p, = 1 a t m ;  T, = 300°K; p, = 1.1765 kg/m3; 

1.00C 
I. ooc 
I. 000 
0.999 
0.999 

0.99E 
0.997 
0.996 
0.994 
0.992 

0.989 
0.985 
0.980 
0.973 
0.960 

0.938 
0.889 
0.869 
0.774, 

W = 1591m/sec: hO0 = 4408°K; 6 = 100 max 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0,7500 
0.8125 
0.8750 

0.9375 
0.9882 
0.9941 
0.9990 

0.501 
0.501 
0.499 
0.497 
0.493 

0.489 
0.483 
0.476 
0.468 
0.459 

0.449 
0.437 
0.424 
0.409 
0.392 

0.372 
0.350 
0.344 
0.327 

U 

1.570 
1.553 
1.536 
I .519 
1.502 

1.485 
1.467 
1.449 
1.430 
1.411 

1.389 
1.366 
1.340 
1.312 
I .278 

1.233 
1.155 
1.123 
0.948 

Sl 
0.00000 

-0.00106 
-0.00427 
-0,00964 
-0.01 71 

-0.0269 
-0.0391 
-0.0540 
-0.0722 
-0.0942 

-0.121 
-0.154 
-0.194 
-0.246 
-0.314 

-0.417 
-0.628 
-0.727 
-1.387 

0.0000 
- 0.0342 - 0.0686 - 0.103 - 0.138 

- 0.175 
- 0.215 
- 0.263 
- 0.319 - 0.388 

- 0.474 
- 0.583 
- 0. 729 - 0.937 
- 1.288 

- 2.197 - 11.034 - 27.427 
- 641.47 

.~. - 

0. OOOC 
0.062: 
0.125C 
0.187: 
0.250C 

0.3125 
0.375C 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9882 
0.9941 
9.9990 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.0000c 
0.00911 
0.0181 
0.0272 
0.0365 

0.0460 
0.0561 
0.0669 
0.0788 
0.0920 

0.107 
0.324 
0.146 
0.172 
0.208 

0.261 
0.349 
0.378 
D. 494 

0.722 
0.722 
0.721 
0.720 
0.719 

0.717 
0.714 
0.710 
0.706 
0.700 

0.692 
0.681 
0.667 
0.645 
0.613 

0.556 
0.446 
0.408 
0.258 

0.134 
0.134 
0.134 
0.134 
0.134 

0.134 
0.134 
0.134 
0.133 
0.133 

0.133 
0.132 
0.131 
0,130 
0.129 

0.126 
0.119 
0.116 
0.104 

0.177 
0.177 
0. 177 
0.177 
0.177 

0.177 
0.177 
0.177 
0.176 
0.176 

0.175 
0.175 
0.174 
0.173 
0.171 

0.167 
0.158 
0.155 
0.139 

0.000000( 
0.0000825 
0.000329 
0,000741 
0.00134 

0.00212 
0.003 15 
0.00448 
0.00621 
0,00847 

O.Oli4 
0.0155 
0.0213 
0.0298 
0.0434 

0.0683 
0.122 
0.143 
0.244 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

~ - 
PO 

1,000 
0.999 
0.998 
0.997 
0.995- 

0.992 
0.988 
0.983 
0.977 
0.968 

0.957 
0.943 
0.923 
0.893 
0.848 

0.769 
0.618 
0.564 
0.357 

0.01000 
0.00998 
0.00992 
0.00982 
0.00968 

0.00949 
0.00927 
0.00899 
0.00866 
0.00826 

0.00780 
0.00726 
0,00661 
0.00582 
0.00484 

0.00348 
0.00153 

0.000471 
0,00108 

l y  
0. oooc 
0.0625 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.562 

0.625 
0.687 
0.750 
0.812 
0.874 

0.937 
0.988 
0.994 
0.999 

- /85 

/86 

72 



r 
4 

Y 

TABLE 2.4 Continued 

--x Y V P T c2 

0.0000 
0.0625 
0.1250 
0. 1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

o.oO0oO0 
0.000823 
0.00328 
0.00740 
0.0131 

0.0206 
0.029B 
0.0407 
0.0534 
0.0680 

0.0844 
0.102 
0.123 
0.146 
0.172 

0.9375 
0.9882 
0.9941 
0.9990 

0.260 
0.260 
0.259 
0.258 
0.256 

0.253 
0.250 
0.247 
0.242 
0.238 

0.232 
0.225 
0.218 
0.210 
0.200 

0.705 
0.705 
0.705 
O,'f'04 
0.703 

0.701 
0.698 
0.695 
0.690 
0.685 

0.677 
0.668 
0.654 
0.636 
0.609 

-0.0802 
-0.0794 
-0.0797 
-0.0803 
-0.0814 

-0,0827 
-0.0845 
-0,0867 
-0.0894 
-0.0927 

-0.0969 
-0.102 
-0.109 
-0.117 
-0.129 

0.133 
0.133 
0.133 
0.133 
0.133 

0.133 
0.133 
0.132 
0.132 
0.132 

0.191 
0.130 
0.130 
0.128 
0.127 

-0.145 
-0.153 
-0.145 
-0.0753 

0.564 
0.489 
0.469 
0.205 

0.124 
0,119 
0.118 
0.0993 

0.0000 
0.0105 
0,0211 
0.0319 
0.0431 

0.0546 
0.0666 
0.0792 
0.0925 
0. 1 06 

0.122 
0.139 
0.158 
0.180 
0.208 

0.0828 
0.120 
0.130 
0.301 

0.248 
0.311 
0.331 
0.543 

0. oooc 
0.011E 
0.023E 
0.0351 
0.047L 

0.059E 
0.0711 
0.0841 
0.096s 
0.110 

0.124 
0. 139 
0.156 
0.174 
0.194 

0.282 
0.271 
0.293 
0.398 

0.200 
0.224 
0.226 
0.225 

4 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9882 
0.9941 
0.9990 

-0.178 
-0.178 
-0.178 
-0,179 
-0.181 

-0.183 
-0.185 
-0,188 
-0.192 
-0.196 

-0.201 
-0.207 
-0.215 
-0.224 
-0.237 

-0.254 
-0.283 
-0.292 
-0.358 

0.641 
0.641 
0.640 
0.639 
0.638 

0.636 
0.634 
0,631 
0.628 
0.624 

0.620 
0.614 
0.607 
0.598 
0.586 

0.569 
0,534 
0.518 
0.418 

0.5 

0.176 
0,176 
0.176 
0.. 1 76 
0.176 

0.176 
0.175 
0.175 
0.175 
0.174 

0.173 

0.172 
0.170 
0.168 

0 . m  

0.130 0.172 0.0316 
0.130 0.172 0.0319 
0.130 -0.172 0.0325 
0.130 0.172 0.0336 
0.130 0.172' 0.0351 

0.130 0.172 0.0371 
0.129 . 0.171 0.0396 
0.129 0.171 0.0426 
0.128 0.170 0.0462 
0.128 0.169 0.0507 

0.121 0.169 0.0560 
0.126 0.168 0.0626 
0.125 0.166 0.0707 
0.124 0.165 0.0809 
0.123 0.163 0.0942 

0.120 0.160 '0.114 
0.115 0.154 0.153 
0.113 0.151 0.172 
0.0988 0.132 0.287 

0.165 
0.159 
0.157 
0.133 

0.00643 
0.00642 
0.00680 
0.00748 
0.00848 

0.00983 
0.0115 
0.0138 
0.0165 
0.0200 

0.0243 
0.0297 
0.0369 
0.0465 
0.0604 

0.00000 
0.00172 
0.00689 
0. 01 55 
0.0275 

0.0430 
0.0620 
0.0844 
0.110 
0.139 

0.172 
0.208 
0.249 
0.292 
0.339 

0.392 
0.446 
0.459 
0.496 

0.189 
0.176 

0.160 
0.172 

0.511 
0.511 
0.509 
0.507 
0.503 

0.498 
0.492 
0.485 
0.477 
0.467 

0.457 
0.444 
0.430 
0.41 5 
0.396 

0.375 
0.351 
0.344 
0.320 

o.oooo 
0.0626 
0.125 
0.187 
0.250 

0.313 
0.375 
0.438 
0.501 
0.564 

0.626 
0.689 
0.752 
0.815 
0.878 

0.942 
0.999 
1 .009 
1.032 

o.ooo( 
O.062E 
0.125 
0.188 
0.251 

0.314 
0.376 
0.439 
0.502 
0.565 

0.628 
0.691 
0.754 
0.838 
0.882 

0.947 
1.010 
1.025 
I. 066 
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TABLE 2.5 

M, = 6 ;  p, = 1 a t m ;  Tm = 300'K; p, = 1.1765 kg/m3; 

w = 2223 mlsec; hO0 = 8612OK; 6 = 10 m a x  

S 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9531 
0.9607 
0.9843 
I .oooo 

E 

0.399 
0.399 
0.398 
0.396 
0.393 

0.390 
0.386 
0.382 
0.377 
0.371 

0.364 
0.356 
0.348 
0.339 
0.329 

0.319 
0.317 
0.315 
0.314 
0,321 

U 

1.570 
1.553 
I. 536 
1.519 
1.502 

1.484 
1.466 
1.447 
1.428 
1.407 

1.384 
1.360 
1.334 
1.304 
1.270 

1.221 
1.202 
1.178 
1.140 
1.059 

-~ _ _ _  

SI 
-.. 

0.00000 
-0.00146 
-0.00588 
-0.0132 
-0.0237 

-0.0375 
-0.0548 
-0.0764 
-0.102 
-0.135 

-0.174 
-0.222 
-0.281 
-0.356 
-0.455 

-0.616 
-0.682 
-0.775 
-0.931 
-1.318 
-- - 

s; -- ... 

Q. 0000 - 0.0470 - 0,0944 - 0.142 - 0.193 

- 0.247 - 0.309 - 0.381 - 0.465 - 0.567 

- 0,691 - 0.848 - 1.057 - 1.358 - 1.904 

- 3.661 - 4.899 - 7.379 - 13.713 - 52.648 

0.0000 
0.0625 
0. i250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0 0.00000 
0 0.00951 
0 0.0189 
0 0.0285 
0 0.0383 

0 0.0485 
0 0.0592 
0 0.0707 
0 0.0833 
0 0.0973 

0.827 
0.827 
0.826 
0.824 
0.822 

0.813 
0.815 
0.811 
0,804 
0.796 

4 =  0 

0.124 
P. 124 
0.124 
0.124 
0.124 

0.124 
0.124 
0.124 
0.124 
0,123 _- 

0.158 
0.158. 
0.158 
0.157 
0.157 

0.157 
0.157 
0.157 
0,157 
0.156 

-- - 
PO 

I. 000 
0.999 
0.998 
0.996 
0.994 

0.990 
0.985 
0.980 
0.972 
0.962 

0.949 
0.932 
0.909 
0.875 
0.824 

0.731 
0.694 
0.643 
0.556 
0.396 

0.00500 
0.00694 
0.00946 0 

I. 000 
0.999 
0.999 
0.999 
0.998 

0.997 
0.996 
0.995 
0.993 
0.991 

0.988 
0.984 
0.979 
0.971 
0.959 

0.935 
0.923 
0.908 
0.879 
0,814 

--I 

0.1000 
0.0998 
0.0992 
0.0982 
0.0968 

0.0949 
0.0927 
0.0899 
0.0866 
0.0827 

g 0.437 
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TABLE 2.5 Continued 

0.930 

1.014 

, 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9531 
0.9687 
0.9843 
1.0000 

.. ~ 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

U 

0.113 
0.131 
0.153 
0.180 
0.217 

0.274 
0.295 
0.323 
0.370 
0.456 

0.0000 
0.0120 
0.0241 
0.0364 
0.0491 

0.0620 
0.0755 
0.0895 
0.104 
0,119 

0.136 
0.155 
0.175 
0.199 
0.228 

0.266 
0.278 
0.292 
0.309 
0.351 

0.0000 
0.0143 
0.0287 
0.0431 
0.0577 

0.0725 
0.0877 
0.103 
0.120 
0.137 

0.156 
0.176 
0.199 
0.225 
0.257 

0.305 
0.324 
0.351 
0.392 
0.473 - 

0.123 
0.122 
0.122 
0.121 
0.119 

0.116 
0.115 
0.113 
0.109 
0.101 

P 
0.785 
0.771 
0.752 
0.724 
0.681 

0.605 
0.574 
0.532 
0.460 
0.328 

0.812 
0.812 
0.811 
0.810 
0.808 

0.805 
0.802 
0.797 
0.791 
0.784 

0.775 
0.763 
0.747 
0.726 
0.697 

0.655 
0.643 
0.630 
0.615 
0.552 

0.753 
0.753 
0.752 
0.751 
0.750 

0.747 
0.745 
0.741 
0.737 
0.733 

0.727 
0.719 
0.711 
0.700 
0.685 

0.663 
0.653 
0.641 
0.619 
0.569 

0.156 
0.155 
0.154 
0.153 
0.151 

0.148 
0.148 
0.146 
0.142 
0.132 

0.157 
0.157 
0.157 
0.157 
0.157 

0.156 
0.156 
0.156 
0.155 
0.155 

0.154 
0.153 
0.152 
0.151 
0.149 

0.147 
0.148 
0.148 
0.147 
0.144 

0.124 
0.124 
0.124 
0.124 
0.124 

0.123 
0.123 
0.123 
0.123 
0.122 

0.122 
0.121 
0.120 
0.119 
0.118 

0.116 
0.115 
0.114 
0.114 
0.111 

0.00463 
0.00472 
0.00519 
0.00600 
0.00718 

0.00876 
0.0107 
0.0133 
0.0164 
0.0202 

0.0250 
0.0309 
0.0384 
0.0481 
0.0612 

0.0796 
0.0852 
0.0911 
0.0980 
0.123 

W 2  

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9531 
0.9687 
0.9843 
1.0000 

0.0127 
0.0172 
0.0235 
0.0326 
0.0472 

0.0752 
0.0874 
0.104 
0.137 
0.208 

-0.0680 
-0.0676 
-0.0678 
-0.0683 
-0.0691 

-0.0700 
-0.0713 
-0.0728 
-0.0747 
-0.0769 

-0.0797 
-0.0830 
-0.0869 
-0.0912 
-0.0951 

-0.0922 
-0.0869 
-0.0759 
-0.0506 
+0.0216 

0.122 
0.122 
0.122 
0.122 

0.154 
0.154 
0.154 
0.154 

3.121 1 
0.121 
0.121 
0,120 
0.120 
0.119 

0.119 
0.118 
0.117 
0.115 
0.114 

0.111 
0.109 
O.iO8 
0.105 
0.0989 
~ 

0.154 

0.153 
0.153 
0.152 
0.152 
0.151 

0.150 
0.149 
0.147 
0.150 
0.147 

0.144 
0.142 
0.140 
0.137 
0,128 
__ 

0.0230 
0.0233 
0.0240 
0.0253 
0.0271 

0.0295 
0.0324 
0.0361 
0.0406 
0.0461 

0.0527 
0.0607 
0.0706 
0.0830 
0.0992 

0.124 
0.135 
0.149 
0.173 
0.230 

.~ 

_-- .. 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0.000000 
0.000900 
0.00359 
0.00810 
0.0144 

0.0225 
0.0326 
0.0445 
0.0583 
0.0742 

0.0921 
0.112 
0.134 
0.159 
0.188 

0.220 
0.229 
0.238 
0.248 
0.259 

0.00000 
0.00198 
0.00792 
0.0178 
0.0317 

0.0495 
0.0714 
0.0974 
0,127 
0.161 

0.200 
0.243 
0.291 
0.344 
0.405 

0.482 
0.507 
0.537 
0.579 
0.660 

-% 

0.0781 
0.0726 
0.0662 
0.0585 
0.0488 

0.0357 
0.0315 
0.0267 
0.0208 
0.0129 

0.299 
0.299 
0.298 
0.296 
0.293 

0.290 
0.285 
0.280 
0.274 
0.267 

0.259 
0.250 
0.239 
0.226 
0.211 

0.190 
0.183 
0.175 
0.163 
0.140 

0.499 
0.498 
0.497 
0.494 
0.490 

0.485 
0.479 
0.471 
0.463 
0.452 

0.441 
0.427 
0.412 
0.394 
0.373 

0.345 
0.335 
0.323 
0.305 
0.267 - 

Y 

0.624 
0.686 
0.748 
0.810 
0.872 

0.933 
0.948 
0.963 
0.978 
0.991 

0.000c 
0.063; 
0.127 
0.191 
0.255 

0.318 
0.382 
0.446 
0.510 
0.574 

0.639 
0.703 
0.768 
0.834 
0.901 

0.974 
0.994 
1.017 
1.045 
1.089 

0.000l 
0.064! 
0.130 
0.195 
0,260 

0.325 
0.390 
0.455 
0.521 
0.587 

0.653 
0.720 
0.788 
0.857 

- 
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T U L E  2 . 6  

0.158 
0.158 
0.158 
0.157 
0.157 

0.157 
0.157 
0.157 
0.157 
0.157 

0.156 
0.156 
0.155 
0.155 
0.153 

0.151 
0.146 
0.149 
0.125 

M, = 6;  p, = 1 a t m ;  Tm = 300'K; p, = 1.1765 kg/m3; 

w = 2223 m / s e c ;  hO0 = 8612OK; 6 = 100 m a x  

0.0000000 
0.0000603 
0.000239 
0.000540 
0.000971 

0.00154 
0.00230 
0.00327 
0.00453 
0.00618 

0,00835 
0.0112 
0.0153 
0.0213 
0.0305 

0.0471 
0.0789 
0.0901 
0.252 

A. - 
S 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8730 

0.9375 
0.9882 
0.9941 
1.0000 

E 

0.459 
0.459 
0.458 
0.455 
0.452 

0.448 
0.443 
0.437 
0.430 
0.422 

0.413 
0.402 
0.391 
0.377 
0.362 

0.345 
0.327 
0.323 
0.301 

U 

1.570 
1.555 
1.540 
1.525 
1.510 

1.495 
1.479 
4.463 
I. 445 
1.427 

1.408 
1.387 
1;364 
1.339 
I .309 

1.275 
1.228 
1.211 
0.977 

s, 
0.00000 

-0.00113 
-0.00456 
-0.01 03 
-0.0183 

-0. U289 
-0.0422 
-0.0585 
-0.0786 
-0.103 

-0.132 
-0.169 
-0.214 
-0.270 
-0.342 

-0.440 
-0.591 
-0.652 
-1.762 

0.0000 - 0.0365 - 0.0733 - 0.110 - 0.148 

- 0.189 
- 0.235 - 0.289 - 0.353 - 0.430 

- 0,526 - 0.646 
- 0.802 - 1.011 - 1.319 

- 1.893 - 6.842 - 16.25 
-1034.9 
-- .. 

- 
PO 

I .ooo 
0.999 
0.999 
0.997 
0.996 

0.993 
0.990 
0.986 
0.981 
0.975 

0.966 
0.955 
0.939 
0.917 
0.883 

0.824 
0.720 
0.686 
0.318 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
3.8750 

3.9375 
0.9882 
3.9941 
i.0000 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0. ooooc 
0.0077f 
0.0154 
0.0232 
0.0311 

0.0393 
0.0479 
0.0572 
0.0673 
0.0786 

0.0914 
0.106 
0.124 
0.146 
0.174 

0.217 
0.281 
0.300 
0.502 

0.827 
0.827 
0.826 
0.825 
0.824 

0.822 
0.819 
0.816 
0.812 
0.807 

0.800 
0.790 
0.777 
0.759 
0.730 

0.682 
0.596 
0.567 
0.263 

0.124 
0.124 
0.124 
0.124 
0.124 

0.124 
0.124 
0.124 
0.124 
0.124 

0.123 
0.123 
0.123 
0.122 
0.121 

0.119 
0.116 
0.115 
0.0964 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

.- 

I .ow 
0.999 
0.999 
0.999 
0.998 

0.998 
0.997 
0.996 
0.995 
0.994 

0.992 
0.989 
0.986 
0.981 
0.973 

0.959 
0.931 
0.921 
0.773 

I -* 

0.0100 
0.00998 
0.00992 
0.00982 
0.00968 

0.00949 
0.00927 
0.00899 
0.00866 
0.0b826 

0.00780 
0.00726 
0.00661 
0.00582 
0.00484 

0.00348 
0.00153 
0.00108 
0.000190 

Y 

0.000l 
0.0621 
0.125 
0.187 
0.250 

0.312 
3.375 
0.437 
3.500 
3.562 

1.625 
1.687 
1.750 
1.812 
1.875 

1.937 
1.988 
1.994 
1.999 
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TABLE 2.6 Continued 

0.000000 
0.00844 
0.00337 
0.00759 
0.0135 

0.0211 
0.0305 
0.0417 
0.0547 
0.0696 

0.0864 
0.105 
0,126 
0,149 
0.175 

S - 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9882 
0.9941 
I. 0000 

t 

0.239 
0.239 
0.238 
0.237 
0.235 

0.233 
0.231 
0.227 
0.223 
0.219 

0.214 
0.208 
0.202 
0.194 
0.186 

U 

-0.0661 
-0.0656 
-0.0658 
-0.0664 
-0.0672 

-0.0683 
-0.0696 
-0.0714 
-0.0735 
-0.0761 

-0.0793 
-0.0834 
-0.0887 
4.0957 
-0.105 

-0.118 
-0.126 
-0.120 
+0.0447 

v 

0.0000c 
0.00992 
0.0199 
0.0301 
0.0406 

0.0514 
0.0626 
0.0742 
0.0865 
0.0995 

0.113 
0.128 
0.145 
0.165 
0.189 

0.220 
0.260 
0.268 
0.469 

P 

1.813 
1.813 
1.812 
1.811 
1.810 

1.808 
3.806 
1.803 
1.799 
1.794 

1.787 
1.778 
I. 766 
I. 750 
1.726 

).689 
1.638 
1.631 
1.336 

T I cz 

i 4 -  0.5 

0.124 
0.124 
0.124 
0.124 
0.124 

0.124 
0.123 
0.123 
0.123 
0.123 

0.122 
0.122 
0.121 
0.120 
0.119 

0.118 
0.113 
0.115 
0.101 

I. 0000 
1.0625 
8.1250 
'.I875 
8.2500 

8.3125 
.3750 
.43 75 
8.5000 
.5625 

.62 50 

.6875 

.7500 

.e125 

.e750 

.93 75 

.9882 

.9941 . 0000 

-0.151 
-0.152 
-0.152 
-0.153 
-0.194 

-0.156 
-0.158 
-0.161 
-0.164 
-0.167 

-0.172 
-0.178 
-0.184 
-0.193 
-0.203 

-0.216 
-0.228 
-0.229 
-0.195 
- .  

0.0000 
0.0118 
0.0238 
0.0357 
0.0477 

0.0597 
0.0720 
0.0847 
0.0979 
0.111 

0.126 
0.142 
0.159 
0.177 
0.198 

0.223 
0.262 
0.279 
0.505 

0.753 
0.75.3 
0.752 
0.752 
0.750 

0.749 
0.747 
0.744 
0.741 
0.737 

0.733 
0.727 
0.721 
0.712 
0.702 

0.687 
0.666 
0.658 
0.514 
~- ~- 

0.122 
0.122 
0.122 
0.122 
0.121 

0.121 
0.121 
0.121 
0.120 
0.120 

0.119 
0.119 
0.118 
0.117 
0.116 

0.114 
0.111 
0.110 
0.0917 

0.157 
0.157 
0.157 
0.157 
0.157 

0.157 
0.136 
0.156 
0.156 
0.155 

0.155 
0.154 
0.153 
0.152 
0.151 

0.149 
0.149 
0.149 
0.131 

W 2  
. _. . 

0.00437 
0.00441 
0.00473 
0.00532 
0.00617 

0.00731 
0.00877 
0.0106 
0.0128 
0.0157 

0.0191 
0.0235 
0.0291 
0.0365 
0.0468 

0.0625 
0.0835 
0.0864 
0.222 

-. ... 

0.154 
0.154 
0.154 
0.154 
0.154 

0.154 
0.153 
0.153 
0.152 
0.152 

0.151 
0.150 
0.1.3 
0.148 
0.146 

0.148 
0.144 
0.143 
0.319 

0.0230 
0.0232 
0.0238 
0.0248 
0.0262 

0.0280 
0.0303 
0.0331 
0.0365 
0.0406 

0.0457 
0.0519 
0.0594 
0.0688 
0.0808 

0.0967 
0.120 
0.130 
0.293 
. 

0,205 
0,232 
0.236 
0.239 

0.00000 ' 

0.00184 
0.00739 
0.0166 
0.0295 

0.0462 
0.0665 
0.0905 
0.118 
0.149 

0.185 
0.223 
0.266 
0.313 
0.364 

0.420 
0.477 
0.490 
0.608 

0.176 
0.165 
0.162 
0.133 

0.469 
0.469 
0.468 
0.465 
0.462 

0.458 
0.452 
0.446 
0.439 
0.430 

0.421 
0.410 
0.397 
0.383 
0.367 

0,348 
0,328 
0,323 
0,266 _- 

a 
0.0001 
0.0621 
0.125 
0.187 
0.250 

0.313 
0.375 
0.438 
0.501 
0.563 

0.626 
0.689 
0.752 
0.815 
0.878 

0.942 
0.998 
1.008 
I. 069 

0.0000 
0.0627 
0.125 
0.188 
0.251 

0.313 
0.376 
0.439 
0.502 
0.565 

0.628 
0.691 
0.754 
0.817 
0.881 

0.946 
1.009 
I. 023 
1.139 -. 
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TABLE 2.7 

Ma = 10; p, = 0.01 atm; Tm = 300°K; p, = 0.01176 kg/m3; 

W = 3559 m/sec; hO0 = 22 064OK; 6 = 10 max 

S 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9531 
0.9687 
0.9843 
I. 0000 

- 
E 

__ 
0.294 
0.294 
0.293 
0.292 
0.290 

0.287 
0.283 
0.279 
0.275 
0.269 

0.263 
0.256 
0.248 
0.239 
0.229 

0.218 
0.214 
0.210 
0,206 
0.201 - 

U 

1.570 
1.555 
1.539 
I. 523 
1.507 

I. 490 
1.472 
1.454 
1.434 
1.413 

1.389 
1.363 
1.334 
1.299 
1.253 

1.177 
1.133 
1.081 
1.006 
0.884 

0.0000 
0..0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9531 
0.9687 
0.9843 
I . 0000 - 

C 
0 
0 
0 
0 

0 
0 
0 
0 
0 

C 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0.0000 
0.0073 
0.0147 
0.0223 
O.ii301 

0.0383 
0.0471 
0.0567 
0.0673 
0.0792 

0.0930 
0.109 
0.129 
0.156 
0.195 

0.264 
0.410 
0.426 
0.463 
0.589 __ 

0.910 
0.910 
0.909 
0.907 
0.905 

0.903 
0.899 
0.894 
0.888 
0.879 

0.868 
0.852 
0.829 
0.794 
0.736 

0.613 
0.331 
0.305 
0.248 
0.102 - 

-I_ 

S I  

0.00000 
-0.00226 
-0.00910 
-0.0206 
-0.0373 

-0.0595 
-0.0883 
-0.124 
-0.170 
-0.227 

-0.299 
-0.391 
-0.510 
-0.671 
-0.910 

-1.384 
-1.705 
-2.117 
-2.775 
-3.986 

T--p 
_ _ -  

e =  (I 
0.0834 
0.0834 
0.0833 
0.0833 
0.0833 

0.0833 
0.0832 
0.0832 
0.G831 
0.0830 

0.0829 
0.0827 
0.0824 
0.0820 
0.0813 

0.0796 
0.0750 
3.0743 
0.0726 
0.0659 

0.107 
0.107 
0.107 
0.107 
0.107 

0.107 
0.107 
0.107 
0.107 
0.107 

0.136 
0.106 
0.106 
0.105 
0.103 

0.100 
0.0930 
0.0918 
0.0391 
0.0788 _ _ ~  

~ " -- 

s; 
. .  

0.0000 - 0.0726 - 0.146 - 0.224 - 0.309 

- 0.405 
- 0.517 - 0.652 - 0.816 - 1.024 

- 1.293 - 1.659 - 2.188 - 3.050 - 4.872 

- 13.26 - 14.23 - 32.29 - 53.90 - 114.7 

W 2  

0. ooooooc 
0.0000544 
0.000218 
0.000499 
0.00091 0 

0.001 47 
0.00222 
0.00322 
0.00453 
0.00628 

0.00866 
0.0120 
0.01 68 
0.0245 
0.0381 

0.0701 
0.168 
0.1131 
0.214 
0.3C7 

1.000 
0.999 
0.998 
0.997 
0.994 

0.991 
0.987 
0.982 
0.975 
0.966 

0.953 
0.936 
0.911 
0.873 
0..808 

0.673 
0.364 
0.335 
0.272 
0.112 - -__ 

1.000 
0.999 
0.999 
0.939 
0.999 

0.999 
0.998 
0.997 
0.997 
0.995 

0.994 
0.992 
0.988. 
0.983 
0.975 

0.954 
0.899 
0.891 
D.87i 
0.790 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0.1000 
0.0998 
0.0992 
0.0982 
0.0968 

0.0949 
0.0927 
0.0899 
0.0866 
0.0827 

0.0781 
0.0726 
0.0662 
0.0585 
0.0488 

0.0357 
0.0315 
0.0267 
0.0208 
0.0129 

0.000c 
0.0624 
0.124 
0.187 
0.249 

0.312 
0.374 
0.437 
0.499 
0.562 

0.624 
0.686 
D. 748 
0.810 
0.872 

0.933 
0.948 
0.963 
0.978 
0.991 - - 
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TABLE 2.7 Continued 

-0.0640 
-0.0553 
-0.0502 
-0.0237 
+0.0536 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3 125 
0.3750 
0.4379 
0.5000 
0.5625 

0.6250 
0.66:5 
0.7500 
0.8125 
0.8750 

0.93 75 
0.95;1 
0,9687 
0.9843 
1.0000 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.953i 
0.9687 
0.9843 
1.0000 . -.- 

0.284 
0.335 
0.384 
0.420 
0.494 

-0.8432 
-0,0432 
-0.0434 
-0.0438 
-0.0443 

-0.045n 
-0.0459 
-0.0470 
-0.0485 
-0.0502 

-0.0524 
-0.0552 
-0.0587 
-0.0629 
-0.0671 

0.0792 
0.0776 
0.0759 
0.0745 
0.0708 

0.0000 
0.0111 
0.0223 
0.0337 
0.0453 

0.0573 
0.0697 
0.0827 
0.0964 
0.111 

0.127 
0.145 
0.165 
0.190 
0.223 

0.0999 
0.0972 
0.0941 
0.0918 
0,0860 

0.106 
0.106 
0.106 
0.106 
0.106 

0,106 
0.105 
0.105 
0.105 
0.104 

0.104 
0.103 
0.102 
0.101 
0.0992 

0.0956 
0.0933 
0.0905 
0,0861 
0.0786 

0.0106 
0.0108 
0.0115 
0.0127 
O . O l W ,  

0.0167 
0.0197 
0.0234 
0.0281 
0.0340 

0.0413 
0.0507 
0.0628 
0.0790 
0.102 

0.149 
0.181 
0.220 
0.282 
0.392 

-0.1 I 9  
-0.124 
-0.129 
-0.136 
-0.143 

-0.151 
-0.i60 
-0. I65 
-0.165 
-0.120 

-0.105 

-0.106 
-0.108 
-0.110 
-0.112 
-0.146 

0.1 64 
0.187 
0.214 
0.245 
0.297 

0.356 
0.394 
0.439 
0.505 
0.614 

0.05b 

0.073 
0.089, 
0.106 
0.124 
0-143 

0.901 
0.900 
0.900 
0.898 
0.896 

0.894 
0.890 
0.885 
0.879 
0.872 

0.861 
0.847 
0.828 
(?.73? 
0.772 

0,644 
0.540 
0.439 
0.370 
0.234 

0.858 
0.858 
0.857 
0.856 
0.855 

0.853 
0.850 
0.846 
0.842 
0.836 

0.830 
0.821 
0.809 
0.794 
0- 772 

0.728 
0.698 
0.661 
0.603 
0.501 

$ =  0.5 

0,0833 
0.0833 
.0.0832 
0.0832 
0.0832 

0.0831 
0.0830 
0.0829 
0.0828 
0.0827 

0.0825 
0.0823 
0.0819 
0.0815 
0 0863 

0.107 
0.107 
0.107 
0.107 
0.107 

0.107 
0.107 
0.106 
0.106 
0,106 

0.105 
0.105 
0.104 
0.104 
0.102 

0.0828 
0.0828 
0.0827 
0.0827 
0.0826 

0.0825 
0.0824 
0.0823 
0.0821 
0,0818 

0.0816 
0.0812 
0.e807 
0.0801 
0.0791 

0.0772 
0.0759 
0.0742 
0.0714 
0.0657 - _ _  

0.00187 
0.00199 
0.00238 
0.00305 
0.00402 

0.0053 1 
0.00697 
0.00906 
0.0116 
0.0148 

0.0189 
0.0240 
0.0308 
0.0402 
0.0544 

0.0851 
0.115 
0.149 
0.177 
0.247 

0.000001 
0.00085' 
0.00343 
0.00772 
0.0137 

0.0715 
0.0310 
0.04i3 
0.0554 
0.0704 

0.0872 
0.106 
3.127 
3.150 
0.175 

3.201 
3.205 
D .208 
3.208 
3.203 

D.OOW0 
D. 00202 
3.00808 
3.0181 
3.0323 

0.0505 
3.0728 
3.0992 
3.129 
3.164 

3.203 
D.246 
3.294 
3.347 
3.406 

3.477 
3,498 
0.522 
D.554 
0.605 

0.247 
0.247 
0.246 
0.244 
0.241 

0.238 

0.229 
0.223 
0.217 

0.209 
0.200 
0.189 
0,. 176 
0.161 

0.141 
0.134 
0.125 
0.114 
0.0928 

0.224 

0.394 
0.390 
0.352 
0.390 
0.386 

0.382 
0.376 
0.369 
0.361 
0.351 

0.340 
0.327 
0.312 
0.295 
0.274 

0.246 
0.237 
0.225 
0.207 
0.172 

0.000c 
0.0w4 
0.126 
c.190 
0.253 

0.3 17 
0.380 
0.444 
0.507 
0 5'11 

0.634 
0.h0d 
0.762 
0.827 
0.892 

0.961 
0.979 
0.999 
1,021 
1.052 

0.0000 
0.0643 
0.128 
0.193 
0.257 

0.321 
0.386 
0.450 
0.515 
0.580 

0.645 
0.710 
0.776 
0.843 
0.912 

0.988 
1.010 
1.035 
1.065 
1.113 
- -c 
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0.0000 
0,0625 Cr I 0.1250 o.ia75 

i 0.2:oo 

I rl.L775 

-I, 3 1 7 i . 3'750 

0. $000 1 0.5625 

TABLE 2.8 

M, = 10; p, = 0.01 a t m ;  T, = 300'K; p, = 0.01176 kg/m3; 

w = 3559 m/sec; hO0 = 22 064'K; 6 = 100 m a x  

S 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9882 
0.9941 
I .oooo 

E 

0.373 
0.372 
0.371 
0.369 
0.367 

0.363 
0.359 
0.354 
0.348 
0.341 

0.333 
0.325 
0.314 
0.303 
0.290 

0.275 
0.260 
0.257 
0.249 

U V 

0.00000 
0.00542 
0,0109 
0.0164 
0.0222 

0.0281 
0.0345 
0.0414 
0.0489 
0.0573 

- .-._ 

1.570 
I. 558 
1.545 
1.533 
1.520 

1.507 
I. 493 
1.479 
1.464 
1.448 

1.430 
1.411 
1,390 
1.367 
1.340 

1.309 
1.272 
1.261 
7.176 

... ~ 

s, 
~. 

0.0000c 
-0.00143 
-0.00576 
-0.0130 
-0.0234 

-0.0?72 
-0.0548 
-0.0769 
-0.104 
-0.138 

-0.179 
-0.231 
-0.296 
-0.378 
-0.483 

-0.622 
-0.806 
-0.867 
-1.392 
-. ~ 

~- 

0.0000 
- 0.0459 
- 0.0925 - 0.i40 
- 0.192 

- 0.249 
- 0.315 
- 0.392 
- 0.486 
- 0.600 

- 0.743 
- 0.925 - 1.162 
- 1.477 - 1.911 

- 2.603 
- 7.257 - 16.01 
-1382.9 

.__ 

0.910 0.0834 
0.910 0.0834 
0.909 0.0834 
0.909 0.0833 
0.907 0.0833 

0.906 0.0833 
0.904 0.0833 
0.901 0.0833 
0.898 0.0832 
0.894 0.0832 
. . . . . - 

0.107 
0.107 
0.107 
O.IQ7 
0,107 

0.107 
0.107 
0.107 
0.107 
0.107 

- ._ 

W 2  
-- 

0.0000000 
0.0000294 
0.0001 I 9  
0.000271 
0 000495 

0.000795 
0.00119 
0.00171 
0.00239 
0.00328 - 

1.000 
0.999 
0.999 
0.998 
0.997 

0.995 
0.993 
0.990 
0.986 
0.982 

0.975 
0.967 
0.954 
0.937 
0.909 

0.861 
0.772 
0.745 
0.658 

T O  

1.000 
1.000 
0.999 
0.999 
0.999 

0.999 
0.999 
0.998 
0.998 
0.997 

0.997 
0.995 
0.994 
0.992 
0.988 

0.982 
0.969 
9.965 
0.803 - 

- X  
- I. 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 - - . .- . . 

0.01000 
0.00938 
0.00992 
0.00982 
0:00968 

0.00949 
0.00327 
0.00899 
0.00866 
0.00826 

. .  

Y - 

0.0000 
0,0625 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.562 
,. 

80 

I 



TABLE 2.8 Continued 

0 
0 
0 
0 
0 

0 
0 
0 
0 

___ 
S 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9882 
0.9941 
1.0000 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8730 

0.9375 
0.9882 
0.9941 
1.0000 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0,3750 
0,4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0,8125 
0.8750 

0.9375 
0.9882 
0.9941 
I. 0000 

~ 

0.00780 
0.00726 
0.00661 
0.00582 
0.00484 

0.00348 
0.00153 
0.001 08 
O.OOOl90 

U 

0 
0 
0 
0 
0 

0 
0 
0 
0 

-0.0419 
-0.0421 
-0.0423 
-0.0427 
-0.0432 

-0.0439 
-0.0448 
-0.0459 
-0.0472 
-0,0490 

-0.05 1 I 
-0.0539 
-0.0576 
-0.0625 
-0.0693 

-0.0797 
-0.0873 
-0.0832 
"0.00967 

-0.103 
-0.103 
-0.103 
-0.104 
-0.105 

-0.106 
-0.108 
-0. I10 
-0.112 
-0.115 

-0.119 
-0.124 
-0.130 
-0.137 
-0.147 

-0.158 
-0.165 
-0.164 
-0.0679 _ _  

0.858 
0.858 
0.858 
0.857 
0.8% 

V 
. _. 

0.0669 
0.0781 
0.091 5 
0.108 
0.131 

0.164 
0.215 
0.229 
0.603 

0.0828 
0.0828 
0.0828 
0.0827 
0.0827 

0. OOOOC 
0.0085C 
0.0170 
0.0257 
0.0346 

0.0437 
0.0531 
0.0629 
0.0732 
0.0841 

0.0958 
0.108 
0.122 
0.139 
0.158 

0.184 
0.2i3 
0.220 
0.303 

0.0000 
0.0109 
u.0219 
0.0330 
0.0442 

0.0557 
0.0675 
0.0799 
0.0929 
0.106 

0.121 
0.137 
0.155 
0.174 
0.196 

0.221 
0.255 
0.268 
0.382 

P 
0.888 
0.880 
0.869 
0.853 
0.828 

0.784 
0.703 
0.678 
0.599 

0.901 
0.901 
0.901 
0.900 
0.899 

0.897 
0.895 
0.893 
0.889 
0.885 

0.879 
0.872 
0.862 
0.847 
0.826 

0.792 
0.745 
0.740 
0.603 

T 

0.0831 
0.0830 
0.0829 
0.0827 
0.0824 

0.0819 
0.0809 
0.0805 
0.0670 

C 2  

0.107 
0.107 
0.106 
0.106 
0.105 

0.105 
0.103 
0.102 
0.0811 

E =  0.5 

0.0833 
0.0833 
0.0833 
0.0832 
0.0832 

0.0832 
0.0831 
0.0831 
0.0830 
0.0829 

0.0828 
0.0827 
0.0825 
0.0823 
0.0820 

0.0814 
0.0808 
0.0807 
0.0788 

4 

0.855 
0.853 
0.851 
0.848 
0.845 

0.841 
0.836 
0.830 
0.822 
0.812 

0.799 
0.781 
0.776 
0.727 

0.U826 
0.0826 
0.0825 
0.0824 
0.0822 

0.0820 
0.0818 
0.0816 
0.0812 
0.0808 

0.0803 
0.0795 
0.0793 
0.0772 

0.107 
0.107 
0.107 
0.107 
0.107 

0.107 
0.107 
0.107 
0.106 
0.106 

0.106 
0.106 
0.106 
0.105 
0.104 

0.104 
0.102 
0.102 
0.0992 

1 

0.106 
0.106 
0.106 
0.106 
0.106 

u.106 
0.106 
0.105 
0.105 
0.105 

0.109 
0.104 
0.104 
0.103 
0.102 

0.101 
0.100 
0.099: 
0.095f 

W 2  
- -- 

0.00448 
0.0061 0 
0.00838 
0.0117 
0.01 71 

0.0270 
0.0462 
0.0525 
0.363 

0.00176 
0.00184 
0.00208 
0.00249 
0.00307 

0.00384 
0.00483 
0.00607 
0.00760 
0.00948 

0.0118 
0.0147 
0.0184 
0.0232 
0.0300 

0.0403 
0.0539 
0.0556 
0.0922 

0.0106 
0.0107 
0.0112 
0.0119 
0.0130 

0.0144 
0.0162 
0.0185 
0.0213 
0.0248 

0.0291 
0.0344 
0.0410 
0.0494 
0.0601 

0.0741 
0.0926 
0.0987 
0.150 

0.000000 
0.00081 3 
0.00325 
0.00734 
0.0130 

0.0204 
0.0295 
0.0403 
0.0528 
0.0670 

0.0832 
0.101 
0.121 
0.143 
0.169 

0.197 
0.225 
0.229 
0.239 

0.0000( 
0.0019i 
0.0076t 
0.017-2 
0.0307 

0.0480 
0.0691 
0.0941 
0.122 
0.155 

0.192 
0.232 
0.277 
0.325 
0.378 

0.435 
0.492 
0.505 
0.607 

~- 

0.196 
0.196 
0.195 
0.194 
0.193 

0.191 
0.189 
0.186 
0.182 
0.179 

0.174 
0.169 
0.164 
0.157 
0.150 

0.141 
0.131 
0.129 
0.110 

0.383 
0.382 
0.381 
0.379 
0.376 

0.373 
0.368 
0.363 
0.357 
0.350 

0.341 
0.332 
0.321 
0.309 
0.295 

0.279 
0.261 
0.257 
0.221 

0.875 

0.937 
0.988 
0.994 
0.999 

0.0000 
0.0626 
0.125 
0.187 
0.250 

0.313 
0.375 
0.438 
0.501 
0.563 

0.626 
0.689 
0.751 
0.814 
0.877 

0.941 
0.996 
1.005 
1.057 

0.0000 
0.0627 
0.125 
0.188 
0.250 

0.313 
0.376 
0.439 
0.502 
0.564 

0.627 
0.690 
0.753 
0.816 
0.880 

0.944 
1.004 
1.017 
1.115 
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TABLE 2.9 

M, = 15; p, = 0.01 a t m ;  Tm = 300°K; p, = 0.01176 kg/m3; 

E 

0.270 
0.270 
0.269 
0.268 
0.266 

0.263 
0.260 
0.257 
0.252 
0.247 

0.242 
0,235 
0.228 
0.220 
0.212 

0.203 
0.200 
0.198 
0.197 
0.198 

W = 5267 m / s e c ;  hO0 = 48 339°K; 6 = 10 max 

U 

1.570 
1.556 
1.541 
1.526 
1.510 

1.494 
T.478 
1.460 
1.442 
1.421 

1.400 
1.375 
1.347 
1.314 
1.273 

1.211 
1.188 
1.155 
1.093 
0.989 

S 

-0.0741 
-0.110 
-0.155 
-0.213 
-0.284 

-0.374 
-0.489 
-0.639 
-0.840 
-1,128 

-1.633 
-1.851 
-2.174 
-2.862 
-4.220 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9531 
0.96J37 
0.9843 
I .oooo 

- 0.508 
- 0.649 
- 0.817 
- 1.022 
- 1.278 

- 1.624 
- 2.089 - 2.745 - 3.761 
- 5.733 

- 11.951 - 16.485 - 26.612 
- 48.137 
- 138.48 

.~ 
I 

S Y V I ~ .-. 

_. 
I I 

0.0000000 
0.0000407 
0.000166 
0.000383 
0.000704 

0.00114 
0.00173 
0.00251 
0.00353 
0.00488 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0.0000 
LO625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9531 
0.9687 
0.9843 
1.0000 - 0.0584 

0.0571 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 - __c~ 

. 

0.00000 
0.00638 
0.0129 
0.0195 
0,0265 

0.0338 
0.0416 
0.0501 
0.0594 
0.0699 

0.0819 
0.0961 
0.113 
0.135 
0.166 

0.212 
0.227 
0.243 
0.338 
0.376 

0.00671 
0.00924 
0.0129 
0.0184 
0.0277 

. 

0 
0 
0 
0 
0 

Sl 
0.00000 

-0.00277 
-0.01 I I 
-0.0255 
-0.0462 

0.0452 
0.0519 
0.0594 
0.127 
0.150 

0.0000 
- 0,0889 - 0.180 
- 0.278 
- 0.386 

0 
0 
0 
0 
0 

- 
Po __- 

I. 000 
0.999 
0.998 
0.997 
0.995 

0.992 
0.989 
0.984 
0.978 
0.970 

0.958 
0.943 
0.922 
0.890 
0.839 

0.750 
0.718 
0,684 
0.473 
0.331 

1.000 
1.000 
I .ooo 
0.999 
0.999 

0.999 
0.998 
0.998 
0.997 
0.996 

0.995 
0.993 
0.991 
0.987 
0.981 

0.969 
0.965 
0.960 
0.924 
01904 - 

4-  0 
0.938 
0.938 
0.937 
0.936 
0.934 

0.931 
0.928 
0.924 
0.918 
0.910 

0.900 
0.886 
0.866 
0.836 
3.788 

0.704 
3.674 
3.642 
3.444 
3.367 - 

0.0632 
0.0632 
0.0632 
0.0631 
0.0631 

0.0631 
0.0631 
0.0631 
0.0630 
0.0630 

0.0629 
0.0628 
0.0626 
0.0624 
0.0620 

0.0612 
0.0610 
0.0606 

0,0934 
0.0934 
0.0934 
0.0934 
0.0933 

0.0933 
0.0933 
0.0932 
0.0931 
0.0930 

0.0929 
0.0927 
0.0924 
0.0920 
0.0889 

0.0882 
0.0880 
0.0876 
0.0841 
0.0825 

0.1000 
0.P998 
D. 0992 
0.0982 
0.0968 

0.0949 
0.0927 
0.0899 
0.0866 
0.0827 

0.0781 
0.0726 
0.0662 
0.0585 
0.0488 

0.0357 
0.0315 
0.0267 
0.0208 
0.0129 

Y 

0.0000 
0.9625 
0.125 
0.187 
0.250 

0.312 
0.374 
0.437 
0.499 
0.562 

0.624 
0.686 
0.748 
0.810 
0.872 

0.933 
0.948 
0.963 
0.978 
0.991 
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TABLE 2.9 Continued __.. .- 

T j t Z I  d 2 j  

1.OOGO 
1.0625 
1.1250 
1.1875 
1.2500 

1.3125 
1.3750 
J.4375 
3.5000 
3.5625 

5.6250 
J.6G75 
3.7500 
0.8125 
3.0750 

0.9375 
0.9531 
0.9687 
0.9843 
1.0000 

~ - .  

-0.0361 
-0.0363 
-0.0365 
-0.0368 
-0.0372 

-0.037a 
-0.0309 
-0.0394 
-0.0405 
-0.0419 

-0.0437 
-0.0499 
-0.0484 
-0.0513 
-0.0537 

-0.0489 
-0.0427 
-0,0298 
-0.0020: 
+0.0786 

- 

0.0000 
0.0104 
0.0210 
0.0316 
0.0425 

0.0536 
0.0652 
0.0772 
0.0099 
0.103 

0.110 
0.134 
0.152 
0.174 
0.202 

0.242 
0.256 
0.277 
0.322 
0.364 

0.0515 
0.0137 
0.0276 
0.0417 
0.0561 

0.0710 
0.0862 
0.102 
0.120 
0.139 

0.159 
0.182 
0.208 
0.238 
0.277 

0.336 
0.359 
0.391 
0.450 
0.547 
-~ - 

0.931 
0.930 
0.929 
0.928 
0.926 

0.924 
0.921 
0.916 
0.911 
0.904 

0.894 
0.801 
0.064 
0.839 
0.799 

0.731 
0.703 
0.661 
0.555 
0.435 

0.893 
0.893 
0.893 
0.892 
0.890 

0.888 
0.885 
0.882 
0.878 
0.873 

0.867 
0.859 
0.848 
0.834 
0.814 

0.780 
0.765 
0.744 
0.700 
0.620 

_. 

0.0631 
0.0631 
0.0631 
0.0631 
0.0630 

0.0630 
0.0630 
0.0629 
0.0628 
0.0627 

0.0626 
0.0625 
0.0623 
0.0620 
0.0616 

0.0609 
0.0606 
0.0602 
0.0590 
0.0574 

__ 

0.0333 ' 
0.0933 
0.0333 
0.0932 
0.0932 

0.0931 
0.0930 
0.0329 
0,092J 
0,0926 

0.0324 
0.0921 
0.0317 
0.0800 
0.0884 

0.0878 
0.0875 
0.0870 
0.0856 
0.0834 

5- 1 
0.0628 
0.0628 
0.0628 
0.0628 
0.0627 

0.0627 
0.0626 
0.0625 
0.0623 
0.0622 

0.0620 
0.0617 
0.0614 
0.0609 
0.0602 

0,0589 
0.0583 
0.0574 
0.0553 
0.0506 

0.0928 
0.0928 
0.0928 
0.0927 
0.0926 

0.0925 
0.0923 
0.0921 
0.0919 
0.0916 

0.0888 
0.0885 
0.0882 
0.0877 
0.0869 

0.0853 
0.0845 
0. 083 3 
0.0805 
0.0739 

0.U3130 
0. i d 1  43 
0. G O 1  78 
O.GO236 
O.Oi1320 

0.00431 
0.00374 
U.aC752 
0.00973 
0.0124 

0.5.50 
3.0;02 
(. ).r 
0.0221 
0.0438 

0.0611 
0.0678 
0.0778 
0.105 
0.138 

- 

0.00784 
0.00805 
0.00869 
0.00977 
0.0113 

0.0134 
0.0161 
0.0196 
0.0239 
0.0292 

0.0360 
0.0446 
0.0557 
0.0706 
0.0917 

0.128 
0.143 
0.166 
0.214 
0.300 

0. .~OirOOO 
0.53UlJ42 
0.00337 
0.25759 
0.0135 

0.0211 

0.0415 
0.05i,4 
o.ous0 

0.0:.55 
il.:v:> 
0.12.. 
0.146 
0.171 

1.196 
1.202 
1.206 
1.207 
1.201 

-- . ~ 

1. 00000 
1.00203 
1.00815 
1.0183 
1.0326 

1.0509 
1.0734 
1.100 
1.130 
1.165 

1.204 
1.248 
1:296 
1.349 
1.409 

1.479 
1.501 
1.525 
1.557 
1.61 I 

0.209 

u.233 
0.23> 

5.232 
0.229 

0.226 
0.222 
0.218 
0.212 
0.206 

0.198 
0.190 
0.179 
0.167 
0.153 

0.134 
0.127 
0.120 
0.109 
0.0916 

0.370 
0.370 
0.368 
0.366 
0.363 

0.358 
0.353 
0.346 
0.339 
0.330 

0.319 
0.307 
0.293 
0.277 
0.257 

0.232 
0.224 
0.213 
0.199 
0.170 

0.000c 
0.0633 
0.126 
G.190 
0.253 

0.3?6 
0.350 
O.l.43 
0.>07 
0.>70 

0.634 
0.637 
0.761 
0.826 
0.891 

0.959 
0.977 
0.997 
1.020 
1.051 

_- 

0.0000 
0.0641 
0.128 
0.192 
0.256 

0.321 
0.385 
0.449 
0.514 
0.578 

0.643 
0.708 
0.774 
0.841 
0.910 

0.985 
I. 006 
1.031 
1.061 
1.112 
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EQUILIBRIUM OXYGEN. SCHEME 11. N = 2 

M, = 10-25; p, = 0.01 a t m ;  T, = 290'K; p, = 0.01345 kg/m3; 

6 = 1  

TABLE 2.10 

Mm = 10; w = 3328.1m/sec; hO0 = 21 315'K; = 0.07957; 
max 

0.344 
0.313 
0.282 
0.254 
0.230 

0.208 
0.188 
0.169 
0.151 

= 0.1385; = 0.09065 €1 

0.755 
0.766 
0.776 
0.784 
0.790 

0.794 
0.797 
0.798 
0.798 

I .oooo 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

1,0000 
1.8906 
1.7656 
1.6406 
1.51 56 

1.3906 
1.2656 
I. 1406 
1.0000 

.oooo 
1,8906 
1.7656 
I. 6406 
1.5156 

1.3906 
,2656 
.I406 
.oooo 

0.410 
0.393 
0.377 
0.364 
0.354 

0.346 
0.340 
0.335 
0.332 

-0.0959 
-0.0827 
-0.0686 
-0.0554 
-0.0431 

-0.0315 
-0.0207 
-0.0106 
0.0000 

-0.0776 
-0.0689 
-0.0587 
-0.0484 
-0.0383 

-0.0285 
-0,0189 
-0.00982 
0.OOOOC 

+0.00169 
-0.00736 
-0.0132 
-0.0156 
-0.0155 

0.820 
0.786 
0.754 
0.729 
0.708 

0.601 
0.563 
0.519 
0.476 
0.436 

0 
0 
0 
0 
0 

0 
0 
0 
0 

S =  

0.865 0.0765 
0.877 0.0765 
0.888 0.0766 
0.897 0.0767 
0.903 0.0767 

0.908 0.0768 
0.911 0.0768 
0.912 0.0768 
0.913 0.0768 

0.531 
0.531 
0.531 
0.532 
0.533 

0.533 
0.532 
0.529 
0.524 
-. _. 

0.0735 
0.0741 
0.0746 
0.0749 
0.0752 

0.0755 
0.0757 
0.0758 
0.0759 

0.0653 
0.0670 
0.0686 
0.0699 
0.0709 

0.0717 
0.0723 
0.0728 
0.0732 

10.169 0.990 
10.293 0.993 
10.408 0.995 
10.496 0.996 
10.562 0.998 

10.609 0.998 
10.640 0.999 
10.657 0.999 
10.664 0.999 

9.488 
9.501 
9.517 
9.530 
9.536 

9.535 
9.525 
9.505 
9.469 

7.904 
7.628 
7.379 
7.485 
7.030 

6.900 
6.785 
5.674 
5.555 

0.875 
0.896 
0.916 
0.932 
0.945 

0.955 
0.964 
0.970 
0.976 

0.638 
0.682 
0.729 
0.772 
0.808 

0.840 
0.866 
0.888 
0.906 
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0 
0 
0 
0 
0 

0.913 
0.922 
0.930 
0.936 
0.941 .- 

0.3906 
0.2656 
0.1406 
0.0000 

0 
Q 
0 
0 

+0.0391 
t0.0237 
+0.0117 
+0.00414 
-0.000297 

-0.00242 
-0.00266 
-0.00203 
0.00000 

0.673 0.483 
0.626 0.475 
0.570 0.469 
0.516 0.467 
0.465 0,466 

0.418 0.466 
0.374 0.465 
0.334 0,465 
0.29P 0.464 

0.0369 
0.0378 
0.0386 
0.0393 
0.0399 

0.0403 
0.0407 
0.0410 
0.0412 

11.224 
10.402 
9.701 
9.192 
8.816 

8.532 
8.311 
8.132 
7.980 

TABLE 2.11 

M, = 15; w max = 4925.6 m/sec; hO0 = 46 690°K; 

= 0,05714; = 0.06532; E~ = 0.1090 

- 
P 
- 

h - 
0.995 
0.996 
0.997 
0.998 
0.999 - 
- 

h 

T 

-0.0690 
-0.0589 
-0.0482 
-0.0384 
-0.0293 - .~ 

0.0437 
0.0438 
0.0438 
0.0439 
0.0439 

14.328 
14.454 
14.567 
14.651 
14.711 - 

-. 

V 

0 
0 
0 
0 

~ 

T 
- 

P 
14.753 
14.779 
14.793 
14.798 

- U 

-0.0211 
-0.0136 
-0.00683 
0.00000 

P 
0.944 
0.946 
0.947 
0.947 

0.0439 
0.0439 
0.0439 
0.0439 

0.999 
0.999 
0.999 
0.999 

0.840 
0.870 
0.898 
0.919 
0.936 

0.950 
0.961 
0.970 
0.978 

0.545 
0.607 
0.674 
0.733 
0.782 

0.824 
0.859 
0.887 
0.910 - 

s = s , / 2  

0.765 
0.773 
0.780 
0.786 
0.791 

0.794 
0.797 
0.799 
0.799 

-0.0508 
-0.0453 
-0.0386 
-0.0317 
-0.0248 

-0.0182 
-0.0120 
-0.00613 
0.00000 

0.0416 
0.0420 
0.0423 
0.0426 
0.0428 

0.0429 
0.0430 
0.0431 
0.0432 

13.563 
13.382 
13.231 
13.118 
13.029 

12.956 
12.893 
12.837 
12.780 

1 .oooo 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0,1406 
0.0000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 - 

0.450 
0.431 
0.414 
0.400 
0.389 

0.380 
0.374 
0.368 
0.364 

0.900 
0.862 
0.828 
0.801 
0.779 

0.761 
0.748 
0.737 
0.728 - 

0.395 
0.356 
0.316 
0.281 
0.249 

0.220 
0.194 
0.170 
0.147 
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TABLE 2.12 

0.479 0.0282 
0.467 0.0290 
0.460 0.0297 
0.457 0.0304 
0.456 0.0309 

0.455 0.0313 

0.455 0.0320 
0.454 0.0323 

0.455 0.0317 

M, = 18; w = 5 8 9 1 . 1 m / s e c ;  hO0 = 66 787OK; max 

13.030 
11.778 
10.761 
10.049 
9.537 

9.153 

8.617 
8.422 

8.856 

E = 0.05334; sl = 0.09804; c 2  = 0.05988 0 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

-0.0649 
-0.0552 
-0.0450 
-0.0357 
-0.0272 

-0.0194 
-0.0125 
-0.00624 
0.00000 

r; - 
0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.922 0.0348 
0.931 0.0349 
0.939 0.0349 
0.945 0.0349 
0.949 0.0349 

0.952 0.0350 
0.953 0.0350 
0.954 0.0350 
0.955 0.0350 

15.277 
15.401 
15.510 
15.591 
15.649 

15.688 
15.712 
15.725 
15.729 

0.995 
0.996 
0.997 
0.998 
0.999 

0.999 
0.999 
0.999 
0.999 

0.402 0.771 0.0325 14.969 0.835 
0.361 0.777 0.0328 14.645 0.867 
0.320 0.784 0.0332 14.371 0.895 
0.284 0.789 0.0335 14.163 0.918 
0.251 0.793 0.0337 13.999 0.936 

s =  S )  

h 
0.950 
0.962 
0.971 
0.978 

0.528 
0.598 
0.670 
0.732 
0.783 

0.825 
0.860 
0.889 
0.912 
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TABLE 2.13 

M, = 20;  w = 6536.2 m / s e c ;  hO0 = 82 215°K; UKiX 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

= 0.05413; = 0.09437; E* = 0.05947 

0 
0 
0 
0 
0 

0 
0 
0 
0 

-0.0675 
-0.0573 
-0.0466 
-0.0369 
-0.0280 

-0.0201 
-0.0129 
-0.00645 
0.00000 

0 
0 
0 
0 
0 

0 
0 
0 
0 

-0.0475 
-0.0425 
-0.0361 
-0.0296 
-0.0232 

-0.0170 
-0.0112 
-0.00571 
0.00000 

0.922 
0.931 
0.939 
0.946 
0.950 

0.953 
0.955 
0.956 
0.956 

0.407 0.770 
0.365 0.777 
0.323 0.783 
0.286 0.788 
0.253 0.792 

0.224 0.795 
0.197 0.798 
0.172 0.799 
0.148 0.800 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.0326 
0.0327 
0.4327 
0.0328 
0.0328 

0.0328 
0.0328 
0.0328 
0.0328 

0.450 
0.431 
0.415 
0.402 
0.392 

0.384 
0.378 
0.373 
0.369 

0.0287 
0.0292 
0.0297 
0.0302 
0.0306 

0.0310 
0.0313 
0.0316 
0.0318 

+0.0401 
+0.0250 
+0.0131 
+0.00551 
+0.000966 

-0.00137 
-0.00209 
-0.00161 

0.0OMO 
~. . 

0.0242 
0.0249 
0.0257 
0.0264 
0.0270 

0.0276 
0.0281 
0.0286 
0.0291 

0.691 0.476 
0.637 0.462 
0.575 0.454 
0.517 0.451 
0.465 0.449 

0.418 0.449 
0.375 0.449 
0.335 0.448 
0.297 0.447 

14.716 
14.832 
14.933 
15.007 
15.060 

15.095 
15.117 
15.129 
15.133 

15.283 
14.819 
14.416 
14.102 
13.848 

13.638 
13.463 
13.315 
13.182 

13.972 
12.417 
11.?64 
10.302 
9.687 

9.225 
8.861 
8.562 
8.313 

0.995 
0.996 
0.997 
0.998 
0.999 

0.999 
0.999 
0.999 
0.999 

0.831 
0.864 
0.894 
0.916 
0.934 

0.949 
0.960 
0.970 
0.977 

0.520 
0.592 
0.668 
0.731 
0.783 

0.824 
0.859 
0.887 
0.908 
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TABLE 2.14  

M, = 21; w = 6959.1m/sec;  hO0 = 90 538°K; W X  

-0.0735 
-0.0622 
-0.0504 
-0.0399 
-0.0303 

-0.0217 
-0.0140 
-0.00705 
0.00000 

= 0.05674; = 0.09362; = 0.06098 

0 
0 
0 
0 
0 

0 
0 
0 
0 

s = o  

-0.0495 
-0,0445 
-0.0380 
-0.0314 
-0.0247 

-0.0183 
-0.0121 
-0.00621 
0,00000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

1,0000 
0.8906 
C. 7656 
3.6406 
3.51 36 

3.3906 
1.2656 
1.1406 
I. 0000 - 

0.411 
0.367 
0.325 
0.288 
0.256 

0.227 
0.201 
0.177 
0.155 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.450 
0.431 
0.415 
0.402 
0.392 

0.384 
0.378 
0.373 
0.369 

0.300 
0.863 
0.830 
0.805 
0.785 

0.769 
0.757 
0.747 
0.739 

0.917 
0.927 
0.936 
0.943 
0.947 

0.951 
0.952 
0.953 
0.954 
/z 
0.767 
0.774 
0.781 
0.786 
0.791 

0,794 
0.796 
0.797 
0.798 

S1 
0.473 
0.458 
0.449 
0.446 
0.445 

0.445 
0.445 
0.444 
0.443 - 

0.0342 
0.0344 
0.0345 
0.0345 
0.0346 

'1.0346 
0.0346 
0.0346 
0.0346 

0.0275 
0.0283 
0,0291 
0.0299 
0.0307 

0.0313 
0,0319 
0.0324 
0.0329 

0.0226 
0.0233 
0.0241 
0.0249 
0.0257 

0.0265 
0.0272 
0.0279 
3.0286 

13.511 
13.617 
13.707 
13.773 
13.819 

13.850 
13.869 
13.879 
13.883 

15.162 
14.563 
14.025 
13.592 
13.433 

12.932 
12.678 
12.466 
12.275 

0.994 
0.996 
0.997 
0.998 
0.999 

0.999 
0.999 
0.999 
I. 000 

0.828 
0.862 
0.892 
0.915 
0.933 

0.947 
0.959 
0.968 
0.975 
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TABLE 2.15 

I.OOOO 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0,1406 
0.~000 

= 0.06237; E, = 0.09316; = 0.06447 €0 

a 
0 
0 
0 
0 

0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

.L 

0.908 
0.920 
0.930 
0.938 
0.943 

0.946 
0.948 
0.950 
0.950 

-_ . -r. u. I I 

0.761 
0.768 
0.775 
0.781 
0.785 

0.788 
0.790 
0.792 
0.792 

-0.0832 
-0.0698 
-0.0564 
-0.0447 
-0.0341 

-0.0246 
-0.01 59 
-0.00808 
0.00000 

0.0269 
0.0284 
0.0300 
0.0316 
0.0329 

0.0340 
0.0349 
0.0356 
0.0363 

14.743 
13.871 
13.075 
12.468 
12.006 

11.646 
11.360 
11.128 
10.927 

. -  

T 

0.821 
0.858 
0.889 
0.912 
0.930 

0.944 
0.955 
0.964 
0.972 

0.0380 
0.0382 
0.0383 
0.0384 
0.0385 

0.0385 
0.0386 
0.0386 
0.0386 
______ 

0.450 
0.431 
0.414 
0.402 
0.392 

0.384 
0.378 
0.374 
0.371 

11.954 
12.060 
12.147 
12.209 
32.253 

12.282 
12.300 
12.310 
12.314 

~ 

-0.0543 
-0.0492 
-0.0427 
-0.0355 
-0.0282 

-0.0209 
-0.0138 
-0.00715 
0.00000 

0.993 
0.995 
0.996 
0.998 
0,998 

0.999 
0,999 
0,999 

0.900 CO.0374 
0.862 +0.0230 
0.829 t0.0109 
0.804 +0.00317 
0,784 -0.00120 

0.769 -0.00318 
0.757 -0.00341 
0.748 -0.00233 
0.742 0.00000 

1. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0. I W6 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

0.698 
0.649 
0.583 
0.520 
0.468 

0.425 
0.389 
0.357 
0.326 

0.469 
0.452 
0.442 
0.439 
0.439 

0.439 
0.438 
0.437 
0.435 

0.418 
0.372 
0.329 
0.293 
0.262 

0.234 
0.209 
0.187 
0.165 

0.0211 
0.0218 
0.0228 
0.0238 
0.0249 

0.0260 
0.0272 
0.0284 
0.0298 

s - SI 
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TABLE 2.16 

M, = 23; wmax = 7505.3 m/sec; hO0 = 108 402°K; 

6 
0 
0 
0 
0 

0 
0 
0 
0 

E, = 0.06961; E, = 0.09283; E, = 0.06899 

0.900 
0.914 
0.925 
0.933 
0.938 

0.942 
0.945 
0.946 
0.947 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

-0.0621 
-0.0573 
-0.0498 
-0.0414 
-0.0327 

-0.0241 
-0.0159 
-0.00820 

0.00000 

0 -0.0918 
0 -0.0770 
0 -0.0627 
0 -0.0501 
0 -0.0385 

0 -0.0279 
0 -0.0182 
0 -0.00929 
0 0.00000 

0.427 
0.381 
0.338 
0.303 
0.272 

0.244 
0.219 
0.195 
0.175 __ 

0.751 
0.758 
0.765 
0.772 
0.776 

0.779 
0.781 
0.782 
0.782 - 

0.0414 
0.0416 
0.0417 
0.0418 
0.0419 

0.0420 
0.0420 
0.0420 
0.0420 

0.0275 
0.0301 
0.0326 
0.0345 
0.0360 

0.0373 
0.0383 
D.0390 
0.0396 

10.842 
10.953 
11.044 
11.109 
11.155 

11.187 
11.208 
11.219 
11.223 

13.855 
12.669 
11.772 
11.185 
10.767 

10.449 
10.200 
10.004 
9.847 - 

s =  SI 
0.0198 14.909 
0.0206 12.974 
0.0217 11.184 
0.0231 9.938 
0.0247 9.026 

0.0264 8.286 
0.0283 7.646 
0.0303 7.097 i 0.0321 6.669 

0.991 
0.994 
0.996 
0.997 
0.998 

0.999 
0.999 
0.999 
1 .ooo 

0.813 
0.851 
0.882 
0.906 
0.924 

0.939 
0.951 
0.961 
0.969 - 

0.504 
0.570 
0.655 
0.723 
0.770 

0.804 
0.832 
0.857 
0.877 
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TABLE 2.17 

0 
0 
0 
0 
0 

0 
0 
0 
0 

M, = 24; w = 7828.7 m/sec; hO0 = 117 943'K; max 

= 0.07601; = 0.09361; = 0.07340 

0.895 0.0433 
0.909 0.0435 
0.920 0.0436 
0.929 0.0437 
0.935 0.0438 

0.940 0.0439 
0.942 0.0439 
0.944 0.0439 
0.945 0.0439 

s =  0 

0.434 
0.390 
0.349 
0.313 
0.282 

0.252 
0.225 
0.202 
0.182 

1,0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

1 .oooo 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.740 0.0295 
0.748 0.0326 
0.756 0.0352 
0.763 0.0371 
0.768 0.0386 

0.771 0.0397 
0.773 0.0406 
0.774 0.0413 
0.774 0.0418 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.450 
0.430 
0.414 
0.401 
0.392 

0.384 
0.379 
0.374 
0.371 

0,900 
0.861 
0.828 
0.803 
0.784 

0.769 
0.758 
0.749 
0.742 

0.707 
0.653 
0.587 
0.535 
0.496 

0.462 
0.427 
0.394 
0.364 

-0.0973 
-0.0826 
-0.0680 
-0.0547 
-0.0423 

-0.0308 
-0.0201 
-0.0103 
0.0000 

-0.0719 
-0.0658 
-0.0566 
-0.0465 
-0.0364 

-0.0268 
-0.01 76 
-0.00907 
0.00000 

t0.0322 
to. 01 53 
to. 00428 
-0.00235 
-0.00522 

-0.00575 
-0.00481 
-0.00290 
0.00000 

0.460 0.0187 
0.445 0,0196 
0.438 0.0211 
0.434 0.0230 
0.431 0.0252 

0.428 0.0277 
0.425 0.0303 
0.422 0.0326 
0.419 0.0344 

10.232 
10.345 
10.440 
10.51 I 
10.564 

10.600 
I O .  624 
10.637 
10.642 

12.548 
11.463 
10.731 
10.256 
9.913 

9.654 
9.457 
9.309 
9.197 

15.102 
12.932 
11.039 
9.677 
8.614 

0.990 
0.993 
0.995 
0.996 
0.998 

0.999 
0.999 
0.999 
0.999 

0.806 
0.843 
0.874 
0.899 
0.919 

0.935 
0.948 
0.959 
0.966 

0.488 
0.573 
0.654 
0.712 
0.752 

/105 
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TABLE 2.18 

M, = 25; wmax = 8152.1m/sec;  hO0 = 127 890'K; 

0 
0 
0 
0 
0 

0 
0 
0 
0 

= 0.08008; = 0.09703; = 0.07748 

-0.100 
-0.0863 
-0.071 5 
-0.0578 
-0.0448 

-0.0327 
-0.0215 
-0.01 I O  
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.0439 
0.0441 
0.0442 
0.0443 
0.0443 

0.0444 
0.0444 
0.0444 
0.0444 

9.960 
10.069 
10.168 
10.246 
10.304 

10.345 
10.371 
10.386 
10.392 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.893 
0.906 
0.918 
0.927 
0.934 

0.938 
0.942 
0.943 
0.944 

-0.0796 
-0.0715 
-0.0606 
-0.0494 
-0.0386 

-0.0283 
~0.0186 
-0.00962 
0.00000 

CO.0306 
+0.0133 
W.00195 
-0.00354 
-0.00570 

-0.00591 
-0.00465 
-0.00280 
0.00000 

0.434 
0.393 
0.354 
0.319 
0.286 

0.255 
0.228 
0.204 
0.186 

0.733 
0.743 
0.752 
0.759 
0.764 

0.767 
0.770 
0.771 
0.771 

i.OI300 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

s = SI 

0.450 
0.430 
0.414 
0.402 
0.393 

0.385 
0.379 
0.374 
0.370 

0.710 
0.645 
0.586 
0.545 
0.510 

0.475 
0.438 
0,402 
0.372 
~. 

0.458 
0.445 
0.439 
0.434 
0.430 

0.426 
0.423 
0.421 
0.417 - 

0.0323 
0.0350 
0.0372 
0.0388 
0.0401 

0.0410 
0.0417 
0.0423 
0.0426 

0.0178 
0.0191 
0.0212 
0.0238 
0.0267 

0.0296 
0.0324 
0.0347 
0.0363 

- 

11 3 2  
10.573 
I O .  053 
9.696 
9.434 

9.236 
9.088 
8.978 
8.896 

15.234 
12.621 
10.612 
9.173 
8.065 

7.192 
6.525 
6.049 
5.746 __ 

0.989 
0.992 
0.994 
0.996 
0.997 

0.998 
0.999 
0.999 
0.999 

0.805 
0.839 
0.870 
0.895 
0.916 

0.933 
0.947 

0.965 
0.957 

0.494 
0.583 
0.656 
0.702 
0.738 

0.773 
0.807 
0.837 
0.859 __ 
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0 
0 
0 
0 
0 

0 
0 
0 
0 

-0.0890 
-0.0749 
-0,0617 
-0.0493 
-0.0381 

-0.0274 
-0,0175 
-0.00846 
0. oooao 

0.248 
0.822 
0.199 
0.179 
0.161 

0.144 
0.129 
0.115 
0.102 

0.814 
0.826 
0.836 
0.843 
0.849 

0.853 
0.856 
0.858 
0.858 

1.000 
0.875 
0.750 
0.625 
0.500 

0.373 
0.230 
0.125 
0.000 

0.583 
0.354 
0.532 
0.514 
0.499 

0.487 
0.478 
0.471 
0.466 

0.466 
0.421 
0.381 
0.345 
0.312 

0.282 
0.254 
0.928 
0.204 

0.669 
0.677 
0.685 
0.691 
0.696 

0.700 
0.702 
0.703 
0.702 

0.875 
0.832 
0.798 
0.771 
0.749 

W.0218 
+0.00660 
-0.00251 
-0.00741 
-0.00932 

0.628 
0.577 
0.529 
0.485 
0.444 

0.405 
0.370 
0.337 
0.306 

0.501 0.0604 
0.501 0.0623 
0.502 0.0637 
0.503 0.0647 
0.504 0.0655 

0.504 0.0661 
0.504 0.0666 
0.502 0.0670 
0.499 0.0673 

~- 

EQUILIBRIUM OXYGEN. SCHEME 11. N = 3 

TABLE 2 .19  

M, = 10; p, = 0.001 atm; Tm = 288OK; p, = 0.001354 kg/m3; 

W = 3307 m/sec; hO0 = 21 055.3'K; 6 = 1; max 

E ,  = 0.07871; E *  = 0.09861; F~ = 0.1429 
1. 

0 
0 
0 
0 
0 

0 
0 
0 
0 

S =  

10.965 
11.108 
11.220 
11.306 
11.370 

11.414 
11.443 
11.458 
11.462 

10.560 
10.642 
10.707 
10.757 
10.792 

10.814 
10.824 
10.823 
10.811 

9.463 
9.369 
9.305 
9.257 
9.217 

9.378 
9.139 
9.095 
9.042 

8.039 
7.677 
7.42 7 
7.244 
7.103 

6.980 
6.874 
6.771 
6.663 

1.000 
0.875 
0.750 
0.625 
0.500 

0.375 
0.250 
0.125 
0.000 

1,000 
0.875 
0.750 
0.625 
0.500 

0.375 
0.250 
0.125 
0.000 

0.872 
0.884 
0.894 
0.902 
0.908 

0.912 
0.914 
0.916 
0.916 

1 /a 

0.0702 
0.0702 
0.0703 
0.0703 
0.0704 

0.0704 
0.0704 
0.0704 
0.0704 

0.991 
0.993 
0.995 
0.997 
0.998 

0.998 
0.999 
0.999 
0.999 

0.132 
0.133 
0.133 
0.134 
0.134 

0.134 
0.134 
0.134 
0.134 

0.116 
0.119 
0.123 
0.125 
0.127 

0.129 
0.130 
0.131 
0.132 

0.0752 
0.0860 
0.0950 
0.102 
0.108 

0.113 
0.118 
0.121 
0.124 

0.0326 
0.0474 
0.0610 
0.0729 
0.0834 

0.0924 
0.100 
0.107 
0.112 

0.291 
0.277 
0.266 
0.257 
0.249 

0.243 
0.239 
0.235 
0.233 

-0.0802 
-0.0686 
-0.0573 
-0.0464 
-0.0360 

-0.0261 
-0.0168 
-0.00813 
0.00000 

0.0690 
0.0693 
0.0695 
0.0697 
0.0698 

0.0699 
0.0700 
0.0700 
0.0701 

0.931 
0.945 
0.956 
0.965 
0.972 

0.977 
0.982 
0.986 
0.989 

-0.04EIo 
-0.0453 
-0.0406 
-0.0348 
-0.02w 

-0.0213 
-0,0141 
-0.00704 
0.00000 

0.0657 
0.0666 
0.0672 
0.0677 
0.0681 

0.0685 
0.0687 
0.0689 
0.0690 

0.779 
0.819 
0,852 
0.878 
0.900 

0.918 
0.933 
0.946 
0.957 

1.000 
3.875 
3.750 
I. 625 
9.500 

1.373 
1.250 
I. 125 
1.000 

0.603 
0.665 
0.718 
0.763 
0.801 

0.731 
0.71 7 
0.706 
0.699 

-0.00906 
-0.00720 
-0.00412 
0.00000 

. .  .. 

0.833 
0.861 
0.885 
0.904 ~ - -  
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EQUILIBRIUM NITROGEN. SCHEME 11. N = 2 

M, = 10-27; p, = 0.01 a t m ;  T, = 290°K; p = 0.01177 kg/m3; 

6 = 1  

TABLE 2.20 

M, = 10; w = 3557.8 m / s e c :  hO0 = 21  315°K; max 

E = 0.1078; cl = 0.1864; = 0.1225 0 

1.0000 0 
0.8906 0 
0.7656 0 
0.6406 0 
0.5156 0 

0.3906 0 
0.2656 0 
0.1406 0 
0.0000 0 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

0.450 
0.428 
0.409 
0.394 
0.382 

0.372 
0.364 
0.358 
0.354 

0.900 
0.857 
0.819 
0.789 
0.764 

0.745 
0.729 
0.71 7 
0.708 

-0.131 
-0,114 
-0.0963 
-0.0789 
-0.0622 

-0.0462 
-0.0309 
-0.01 61 
0.0000 

-0.103 
-0.0933 
-0.0806 
-0.0675 
-0.0543 

-0.0410 
-0.0278 
-0.01 46 
0.0000 

+0.0120 
-0.00275 
-0.0127 
-0.01 74 
-0.0184 

-0.01 67 
-0.0129 
-0.00756 
0.00000 

S =  

0.371 
0.34: 
0.31( 
0.28; 
0.25C 

0.23; 
0.21E 
0.201 
0.18: 

0.830 
0.846 
0.861 
0.872 
0.881 

0.888 
0.893 
0.896 
0.897 
/2  
0.709 
0.723 
0.737 
0.748 
0.756 

0.763 
0.767 
0.769 
0.768 

s =  s, 
0.642 
0.602 
0.559 
0.519 
0,482 

0.449 
0.420 
0.394 
0.370 - 

0.475 
0.471 
0.480 
0.482 
0.484 

0.484 
0.483 
0.480 
0.474 __ 

0.111 
0.111 
0.111 
0.111 
0.112 

0.112 
0.112 
0.112 
0.112 

0.0998 
0.102 
0.104 
0.105 
0.106 

0.107 
0.108 
0.109 
0.109 

0.0719 
0.0775 
0.0830 
0.0877 
0.0915 

0.0946 
0.0971 
0,0991 
0.100 

7.423 
7.538 
7.646 
7.733 
7.800 

7.850 
7.884 
7.904 
7.912 

7.093 
7.068 
7.056 
7.050 
7.043 

7.034 
7.019 
6.996 
6.960 

6.604 
6.156 
5.781 
5.503 
5.288 

5.115 
4.968 
4.835 
4.706 

0,982 
0.986 
0.990 
0.993 
0.996 

0.997 
0.999 
0.999 
0.999 

0.849 
0.874 
0.897 
0.915 
0.930 

0.941 
0.951 
0.959 
0.965 

0.586 
0.636 
0.687 
0.730 
0.766 

0.797 
0.823 
0.844 
0.861 - 

/ lo8  .__ 
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TABLE 2.21 

M, = 1 5 ;  w = 5265.7 m/sec; hO0 = 46 6 9 0 ° ~ ;  W X  

0 
0 
0 
0 
0 1  

E = 0.07338; = 0.1426; c2 = 0.08546 0 

0.893 
0.904 
0.915 
0.923 
0.929 

f I S I  
1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0 
0 
0 
0 
0 

-0.0889 
-0.0765 
-0.0633 
-0.0510 
-0.0395 

0.0698 
0.0699 
0.0699 
0.0700 
0.0700 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

11.118 0.992 
11.243 0.994 
11.358 0.995 
11.446 0.997 
11.511 0.998 

0.450 
0.429 
0.411 
0.396 
0.384 

0.374 
0.367 
0.361 
0.356 

0.900 
0.859 
0.822 
0.793 
0.769 

0.749 
0.734 
0.722 
0.713 

0.3906 
0.2656 
0.1406 
0.0000 

0 
0 
0 
0 

-0.0288 
-0.0188 
-0.00964 
0.00000 

10.251 
10.223 
10.207 
10.197 
10.188 

10.177 
10.160 
10.139 
10.107 

-0,0675 
-0.0605 
-0.0519 
-0.0430 
-0.0341 

-0.0253 
-0.01 68 
-0.00875 
0.00000 

+0.0316 
+O. 01 63 
+0.00461 - 0.002 42 
-0.00597 

-0,00695 
-0.00605 
-0.00375 
0.00000 

0.848 
0.875 
0.900 
0.920 
0.936 

0.948 
0.959 
0.967 
0.974 

" ) P I T J P )  h 

3.383 
3.347 
3.310 
0.278 
0.249 

0.224 
0.201 
0.180 
0.159 

0.756 
0.766 
0.776 
0.784 
0.791 

0.796 
0.799 
0.801 
0.801 

8.302 
7.887 
7.521 
7.248 
7.042 

6.882 
6.751 
6.637 
6,528 

3 0.933 0.0700 
0.936 0.0701 

3 0.937 0.0701 
3 0.938 I 0.0701 

0.572 
0.623 
0.680 
0.732 
0.778 

0.816 
0.848 
0.874 
0.895 

0.652 
0.613 
0.564 
0.516 
0.470 

0.427 
0.388 
0.353 
0.319 

0.495 
0.491 
3.490 
0.490 
0.490 

0.491 
0.491 
0.490 
0.487 

0.0666 
0.0672 
0.0677 
0.0681 
0.0685 

0.0687 
0.0689 
0.0690 
0.0692 

0.0578 
0.0597 
0.0615 
0.0629 
0.0640 

0.0648 
0.0654 
0.0659 
0.0663 

~ ~~ 
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TABLE 2.22 

0 
0 
0 
0 
0 

0 
0 
0 
0 

/lo9 - 

-0.0699 
-0.0597 
-0,0489 
-0.0389 
-0.0298 

-0.02 14 
-0.0138 
-0.00695 
0.00000 

M, = 20; w = 6985.5 m/sec; hO0 = 82 215OK; max 

= 0.05773; = 0.1115; = 0.06634 

0.771 
0.779 
0.787 
0.793 
0,798 

1.0000~ 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.0442 
0.0445 
0.0449 
0.0451 
0.0453 

I. 0000 
0.8906 
0.7656 

-0.0515 
-0.0460 
-0.0392 
-0.0322 
-0.0253 

0.6406 

0.396 
0.357 
0.317 
0.281 
0.250 0.5156 

t0.0392 0.674 
+0.0238 0.627 
+0.0116 0.572 

-0.000487 0.467 
+0.00398 0.518 

0.488 0.0392 
0.480 0.0402 
0.475 0.0411 

0.472 0.0424 
0.473 0,0418 

0.450 
0.431 
0.413 
0.400 
0.389 - 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0 
0 
0 
0 
0 

0 
0 
0 
0 

s - 5  

0,900 
0.862 
0.827 
0.800 
0.778 

10.919 

9.509 
9.035 
8.686 

8.423 
8.218 
8.052 
7.910 

10.159 

. 

0.919 
0.929 
0.937 
0.944 
0.948 

0.951 
0.953 
0.954 
0.955 

/2 

0.544 

0.672 
0.731 
0.781 

0.823 
0.8% 
0.886 
0.909 

0.685 

~. 

T 

0.0463 
0.0463 
0.0463 
0.0464 
0.0464 

0.0464 
0.0464 
0.0464 
0.0464 

h I _i_. 

14.508 
14.336 
14.450 
14.535 
14.597 

14.639 
14.665 
14.680 
14.684 

13.338 
13.184 
13.057 
12.964 
12.890 

~ - 

0.995 
0.996 
0.997 
0.998 
0.999 

0.999 
0.999 
0.999 
0.999 

0.840 
0.870 
0.897 
0.919 
0.936 

? 

/ n o  
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TABLE 2.23 

M, = 25; w = 8712.5 m / s e c ;  hO0 = 127 890OK; max 

0 
0 
0 
0 

= 0.05157; E~ = 0.09676; E~ = 0.05830 

0.959 
0.961 
0.962 
0.962 

I. 

15.365 
15.056 
14.796 
14.601 
14.448 

14.325 
14,224 
14.133 
14.060 

1 .oooo 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

I .  0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.834 
0.866 
0.895 
0.918 
0.936 

0.950 
0.962 
0.971 
0.979 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.450 
0.431 
0.415 
0.402 
0.392 

0.383 
0.377 
0.3 72 
0.368 

0.900 
0.863 
0.830 
0.805 
0.784 

0.767 
0.754 
0.744 
0.736 

0.403 
0.362 
0.321 
0.284 
0,251 

0.221 
0.193 
0.168 
0.143 

-0.0627 
-0.0533 
-0.0434 
-0.0344 
-0.0262 

-0.0187 
-0.0120 
-0.00602 
0.00000 

-0.0455 
-0.0404 
-0.0343 
-0.0281 
-0.0219 

-0.01 60 
-0.0105 
-0.00536 
0.00000 

+0.0415 
~0.0262 
+0.0141 
+O. 00632 
+0,00160 

-0.00089 
-0.001 76 
-0.00141 
0.00000 

0.777 
0.784 
0.799 
0.795 
0.799 

0.802 
0.805 
0.806 
0.807 

0.687 
0.634 
0.574 
0.517 
0.464 

0.416 
0.371 
0.329 
0.288 

01482 
0,470 
0.463 
0.460 
0.459 

0.458 
0.458 
0.458 
0.457 

0.0342 
0.0342 
0.0343 
0.0343 
0.0343 

0.0343 
0.0343 
0.0343 
0.0343 

0.0322 
0.0325 
0.0328 
0.0331 
0.0333 

0.0334 
0.0335 
0.0337 
0.0337 

0.0282 
0.0289 
0.0296 
0.0302 
0.0307 

0.0311 
C.0315 
0.0317 
0.0320 

15.883 
16.010 
16.122 
16.205 
16.264 

16.304 
16.328 
16.341 
16.346 

0.996 
0.997 
0.998 
0.998 
0.999 

0.999 
0.999 
0.999 
0.999 

13.195 

10.925 
10.221 
0.716 

9.341 
9.052 
8.822 
8.635 

11.938 
0.525 
0.536 
0.669 
0.731 
0.783 

0.826 
0.862 
0.891 
0.914 - 

/110 
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TABLE 2.24 

M, = 2 7 ;  wmax = 9404.2 m/sec; hO0 = 149 002OK; 

-0.0621 0 
-0.0528 0 
-0.0429 0 
-0.0340 0 
-0.0258 0 

-0.0184 0 
-0.0118 0 
-0.00592 0 
0.00000 0 

= 0.05086; E~ = 0.09347: = 0.05698 

0.932 
0.940 
0.948 
0.954 
0.958 

0.960 
0.962 
0.963 
0.963 

0.0315 16.034 
0.0316 16.160 
0.0316 16.270 
0.0316 16.352 
0.0316 16.409 

0.0316 16.448 
0.0316 16.472 
0.0316 16.485 
0.0316 16.489 

I .oooo 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 - 

0.99f 
0.99: 
0.99E 
0.99E 
0.995 

0.999 
0.995 
0.995 
0.995 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.900 
0.863 
0.831 
0.806 
0.785 

0.769 
0.756 
0.746 
0.738 - 

0.450 
0.431 
0.415 
0.403 
0.392 

0.384 
0.378 
0.373 
0.369 

0.406 
0.364 
0.322 
0.285 
o 2 q 2  

0.221 
0.193 
0.168 
0.143 

-0.0445 
-0.0397 
-0.0337 
-0.0276 
-0.0215 

-0.0157 
-0.0103 
-0.00525 
0.00000 

S. 

15.825 
15.442 
15.118 
14.872 
14.678 

14.522 
14.395 
14.289 
14.193 

0.778 
0.784 
0.790 
0.795 
0.799 

0.802 
0.804 
0.806 
0.806 

S1 

0.480 
0.467 
0.459 
0.456 
0.454 

0.454 
3.454 
0.454 
3.453 
-- - 

0.833 
0.865 
0.894 
0.917 
0.936 

0.950 
0.962 
0.971 
0.979 

13.944 
12.472 
11.307 
10.508 
9.940 

9.517 
9.190 
8.929 
8.716 

0.0291 
0.0295 
0.0298 
0.0301 
0.0304 

0.0306 
0.0307 
0.0309 
0.0310 

0.0251 
0.0258 
0.0265 
0.0271 
0.0277 

0.0281 
0.0285 
0.0288 
0.a291 

0.520 
0.593 
0.669 
0.732 
0.784 

0.827 
0.862 
0.891 
0.914 

/111 
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EQUILIBRIUM AIR. SCHEME 11. N = 2 

6 = 1  

TABLE 2.25 

0.0315 16.034 
0.0316 16.160 
0.0316 16.270 
0.0316 16.352 
0.0316 16.409 

0.0316 16.448 
0.0316 16.472 
0.0316 16.485 
0.0316 16.489 

M, = 4 ;  p, = 1 atm; T, = 300'K; p, = 1.177 kg/m3; 

0.996 
0.997 
0.998 
0.998 
0.999 

0.999 
0.999 
0.999 
0.999 

W = 1591 m/sec; hO0 = 4410'K; so = 0.1679; max 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

sl = 0.3129; E = 0.1935 2 

0 
0 
0 
0 
0 

0 
0 
0 
0 

-0.0621 
-0.0528 
-0.0429 
-0.0340 
-0.0258 

-0.0184 
-0.0118 
-0.00592 
0.00000 

I. 0000 
0.8906 
0.7656 
0.5406 
0.9156 

0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

3.3906 
0.2656 
3.1406 
3. woo 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.450 
0.431 
0.415 
0.403 
0.392 

0.384 
0.378 
0.373 
0.369 

-0.0445 
-0.0397 
-0.0337 
-0.0276 
-0.0215 

-0.0157 
-0.0103 
-0.00525 
0.00000 

0,406 
0.364 
0.322 
0.285 
0.272 

0.221 
0.193 
0.168 
0.143 

0.932 
0.940 
0.948 
0.954 
0.958 

0.960 
0.962 
0.963 
0.963 

15.825 
15.442 
15.118 
14.872 
14.678 

14.522 
14.395 
14.289 
14.193 

0.833 
0.865 
0.894 
0.917 
0.936 

0.950 
0.962 
0.971 
0.979 

0.778 
0.784 
0.790 
0.795 
0.799 

0.802 
0.804 
0.806 
0.806 

S 1  

0.480 
0.467 
0.459 
0.456 
0.454 

0.454 
0.454 
0.454 
0.453 

0.0291 
0.0295 
0.0298 
0.0301 
0.0304 

0.0306 
0.0307 
0.0309 
0.0310 

0.0251 
0.0258 
0.0265 
0.0271 
0.0277 

0.0281 
0.0285 
0.0288 
o.uz91 -~ 

13.944 0.520 
12.472 0.593 
11.307 0.669 
10.508 0.732 
9.940 0.784 

9.517 0.827 
9.190 0.862 
8.929 0.891 1 8.716 0.914 

/112 

99 



TABLE 2.26 

0 
0 
0 
0 
0 

/112 

0.753 
0.769 
0.785 
0.798 
0.809 

3 M, = 6; p, = 1 at" T, = 300°K; p, = 1.177 kg/m ; w = 2223 m/sec; max 

hO0 = 8610°K; = 0.1309; = 0.2487; E = 0.1510 
2 

0.121 
0.122 
0.122 
0.123 
0.123 

1.0000 
0,8906 
0.7656 
0.6406 
0.5156 

6.182 
6.288 
6.390 
6.472 
6.538 

4 

0 
0 
0 
0 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.816 0.123 6.588 
0.822 0.124 6.623 
0.625 0.124 6.645 
0.827 0.124 6.653 

-0.151 
-0.133 
-0.112 
-0.0930 
-0.0741 

-0.0556 
-0.0376 
-0.0198 
0.0000 ~. 

0.392 
0.358 
0.325 
0.296 
0.272 

0.251 
0.233 
0.218 
0.204 

S 11 I___- 
0.625 0.106 
0.641 0.109 
0.657 0.112 
0.670 0.114 
0.680 0.115 

0.688 0.117 
0.693 0.118 
0.696 0.119 
0.696 0.119 

0.500 
0.473 
0.449 
0.429 
0.414 

0.401 
0.391 
0.383 
0.376 

/ " [ P I T I  P 

-0.114 
-0.104 
-0.0920 
-0.0782 
-0.0637 

-0.0487 
-0.0334 
-0.0178 
0.0000 

" I P L - T L  

S=S, 

0.0778 
0.0821 
0.0872 
0.0919 
0.0961 

0.0996 
0.1w 
0.104 
0.106 

5.885 
5.871 
5.867 
5.868 
5.869 

5.866 
5.857 
5.841 
5.812 

5.217 
4.971 
4.719 
4.506 
4.331 

4.186 
4.060 
3.946 
3.836 

~ 

h --- 

0.977 
0.982 
0.987 
0.991 
0.994 

0.996 
0.998 
0.999 
1.000 __ 

h _ -  

0.833 
0.860 
0.885 
0.905 
0.921 

0.934 
0.944 
0.952 
0.958 

0.585 
0.622 
0.665 
0.706 
0.743 

0.774 
0.799 
0.820 
0.834 
__F 

100 

- . .-..... .. .. , 



TABLE 2.27 

s 

/113 

U V I P I T I P I  h 

M, = 10; p, = 0.01 atm; Tm = 300°K; p, = 0.01177 kg/m3; 

W = 3557 m/sec; hO0 = 22 050OK; = 0.08662; = m a x  

8.727 
8.683 
8.656 
8.640 
8.628 

8.616 
8.600 
8.580 
8.552 

5 

I .oooo 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.823 
0.855 
0.884 
0.907 
0.925 

0.939 
0.951 
0.960 
0.967 

+0.0619 
+O. 0389 
+0.0199 
+0.00751 
+O. 0900946 

-0.00354 
-0.00438 
-0&0~14 
~o.OO000 -- 

s = o  

0.678 
0.644 
0.599 
0.551 
0.504 

0.461 
0.423 
0.390 
0.359 

-0.103 
-0.0891 
-0.0742 
-0.0602 
-0.0470 

-0.0346 
-0.0228 
-0.0118 
0.0000 

0.413 
0.373 
0.333 
0.299 
0.269 

0.243 
0.219 
0.199 
0.179 

0.858 
0.871 
0.883 
0.892 
0.899 

0.904 
0.907 
0.909 
0.910 

12 

0.702 
0.715 
0.728 
0.739 
0.747 

0.753 
0.757 
0.760 
0.761 

~ 

0.0827 
0.0829 
0..0830 
0.0831 
0.0832 

0.0832 
0.0833 
0.0833 
0.0833 

0.0760 
0.0773 
0.0784 
0.0793 
0.0800 

0.0805 
0.0809 
0.0813 
0.0816 

9.469 
9.589 
9.699 
9.785 
9.850 

9.896 
9.928 
9.945 
9.952 

0.989 
0.992 
0.994 
0.996 
0.997 

0.998 
0.999 
0.999 
0.999 

s -s. 
1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0. 0000 
- .~~ . 

1.000 
0.948 
0.901 
0.864 
0.834 

0.809 
0.790 
0.775 
0.761 
- 
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TABLE 2.28 

0 
0 
0 
0 
0 

0 
0 
0 
0 

M, = 30; p, = 0.01 atm; T, = 300°K; p, = 0.01177 kg/m3; 

w = 10 445 m/sec; hO0 = 190 050°K; = 0.06074; E, = max 

-0.0720 

-0.0497 
-0.0>95 
-0.0303 

-0.021 8 
-0.0142 
-0.00721 
0.00000 

-0.0610 

0.1326; E, = 0.06736 

0.0323 
0.0323 
0.0324 
0.0324 
0.0324 

0.0324 
0.0325 
0.0325 
0.0325 

L 

13.832 
13.958 
14.064 
14.142 
14.198 

14.236 
14.260 
14.273 
14.278 

I .oooo 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

1 * 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.492 
0.433 
0.378 
0.333 
0.294 

0.259 
0.228 
0.201 
0.178 

0.703 
0.714 
0.724 
0.732 
0.739 

0.744 
0.748 
0.751 
0.754 

0.550 
0.519 
0.494 
0.475 
0.461 

0.449 
0.440 
0.432 
0.425 

0.0248 
0.0262 
0.0276 
0.0287 
0.0295 

0.0302 
0.0306 
0.0310 
0.0313 

-0.0408 
-0.0393 
-0.0353 
-0.0298 
-0.0238 

-0.01 77 
-0.0118 
-0,00610 
0.00000 

14.910 
13.942 
13.191 
18.699 
12.364 

12.124 
11.949 
11.821 
11.729 

0.768 0.363 

0.651 0.331 
0.582 0.328 
0.526 0.329 

0.723 0.341 

0.3906 
0.2636 
0.1406 
0.OOOC 

0.0189 

0.0210 
0.0221 
0.0232 

o.oi9a 
1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

s = o  

1.100 0.114 
1.0397 0.0811 
0.988 0.0514 
0.951 0.0312 
0.922 0.0181 

0.923 
0.933 
0.942 
0.948 
0.953 

0.956 
0.958 
0.959 
0.959 

0,898 
0.880 
0.864 
0.851 

0.00966 
0.00439 

. 0.00143 
0.00000 

0,330 
0.331 
0.332 
0332 

0.0242 
0.0253 
0.0264 
0.0273 - 

0.479 
0.436 
0.397 
0.362 

~. 

0.994 
0.996 
0.997 
0.998 
0.999 

0.999 
0.999 
0.999 
1.000 

0.755 
0.810 
0.855 
0.888 
0,912 

0.932 
0,947 
0.959 
0.968 

1 
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CALCULATION OF FLOW IN THE SUPERSONIC REGION BY THE METHOD 

OF CHARACTERISTICS. EQUILIBRIUM OXYGEN 

M, = 10; p, = 0.001 atm; T, = 288OK; p, = 0.00135 kg/m3; 

w = 3236 m/sec max 

TABLE 2.29 

Spherical Blunt-Cylinder (6 = 1; w = 0") 

Distribution of Gas Dynamic Parameters Along Surface of Body 

0.297 
0.374 
0.477 
0.559 
0.660 

0.786 
0.944 
1.071 
1.299 
1.635 

2.1% 
2.730 

-10 

0.284 
0.307 
0.360 
0.420 
0.490 

0.594 
0.667 
0.760 
0.896 
0.970 

1.071 
I. 190 

0.692 
0.692 
0.692 
0.692 
0.692 

0.692 
0.692 
0.692 
0.692 
0.692 

0.692 
0.692 

' 0  I Po 

0.0570 
0.0569 
0.0569 
0.0567 
0.0565 

0.0562 
0.0559 
0.0556 
0.0552 
0.0548 

0.0545 
0.0539 

0.0662 
0.0659 
0.0652 
0.0643 
0.0634 

0.0619 
0.0608 
0.0595 
0.0575 
0.0563 

0.0557 
0.0555 - 

0.970 0.617 
0.968 0.618 
0.955 0.619 
0.924 0.623 
0.864 0.627 

0.836 0.633 
0.785 0.640 
0.749 0.644 
0.695 0.652 
0.637 0.660 

0.602 0.666 
0.542 0.676 

4 
5.780 
5.437 
4.735 
4.042 
3.351 

2.526 
2.077 
1.604 
1.087 
0.865 

0.770 
0.742 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 

wg 
0.343 
0.357 
0.387 
0.418 
0.452 

0.497 
0.525 
0.559 
0.606 
0.631 

0.643 
0.646 

0.0489 
0.0488 
0.0484 
0.0474 
0.0462 

0.0446 
0.0128 
0.041 5. 
0.0395 
0.0371 

0.0357. 
0.0329 

1.025 
0.959 
0.831 
0.710 
0.591 

0.443 
0.352 
0.246 
0.104 
0.0294 

0.000 
0.000 - 

(CO )o  

0.108 
0.106 
0.101 
0.0956 
0.0888 

0.0792 
0.0726 
0.0642 
0.0520 
0.0453 

0.0420 
0.0410 

Coordinates of Nose Shock Wave 

I '_B ]-0.07561-0.045510.0423~ 0.1811 0.3661 0.43510.52510.641 I0.7Z 10.696 lO.974 1.068 11.182 I r , l  0.00001 0.266 I 0.523 _I 0.762 I 0.986 I 1.054 I 1.137 I -  1.232~1.33OjI.413~1.463~1.520/1.585 

TABLE 2.30 

Spherical Segment-Cylinder (6 = 1; y, = 43.8"; w = Oo) 

Distribution of Gas Dynamic Parameters Along Surface of Body 

I 10 I r o  
7 

0.0579 
0.0570 
0.0549 
0.0522 

0.0491 
0.0457 
0.0434 
0.0399 
0.0362 

0.0340 
0.0302 

To I Po I wo 

I '. 
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TABLE 2.30 Continued 

Coordinates of Nose Shock Wave 
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CHAPTER 3 

NONEQUILIBRIUM FLOWS 

1. Nonequilibrium G a s  Flow Around Blunt  Bodies 

I n  t h e  preceding chap te r  t h e  r e s u l t s  of c a l c u l a t i n g  equi l ibr ium gas f low 
around b lun t  bodfes w e r e  p resented .  However, i n  a number of cases t h e  f low 
f i e l d  between t h e  detached shock wave and t h e  body s u r f a c e  can be  e s s e n t i a l l y  
nonequilibrium. 

1116 

I n  t h e  examination of such processes  c e r t a i n  d i f f i c u l t i e s  arise because very 
abrupt  changes of concen t r a t ions  may occur  i n , t h e  shock l a y e r ,  and approxi- 
mations of t h e  r e l a x a t i o n  equat ions  at a given number of t h e  approximation 
prove t o  be s u b s t a n t i a l l y  less a c c u r a t e  than  approximations of t h e  i n i t i a l  
equa t ions  of motion and con t inu i ty .  Furthermore,  i n  nonequilibrium flows 
w e  must use  t h e  approximate r e p r e s e n t a t i o n  of t h e  second equat ion  of motion 
(p ro jec t ion  onto a x i s  n)  i n  p l a c e  of t h e  cond i t ion  of conserva t ion  of entropy 
along t h e  l i n e s  of flow. Ca lcu la t ion  exper ience  has  shown t h a t  t h i s  approxi- 
mation i n  scheme I i s  not  a c c u r a t e  enough and may l ead  t o  i n s t a b i l i t y  of t h e  
c a l c u l a t i o n s .  

Scheme I of t h e  method of i n t e g r a l  r e l a t i o n s  f o r  c a l c u l a t i n g  nonequi- 
l i b r ium gas  f lows w a s  developed [12], where t h e s e  d i f f i c u l t i e s  managed t o  be  
avoided. The r e l a x a t i o n  equat ions  and t h e  second equat ion  of motion w e r e  no t  
approximated, bu t  w e r e  w r i t t e n  along t h e  l i n e s  of f low and p ro jec t ed  onto  t h e  
l i n e s  of s epa ra t ion  of t h e  i n t e g r a t i o n  range. The method of c a l c u l a t i n g  
nonequilibrium gas  f lows by scheme I1 is presented  i n  [21,22]. H e r e  t h e  
r e l a x a t i o n  equat ions  w e r e  a l s o  w r i t t e n  along t h e  l i n e s  of flow, which made 
i t  p o s s i b l e  t o  i n c r e a s e  t h e  accuracy of t h e  c a l c u l a t i o n s  and t o  cons t ruc t  
t h e  e n t i r e  f low f i e l d  behind t h e  shock-wave f r o n t .  I n  t h e  nonequi l ibr ium 
case, as is known, t h e  d i s t r i b u t i o n  of t h e  gas  dynamic parameters i n  t h e  
shock l a y e r  i s  a f f e c t e d  no t  on ly  by temperature ,  p re s su re ,  and Mach number 
i n  t h e  oncoming f low ( a s  i n  t h e  equ i l ib r ium case), but  a l s o  by t h e  dimensions 
of t h e  s t r eaml ine  body. 

W e  w i l l  dwel l  a t  f i r s t  on c e r t a i n  r e s u l t s  of c a l c u l a t i n g  t h e  f low of I117 
nonequi l ibr ium d i s s o c i a t i n g  oxygen around bodies  of d i f f e r e n t  shape on t h e  
assumption t h a t  a l l  i n t e r n a l  degrees  of freedom are i n  a state of equi l ibr ium.  

Cer t a in  r e s u l t s  of t h e  c a l c u l a t i o n s  are presented  i n  Tables  3.1-3.7, 3.18 
(scheme I, N = Z), 3.8-3.17 (scheme 11, N = 2,3),  and a l s o  i n  F igures  3.1-3.11. 

F igure  3.1 shows t h e  p o s i t i o n  and shape of shock waves and son ic  l i n e s  f o r  
a sphere  (IS = 1) of , r a d i u s  R 
M, = 10, p, = 0.01 a t m ,  T, =02900K. 
f o r  t h e  case of a f u l l y  equi l ibr ium f low (curve 4 )  and a "frozen" f low cor re-  
sponding t o  )L = 1 . 4  (curve 1). 

= 1 cm (curve 2) and Ro = 1 0  cm (curve 3) when 
For comparison t h e  f i g u r e  a l s o  shows d a t a  
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Figure 3.1. Position and shape 
of shock waves and sonic lines. 
Flow of nonequilibrium dissoci- 
ated oxygen stream past sphere 
when M, = 10, p, = 0.01 atm, 
T, = 290°K: 1) completely 
I 1  frozen" flow, x = 1.4; 2)non- 
equilibrium flow, Ro = 1 cm; 
3)  nonequilibrium flow, Ro = 

10 cm; 4) fully equilibrium 
flow. 

OS 

To obtain more complete information on the flow field in the shock layer, 
the streamlines were also constructed for all variants. 
dashed lines indicate streamlines for sphere Ro = 10 cm when M, = 10, p, = 0.01 
atm, T, = 290°K intersecting the shock wave, respectively at points x = -1.082, 
y = 0.069; x = 1.077, y = 0.136; x = -1.005, y = 0.27; x = 0.97, y = 0.53 (the 
origin of the coordinates is located at the center of the body). Here the dot- 
dash line denotes the line corresponding to the points of local equilibrium. 
Upstream from this line the process of dissociation (the rate of dissociation 
is greater than the rate of recombination) predominates, and downstream the 
process of recombination (the rate of dissociation is less than the rate of 
recombination) predominates. It is obvious that the region where recombination 
plays a substantial role, becomes rather noticeable far from the critical 
point. This is related with expansion of the flow in this zone and with a 
corresponding temperature drop which leads to a noticeable decline of the rate 
of dissociation. 

In Figure 3.2 the 

The construction of streamlines is especially useful for bodies of a 
complex shape, for example when calculating flow around severely blunted bodies. 
Figures 3.3 and 3.4 show the shape and position of shock waves, sonic lines, 
and streamlines for ellipsoids of revolution with a ratio of semiaxes 6 = b/a 
= 10 (Figure 3.3) and 100 (Figure 3.4) when b = 1 cm (Moo = 10, p, = 0.01 atm, 
T, = 290°K). We see that for severely blunted bodies the sonic line has a more 
complex shape than, for example, the flow around a sphere. Only'by constructing 
the streamlines was it possible to determine correctly the position and shape of 
the sonic lines for each body type. 
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Figure 3.2. Position of stream- 
line and line of local equilib- 
rium dissociated oxygen stream 
around sphere when M, = 10, 
p, = 0.01 atm, T, = 290°K, 
Ro = 10 cm. Dashed lines, 
streamlines, dot-dash line, 
line of local equilibrium. 

Figure 3.3. Position and shape 
of shock wave, sonic line, and 
streamlines. Flow of nonequi- 
librium dissociated oxygen stream 
around ellipsoid of revolution 
when M,,, = 10, p, = 0.01 atm, 
T, = 290°K, 6 = b/a = 10, 
b = 1 cm. 

Figure 3.4. Position and shape of 
shock wave, sonic line, and stream- 
lines. Flow of nonequilibrium 
dissociated oxygen stream around 
ellipsoid of revolution when = 
10, p, = 0.01 atm, T, = 290°K, 
6 = b/a = 100, b = 1 cm. 

The magnitude of separation of the shock wave (6 = 1.0, curve 1; 6 = 10, 

As we see from the graph, 
curve 2; 6 = 100, curve 3) is shown as a function of the coordinate s in 
Figure 3.5 for M, = 10, p, = 0.01 atm, T, = 290°K. 
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these dependences have a different character for different bluntness. 

Figure 3.5. Magnitude of separa- Figure 3 . 6 .  Distribution of 
tion of shock wave. Flow of non- pressure along surface of 
equilibrium dissociated oxygen sphere. Flow of nonequilibrium 
stream around sphere and ellipsoids dissociated oxygen stream around 
of revolution when M, = 10, p, = 0.01 sphere when M, = 10, pm = 0.01 
atm, T, = 290'K: 1) 6 = 1; 2 )  6 = atm, T, = 290'K: 1) nonequilibrium 
10; 3) 6 = 100, R = b = 1 cm. flow, Ro = 4 cm; 2) nonequilibrium 

flow, Ro = 10 cm; 3)  fully equi- 
librium flow. 

0 

Figure 3.7. Distribution of temper- 
ature along surface of sphere. 
Flow of nonequilibrium dissociated 
oxygen stream around sphere when 
M, = 10, p, = 0.01 atm, T, = 290'K: 
1) nonequilibrium flow, Ro = 4 cm; 
2) nonequilibrium flow, Ro = 10 cm; 
3) fully equilibrium flow. 

Figure 3.8.  Distribution of con- 
centration of atomic oxygen along 
surface of sphere. Flow of non- 
equilibrium dissociated oxygen 
stream around sphere and ellip- 
soids of revolution when M, = 10, 
pm = 0.01 atm, T, = 290'K: 1) non- 
equilibrium flow, Ro = 4 cm; 2) 
nonequilibrium flow, RO = 10 cm; 
3) fully equilibrium flow. 
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Figures 3.6-3.8 show the distribution of pressure, temperature (referred 
to corresponding values at the critical point), and degree of dissociation 
along the surface of a sphere of radius Ro = 4 cm (curve 1) and Ro = 10 cm 
(curve 2) when M, = 10, p, = 0.01 atm, T, = 290'K. For comparison the figures 
also show the corresponding data for an equilibrium flow (curve 3) at the same 
initial conditions. 
librium has a substantial effect on the temperature profiles and degree of 
dissociation and a comparatively negligible effect on the pressure profile. 
With an increase of the radius of the sphere the profiles approach the corre- 
sponding equilibrium values. Figures 3.9-3.11 show. analogous curves for 
bodies of different bluntness, 6 = 1.0 (curve I), 6 = 10 (curve 2) , 6 = 100 
(curve 3), with the same characteristic dimension b = 1 cm when M, = 10, 

Hence it follows that the absence of dissociation equi- 

= 0.01 atm, T, = 290'K. Po3 

Figure 3.9. Distribution of 
pressure along surface of 
blunt bodies. Flow of non- 
equilibrium dissociated 
oxygen stream around sphere 
and ellipsoids of revolution 
when M, = 10, p, = 0.01 atm, 
T, = 290'K: 1) 6 = 1; 
2) 6 = 10; 3) 6 = 100, Ro = 
= b = 1 cm. 

Figure 3.10. Distribution of 
temperature along surface of 
blunt bodies. Flow of non- 
equilibrium dissociated oxygen 
stream around sphere and 
ellipsoids of revolution when 
% = 10, p, = 0.01 atm, T, = 290'K: 

Ro = b = 1 cm. 
1) 6 = 1; 2) 6 = 10; 3) 6 = 100, 

Figure 3.11. Distribution of con- 
centration of atomic oxygen along 
surface of blunt bodies. Flow of 
nonequilibrium dissociated oxygen 
stream around sphere and ellipsoids 
of revolution when M, = 10, p, = 
0.01 atm, . T, = 290°K: 1) 6 = 1; 
2)  6 = 10; 3) . 6 = 100; Q = b = 
1 cm. 
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L e t  u s  now examine t h e  f low of a stream of nonequi l ibr ium d i s s o c i a t i n g  air  
around b lun t  bodies ,  which i s ,  of course,  of cons ide rab le  p r a c t i c a l  i n t e r e s t .  
I n  t h i s  case several r e a c t i o n s  occur s imultaneously which are complexly r e l a t e d  
wi th  one another .  The first r e s u l t s  of i n v e s t i g a t i n g  t h e  f low of a nonequi l ib-  
rium d i s s o c i a t i n g  air around b l u n t  bodies  w e r e  ob ta ined  by means of i n v e r s e  
methods [ 3 5 , 3 6 ] ,  when t h e  shape of t h e  shock wave w a s  g iven  and when t h e  body 
corresponding t o  it w a s  found. Ca lcu la t ions  by d i r e c t  methods w e r e  performed 
q u i t e  r ecen t ly .  C e r t a i n  r e s u l t s  are contained a l s o  i n  [16,27]. 

The r e s u l t s  are presented  of a c a l c u l a t i o n  of nonequi l ibr ium a i r  f low 
around b lun t  bodies  wi th  cons ide ra t ion  of s ix  d i s s o c i a t i o n  r e a c t i o n s  obtained 
by scheme I1 of t h e  method of i n t e g r a l  r e l a t i o n .  
of t h e  v a r i o u s  r e a c t i o n s  on t h e  p r o f i l e s  of gas  dynamic q u a n t i t i e s  and 
concen t r a t ions  of a l l  components bo th  i n  t h e  shock l a y e r  and on t h e  s u r f a c e  
of t h e  body are examined i n  d e t a i l .  
occur i n  air: 

The e f f e c t  of t h e  t o t a l i t y  

It is  assumed t h a t  t h e  fol lowing r e a c t i o n s  

0 2 + M  2 2 O t M ;  
N2+M z 2N+M; 
NO+M Z N+O+M; 

N , + O  ; t N O + N ;  
N + O Z ; t N O + O ;  

N, i- 022 2NOp 

where M is any of t h e  examined components. 

t h e  
The complete system of r e l a x a t i o n  equat ions  f o r  t h i s  case is w r i t t e n  i n  

fol lowing form [ 221 : 
/122 
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( 3 . 3 )  

( 3 . 4 )  

( 3 . 5 )  

..., K are equilibrium constants, respectively, of reactions 
PVI Here KpI, KpII, 

(I) - (VI); K(i), K(i), K(i) , are constants of the rate of disintegration of 
molecules 02, N2, NO, when these molecules collide with component i; KIV, Kv, 

I I1 111 

111 
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%I are cons tan t s  of t h e  rate of forward r e a c t i o n s  (IV),  (V) ,  and (VI). 
va lues  of RpI, %11, K p I I I  were ca l cu la t ed  from approximations g iven  i n  t a b l e s  

[37];  t h e  va lues  of t h e  remaining cons t an t s  w e r e  s e l e c t e d  from [36].  

The 

I n  p l a c e  of c e r t a i n  r e l a x a t i o n  equat ions  w e  w i l l  i n t roduce  t h e  Dal ton 
equat ion  

6 

i =  1 
B ci = I  

(3 7) 

and two equat ions  of material balance,  which are a consequence of t h e  l a w  of 
conserva t ion  of m a s s  and of t h e  Dal ton equat ion  

i 

I 

where (CO ) and (CN2), are va lues  of t h e  concen t r a t ions  of C and C 

i n  t h e  oncoming flow. 
2 m  02 N2 

(3 9) 

To determine t h e  m a s s  concent ra t ions  Ci w e  w i l l  u s e  equat ions  (3.1),  
(3.2),  (3.4),  (3.6) and equat ions  (3.8),  (3.9) i n  p l a c e  of t h e  s i x  d i f f e r e n t i a l  
equat ions  (3.1)-(3.6).  

W e  no te  t h a t  t h e  examined r e l a x a t i o n  equat ions  (3.1),  ( 3 . 2 ) ,  and (3.4) 
w e r e  no t  approximated, bu t  w r i t t e n  along t h e  l i n e s  of f low i n  t h e  form 

(3) 1 

( e + e e : . k $  d g  -- Wmax R~ 
C.F. 

and used i n  t h e  approximating system i n  an  exact form. This  s u b s t a n t i a l l y  
increased  t h e  accuracy of t h e  c a l c u l a t i o n s  and made i t  p o s s i b l e  t o  o b t a i n  t h e  
e n t i r e  f i e l d  of concen t r a t ions  of i n d i v i d u a l  components. 

I n  t h e  same manner w e  ca l cu la t ed  f low of a nonequilibriun? air stream 
around b lun t  bodies  of d i f f e r e n t  r a d i u s  w i t h i n  a wide range of M, and p,. 
W e  w i l l  dwel l  on c e r t a i n  r e s u l t s  of t h e  c a l c u l a t i o n s .  

I124 

I n  t h e  shock l a y e r  nonequi l ibr ium has  a most pronounced e f f e c t  on p r o f i l e s  
of temperature  and concen t r a t ion  of t h e  gas  components and a lesser e f f e c t  on 
t h e  v e l o c i t y  va lues .  
i s  h ighe r  t han  t h e  "equilibrium" temperature  owing t o  " lagrr  of t h e  d i s s o c i a t i o n  

On t h e  axis of symmetry t h e  "nonequilibrium" temperature  
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process ,  whereas on t h e  s u r f a c e  of t h e  body it is  lower owing t o  "lag" of t h e  
recombination process .  a t  unchanged condi- 
t i o n s  i n  t h e  oncoming f low b r ings  t h e  f low i n  t h e  shock Payer n e a r e r  t o  equi- 
l ib r ium.  
oncoming flow. 

An i n c r e a s e  of t h e  body r a d i u s  R 

A n  analogous dependence is observed on r a i s i n g  p res su re  p, i n  t h e  

1,11 

0,Q- 

4 7  . 

To e l i c i t  t h e  e f f e c t  of i n d i v i d u a l  r e a c t i o n s  on e s t a b l i s h i n g  equi l ibr ium 
i n  t h e  reg ion  behind t h e  shock wave, f o u r  v a r i a n t s  of d i f f e r e n t  aggregates  
of r e a c t i o n s  w e r e  throughly inves t iga t ed .  I n  t h e  f i r s t  of them ( t h i s  case 
it  i s  depic ted  by a s o l i d  l i n e  i n  F igures  3.12, 3.18, and 3.19) a l l  s i x  
r e a c t i o n s  w e r e  taken i n t o  account ,  i n  t h e  second (x ' s )  r e a c t i o n  (VI) w a s  
excluded, i n  t h e  t h i r d  (dots )  r e a c t i o n  (V) w a s  excluded, and f i n a l l y ,  i n  
t h e  f o u r t h  v a r i a n t  ( t r i a n g l e s )  r e a c t i o n s  (IV), (V) , and (VI) were excluded. 
When performing t h e  c a l c u l a t i o n s ,  t h e  vanish ing  of t h e  v e l o c i t y  of any of t h e  s i x  
r e a c t i o n s  w a s  examined as a state of u n s t a b l e  equ i l ib r ium of t h i s  r e a c t i o n  
which can be d i s tu rbed  by a nonequi l ibr ium f low of o t h e r  r e a c t i o n s .  
simultaneous vanish ing  of t h e  v e l o c i t i e s  of a l l  r e a c t i o n s  taken i n t o  account 
w a s  considered s t a b l e  equi l ibr ium.  The r e s u l t s  of t h e  c a l c u l a t i o n s  showed 
t h a t  such equi l ibr ium is  e s t a b l i s h e d  a t  t h e  s t agna t ion  po in t .  

The 

4 2 Figure  3.12. D i s t r i b u t i o n  of 
p re s su re ,  temperature ,  and v e l o c i t y  
a long a x i s  of symmetry. Flow of 

stream around sphere  when M, = 15, 
p, = 0.01165 a t m ,  T, = 231.24'K, 
RO = 1 cm,  (Co2) = 0.2646, (C ) = 

I - V I ;  xxx - without  r e a c t i o n  V I ;  
m e w  - without  r e a c t i o n  V;  AVA - 

P nonequi l ibr ium d i s s o c i a t e d  a i r  

4' kL 0.7354, (CAr), m = 0: - r e a c t i o n s  N2 O3 

I I * without  r e a c t i o n s  I V  - V I .  

A s  an example w e  examined f low around a sphere  of r a d i u s  Ro = 1 c m  when 
15, pm = 0.01165 a t m ,  T, = 231.24"K, (C ) = 0.2646, (CN,)~  = 0,7354, 

02 m 
(C,,), = 0. 

The r e s u l t s  of t h e  c a l c u l a t i o n  are shown i n  F igu res  3.12-3.19. 

F igure  3.12 shows t h e  p r o f i l e s  of t h e  dimensionless  magnitudes of p re s su re  
p, temperature  T, and t h e  normal. component: of v e l o c i t y  u a long t h e  axis of 
symmetry f o r  a l l  fou r  v a r i a n t s .  It is i n t e r e s t i n g  t h a t  t h e s e  parameters ,  and 
consequent ly  t h e  p o s i t i o n  of t h e  shock wave, depend l i t t l e  on t h e  number of 
r e a c t i o n s  considered.  For t h e  case i n  ques t ion ,  as w e  see from t h e  graph, t h e  
gas  temperature  as a r e s u l t  of d i s s o c i a t i o n  drops almost by a f a c t o r  of 2, 
whereas t h e  p re s su re  increases comparatively l i t t l e .  The v e l o c i t y  p r o f i l e  
is  c l o s e  t o  l i n e a r .  

1125 
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Figure 3.13. Distribution of pres- 
sure, temperature, and velocity 
along surface of body. Flow of 
nonequilibrium dissociated air 
stream around sphere when M,,, = 
15, p, = 0.01165 atm, Tm = 
231.24"K, Ro = 1 cm, (C 
0.2646, (C ) = 0.7354t)2 m 

) = 

N2 m (C,) = 0. 
m 

Figure 3.14. Distribution of con- 
centrations of gas components along 
axis of symmetry s = 0 .  Flow of 
nonequilibrium dissociated air 
stream around sphere when M, = 15, 
pm = 0,01165 atm, Tm = 231.24'K, 
Ro = 1 cm, (CO2), = 0.2646, ( C N ~ ) ~  = 

0.7354, (CAr) = 0. 
m 

/127 

Figure 3.15. Distribution of con- 
centrations of gas components along 
intermediate line s = s, (5)/2. 

A. 

Flow of nonequilibrium dissociated 
air stream around sphere when M, = 
15, pa = 0.01165 atm, T, = 231.24'K, 
Ro = 1 cm, (CO2), = 0.2646, (CN2), = 

0.7354, (CA,) = 0 .  
m 

114 



Figure 3.16. Distribution of con- 
centrations of gas components along 
boundary characteristic s = sl(<). 
Flow of nonequilibrium dissociated 
air stream around sphere when M, = 
15, p, = 0.01165 atm, T, = 231.24'K 
R o  = 1 cm, (Co2), = 0.2646, (CN ) 
0.7354, (CA,), = 0 .  

= 
2 -  

n 

0,75 I t  

I- 
O 

I s 
4 5  1,; - 7 = q  

Figure 3.17. Distribution of nitric 
oxide concentration along lines 
5 = n/E = const. Flow of nonequilib- 
rium dissociated air stream around 
sphere when M, = 15, p, = 0.01165 
atm, Tm = 

(Co,), = 0.2646, (C ) = 0.7354, 

(CAr), = 0 .  

231.24"K, Bo = 1 cm, 

N2 

/128 Figure 3.18. Distribution of con- - 
centrations of molecular nitrogen 
and nitric oxide as a function of 
the considered reactions. Flow of 
nonequilibrium dissociated air 
flow around sphere when M, = 15, 
p, = 0.01165 atm, T, = 231.24"K, 
Ro = 1 cm, (CO,), = 0.2646, (CN ), = 

2 
0.7354, (CAr), = 0: 
- reactions I-VI; xxx - without 
reaction VI; mea - without reaction 
V; AAA - without reactions IV-VI. 
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Figure  3.19. D i s t r i b u t i o n  of con- 
c e n t r a t i o n s  of atomic and molecular 
oxygen as a f u n c t i o n  of t h e  considered 
r e a c t i o n s .  Flow of nonequi l ibr ium 
d i s s o c i a t e d  a i r  stream around sphere  
when M, = 15, p, = 0.01165 a t m ,  Tm = 
231.24"K, Ro = 1 cm, ( C  ) = 

O2 m 

0.2646, (C ) = 0.7354, (CA,) =I 0: 
a, N2 m 

- r e a c t i o n s  I - V I ;  xxx - without  
r e a c t i o n  V I ;  aaa - without  r e a c t i o n  
V; B A A  - without  r e a c t i o n s  IV-VI .  

F igure  3.13  shows t h e  change of p ,  T ,  and v along t h e  s u r f a c e  of a 
sphere.  W e  see t h a t  t h e  r e l a t i v e  drop of temperature  i s  less than  t h a t  of 
p re s su re ,  and t h e  v e l o c i t y  p r o f i l e  is c l o s e  t o  l i n e a r  j u s t  as along t h e  a x i s  
of symmetry. 

F igure  3.14 g i v e s  t h e  d i s t r i b u t i o n  of concen t r a t ions  of a l l  components 
a long t h e  a x i s  of symmetry wi th  cons ide ra t ion  of t h e  s i x  r e a c t i o n s .  It is 
i n t e r e s t i n g  t o  n o t e  t h e  presence of a n i t r o g e n  concen t r a t ion  minimum CN 
and a n i t r i c  ox ide  concen t r a t ion  maximum CNO. Such a maximum w a s  f i r s t  
noted i n  [38] f o r  nonequi l ibr ium d i s s o c i a t i n g  a i r  behind a d i r e c t  shock wave. 
S ince  n i t r i c  ox ide  NO of a l l  t h e  components contained i n  t h e  shock l a y e r  
has  t h e  lowest  i o n i z a t i o n  p o t e n t i a l ,  t h e  presence  o f  a CNO maximum l e a d s  t o  
t h e  appearance of an  e l e c t r o n  concen t r a t ion  i n  t h e  shock l a y e r  apprec iab ly  
exceeding t h e  equ i l ib r ium concent ra t ion .  

2 

Figures  3.15 and 3.16 show t h e  d i s t r i b u t i o n  of t h e  concen t r a t ions  of 
a l l  components on t h e  in t e rmed ia t e  l ine  s = '2 SI and on t h e  boundary char- 

acteristic s = s1 wi th  cons ide ra t ion  of a l l  s ix  r e a c t i o n s .  
and a maximum C serve a minimum 

CNo wi th  r e s p e c t  t o  q = s/sl wi th  cons ide ra t ion  

of t h e  s i x  r e a c t i o n s .  For t h e  ekamined case t h e  concen t r a t ion  drops  on t h e  body 
( E  
wi th in  t h e  shock l a y e r  ( 5  = 0.5) . 

Here w e  a l s o  ob- 
F igu re  3.17 shows t h e  d i s t r i b u t i o n  of NO %2 

a t  d i f f e r e n t  v a l u e s  of 5 = n/E 

= 0) and c l o s e  t o  t h e  shock wave ( 5 = 0.75), whereas t h e r e  i s  a maximum 

CNo, C and Co 
N 2 '  0 7 

Figures  3.18 and 3.19 show t h e  change of p r o f i l e s  C 

along t h e  axis of symmetry i n  r e l a t i o n  t o  t h e  number of r e a c t i o n s  taken  inEo 
account.  W e  see t h a t  a l l  concen t r a t ions  are ve ry  s e n s i t i v e  t o  t h i s  f a c t o r ;  
t h e  exc lus ion  from t h e  examination of bimolecular  r e a c t i o n  V I  (which i s  some- 
times dis regarded  i n  t h e  c a l c u l a t i o n s )  l e a d s  t o  a decrease  of t h e  n i t r i c  ox ide  
concen t r a t ion  near  t h e  f r o n t  of t h e  shock wave and an i n c r e a s e  of t h e  con- 
c e n t r a t i o n  of molecular  n i t rogen .  The max imum CNo is  r e t a i n e d ,  bu t  somewhat 1128 
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shifts away from the shock wave. 
with the position of the minimum . The position of this maximum almost coincides 

s 2  
Calculation without consideration of reaction V gave a more substantial 

decrease of the nitric oxide concentration CNO and increase of molecular 
nitrogen concentration CN 
reactions. The maximum C N ~  in this case was retained, although it became 
less evidenced, and the minimum $ 
reaction V at first proceeds forward and then back and plays a basic role 
in the formation of nitric oxide. 
zero in the region where CN We note that the position of 
the maximum CNo in this case (without reaction V) is the same as when all 
six reactions are examined. 

in comparison with consideration of all six 
2 

disappeared. Hence we can conclude that 
2 

I129 
The rate of this reaction is equal to 

has a minimum. 2 

Consideration of only the three reactions I, 11, I11 showed the "frozen" 
character of dissociation of molecular nitrogen. This appearance of the 
maximum CNo and of the minimum CN and an appreciable decrease of CN and CNo 
in comparison with all previous cases are observed. This indicates that 
reaction IV, just as reaction V, at first proceeds forward and then back and 
plays a major role in the formation of NO. The velocity of reactions IV and 
V vanishes almost at the same place. 

2 

In all these three cases the content of atomic and molecular oxygen 
changes little. Consequently, reaction I of the dissociation of the molecular 
oxygen is the basic mechanism influencing the concentration of these components. 

2. Combined Plows 

We previously examined the flow field in a shock layer on the assumption 
that in the entire region the flow is completely "frozen" ( n  = const), in 
equilibrium, or everywhere nonequilibrium. Calculation time correspondingly 
increases with a more detailed consideration of physicochemical transformations. 
Maximal expenditures, other things being equal, are observed on examining non- 
equilibrium flows of multicomponent gas mixtures, the state of which is close 
to equilibrium. Calculations carried out under different assumptions of the 
thermodynamic state of gas showed that, within a wide range of supersonic 
velocities of practical interest,the state of the gas in the region of influ- 
ence of blunting deviates from full equilibrium. In most cases this deviation 
is negligible in the neighborhood of the axis of symmetry, where we can use 
the assumption of an equilibrium character of the change of thermodynamic 
parameters of the flow. 
nonequilibrium, and in certain cases almost "frozen," flow occurs near the 
boundary characteristic. 

Downstream the deviation increases and an essentially 

Thus, when calculating flows in the region of influence of bluntness,it 1130 
becomes necessary to simultaneously examine various states of the gas: from 
full equilibrium to "frozen. 'I 
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Scheme I1 has proved convenient for investigating such mixed flows. We 
will examine the use of this scheme for calculating the flows of gas, the 
internal degrees of freedom of which are in equilibrium. 

Calculation of such combined flows is performed by the usual method, only 
the initial parameters of the flow at the approximation points when 5 = 1 are 
determined twice: at first on the assumption of the "frozen character" of 
dissociation and then on the assumption of complete equilibrium of the physico- 
chemical transformations of gas passing through the shock wave. 

The values of the derivative concentration of each of the newly formed 
components dCi/dc are determined successively at the approximation points 
with respect to the "frozen" parameters when 5 = 1, and then the value of 
the concentration itself at some small (in comparison with 1 ) distance R 
from the shock wave: (Ci)s=l-L = LdCi/d<. This quantity is compared with 
the equilibrium value of the same concentration Cy. 
we assume an equilibrium state of the gas in that part of the region being 
calculated which lies upstream from the examined line of approximation, where 
this part of the region includes the line itself, and the initial parameters 
on it are assumed to correspond to a full equilibrium state. If (Ci)<= l-R 
< C!, then in this region the flow is assumed to be nonequilibrium, and the 
initial parameters on it are assumed to correspond to a state of "frozen" 
dissociation. After performing such an analysis and selecting the initial 
data at all approximation points, the approximating system is integrated along 
the boundaries of the zones. In the case of a full equilibrium state we 
additionally use the equation of the law of mass action, and in the case of 
nonequilibrium dissociation flows, relaxation equations and the corresponding 

If (C.) > C:, then 
1 <=l-R 

values for the partial derivatives hT, h p ~  hCi~ PTY PP) Pci* 

Using this method we calculated flow around blunt bodies of different 
radius % for a number of values of the parameters of the oncoming flow. 
was assumed that the vibrations in the entire shock layer were in equilibrium 
and we investigated only the effect of dissociation relaxation. 

It 
/131 

A s  an example we will present the results of calculating flow of oxygen 
R~ = 103 m around a sphere of radius Ro = 1 m (full nonequilibrium flow), 

(combined flow) when M, = 10, pW = 0.001 atm, T, = 288°K. The calculation was 
performed by scheme I1 in the third approximation (L  = 0.001). 

The results of the calculations are shown in Table 3.17 and in Figures 
3.20-3.22. 

Figure 3.20 shows the shape and position of shock waves for the full 
equilibrium case (Ro = m y  curve l), for a nonequilibrium dissociating flow 
(I$, = 1 my curve 2), and for a combined flow (Ro = 10 
last case, on the basis of the stated criteria, equilibrium flow occurred along 

3 my curve 3). In the 
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and 1 the axis of symmetry s = 0 and intermediate lines s = - 
3 3 

a nonequilibrium flow along the boundary characteristic. 
shock wave near the axis of symmetry is analogous to the equilibrium case, 
whereas with motion downstream a deviation of the wave toward nonequilibirum 
is observed. 

s = - s1 and 

The position of the 

0.0s 

0.08- 

Figure 3.20. Magnitude of separa- 1132 
tion of shock wave. Flow of oxygen 
around sphere when M, = 10, pa = 
0.001 atm, Tm = 288OK: 1) full 
equilibrium flow; 2) nonequilibrium 
dissociated flow, Ro = 1 m ;  3) com- 
bined flow, Rg = lo3 m. 

\ .\ 
tion of molecular oxygen along 

\ boundary characteristic. Flow 
\ 
\ . 1. . .\ 

---1_.\\\, 
---\ of oxygen around sphere when M, 

10, p, = 0.001 atm, Tm = 288OK: --T.,. 
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Figure 3.21 presents the profiles of temperature T (solid lines) and 
of the molar concentration of molecular oxygen xo 
boundary characteristic s = s 

flow, curves 2 to nonequilibrium flow, and curves 3 to combined flow. It is 
interesting to note that although the calculations along lines s = s1 were 
carried out on the assumption of nonequilibrium, profiles T and x in the 
greater part of the shock layer are close to the corresponding equilibrium 
values, the main difference being observed only in the neighborhood of the 
shock wave 6 = 1. Such behavior close to the wave is due to different boundary 
conditions for equilibrium and nonequilibrium flows, and near the body is due 
to the effect of recombination. The example of the calculation along the 
lines s = s1 indicates that relaxation equations also describe those flows 
which are very close to equilibrium. 

(dashed lines) along the 
2 Curves 1 correspond to the case of equilibrium 

l* 

02 

Figure 3.22 shows the profiles of T (solid lines) and x (dashed lines) 
02 

along the surface of the body. 
curves 2 to nonequilibrium flow, and curves 3 to combined flow. 
the combined flow deviates from equilibrium. 

Curves 1 correspond to the equilibrium case, 
We see that 

Figure 3.22. Distribution of I 1 3 3  
temperature and molar concentra- 
tion of molecular oxygen along 
surface of body. Flow of oxygen 
around sphere when M, = 10, pm = 
0.001 atm, Tm = 288'K: 1) full 
equilibrium flow; 2) nonequilibrium 
dissociated flow, l$-, = 1 cm; 
bined flow, Q = 103 m. 

3) com- 
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3. Simultaneous Occurrence of Vibrational-Dissociation Relaxation 

In previous sections we examined the flow of nonequilibrium dissociating 
gas around blunt'bodies. We always assumed that the vibrational degrees of 
freedom were excited in equilibrium and did not affect the rate of chemical 
reactions. However, as experimental and theoretical investigations have shown 
[39,40], with a rise of gas temperature the vibrational and dissociation 
relaxation times become commensurable with one another, therefore, here when 
considering processes on nonequilibrium dissociation we must take into 
account vibrational relaxation also. 

The relation between vibrational and dissociation relaxation was first 
examined in [41] for a mixture of monatomic gas with a small admixture of a 
diatomic component. Only the effect of nonequilibrium excitation of vibra- 
tional degrees of freedom on the rate of dissociation described by the usual 
Landau-Teller equation. The effect of dissociation on vibrational relaxation 
was examined in [42] for the same mixture. The obtained relaxation equations 
were used to calculate the structure of a plane shock wave. 
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Equations were obtained in [13], which described the simultaneous occur- 
rence of vibrational and dissociation relaxation in a pure diatomic gas. In 
these equations both the effect of vibrational relaxation on the rate of dis- 
sociation and the effect of dissociation relaxation on a change of the mean 
vibrational energy are taken into account. The equations describing the change 
of the number of molecules and atoms as a result of dissociation and recombination 
have the same general form regardless of the thermodynamic state of the vibra- 
tional degrees of freedom. 
effect only on the implicit expression for specific reaction rates. 

The presence of vibrational relaxation will have an 

For a diatomic gas the relaxation equation is written as [43]: 

(3 . lo)  

here C1 is the degree of dissociation, u2 is the molecular weight of the 
diatomic gas; K' 
and recombination when an atom or molecule, respectively, participates as 
the incident particle. 

K' and K", K" are the specific rates of dissociation 
d' r d r  

It is obvious that the absence of vibrational equilibrium will substantially 
affect the specific rate of dissociation and very little affect the specific 
rate of recombination. Therefore, to describe dissociation relaxation of the 
diatomic gas with consideration of nonequilibrium vibrations we used equations 
(3.10), in which K: and K" were expressed in terms of (Ki)eq/Kc and (Ki),q/Kc 
(Kc is the equilibrium instant), and KJ and K" were expressed, respectively, 
in terms of (KA) VA and (Ki)eqfi. 

eq 
deviation of the constants of the reaction rates from the case corresponding to /I35 

r 
d 

The functions VA and VM characterize the 
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ll1111ll Ill1 Ill I II 

equ i l ib r ium of v i b r a t i o n a l  degrees  of freedom. 

Two models of t h e  d i s s o c i a t i o n  process  w e r e  examined: 1)when d i s s o c i a t i o n  
occurs  from an  upper level; 2) when d i s s o c i a t i o n  occurs  from any v i b r a t i o n a l  
level. 

I n  t h e  f i r s t  case 

V A  = 
kTv - Q ( T )  exp 1- 

and t h e  equat ion  of v i b r a t i o n a l  r e l a x a t i o n  i s  w r i t t e n  as: 

I n  t h e  second case 
Q (T) Q(T, 1 V A  = 

Y Q ( T v )  ’ 

and t h e  r e l a x a t i o n  equat ion  t a k e s  t h e  form 

H e r e  Tv is  t h e  v i b r a t i o n a l  temperature,  l / T m  = l / T V  - 1 / T ;  Q i s  t h e  v i b r a t i o n a l  
s ta t is t ical  sum; 
f u n c t i o n  t ak ing  i n t o  account t h e  change of v i b r a t i o n a l  energy of t h e  inc iden t  
molecule; e i s  t h e  v i b r a t i o n a l  energy of a u n i t  m a s s  of gas;  T is r e l a x a t i o n  
t i m e ;  m2 is t h e  mass of t h e  molecule.  

y = D/h,v; D i s  t h e  d i s s o c i a t i o n  eneEgy; F(jh,v) i s  some 
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The values of the derivatives dC /dt and de/dt are found from the corresponding 
relaxation equations. For simplicity we will assume that 

1 

Furthermore, we will examine the case where dissociation occurs from any 
vibrational level, since at high temperatures this case is, apparently, most 
probable [ 4 4 , 4 5 ] .  Then we will have in a dimensionless form 

where r2), = L ( l - C l ) V ( K d ) e q  2 ; 

p2 

s= fz), +f$) ; K p =  K , R T .  
d t  r 
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To o b t a i n  t h e  numerical  s o l u t i o n ,  w e  used h e r e  scheme I of t h e  method of 
i n t e g r a l  r e l a t i o n .  

J u s t  as when c a l c u l a t i n g  flows wi th  nonequi l ibr ium d i s s o c i a t i o n ,  f o r  a 
more exac t  de te rmina t ion  of d e r i v a t i v e s  of C1 and e wi th  r e spec t  t o  n ,  
on t h e  in t e rmed ia t e  l i n e s  of approximation w e  i n t roduce  t h e  a d d i t i o n a l  l i n e s  
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! l i ( S )  = % i  E( s) > 

sepa ra t ing  t h e  i n t e g r a t i o n  range i n t o  a number of narrower zones. 
a d d i t i o n a l  l i n e s  w e  write t h e  r e l a x a t i o n  equa t ions  

Along t h e s e  

which are i n t e g r a t e d  s imultaneously wi th  t h e  e n t i r e  approximating system. The 
v a l u e s  of t h e  hydrodynamic q u a n t i t i e s  u ,  v, p,  T on t h e s e  l i n e s  are determined 
by t h e  corresponding known va lues  of t h e  wave,  body, and on t h e  in t e rmed ia t e  
l i n e s  of approximation. Four a d d i t i o n a l  l i n e s  5 = 116, 5 = 113, 5 = 213, 
6 = 5/6 w e r e  used i n  t h e  second approximation c a l c u l a t i o n s .  

The c a l c u l a t i o n s  w e r e  performed f o r  d i f f e r e n t  i n i t i a l  cond i t ions  i n  t h e  
oncoming flow. The case of pure oxygen w a s  examined. Here, i n  conformity wi th  
[ 4 6 , 4 7 ] ,  it  w a s  assumed t h a t  

'I: = P Lexp[(T-'- 0,03)135,913-18,421 sec 

A s  an  example w e  w i l l  dwel l  i n  d e t a i l  on t h e  r e s u l t s  ob ta ined  (scheme I, 
N = 2 )  f o r  a sphere  of r a d i u s  % = 1 cm when M, = 10, p.,, = 0.01 a t m ,  T, = 290"K, 
and w e  w i l l  compare them wi th  t h e  corresponding d a t a  f o r  equi l ibr ium and "frozen" 
flows. The r e s u l t s  of t h e  c a l c u l a t i o n  are presented  i n  Table 3.18 and i n  
F igures  3.23-3.28. 

F igure  3.23 shows t h e  shapes of shock waves and s o n i c  l i n e s  f o r  equi l ibr ium 
f low (curve l), f low wi th  nonequi l ibr ium d i s s o c i a t i o n  but  wi th  v i b r a t i o n s  (curve 
2) ,  wi th  nonequi l ibr ium d i s s o c i a t i o n  and nonequi l ibr ium v i b r a t i o n s  (curve 3) , 
and "frozen" f low corresponding t o  x = 1 .4  (curve 4 ) .  W e  see t h a t  i n  compari- 
son wi th  nonequi l ibr ium d i s s o c i a t i o n  t h e  shock wave wi th  cons ide ra t ion  of t h e  
simultaneous occurrence of v i b r a t i o n a l  and d i s s o c i a t i o n  r e l a x a t i o n  i s  s i t u a t e d  
somewhat f a r t h e r  from t h e  body, bu t  c l o s e r  t han  i n  t h e  case of a f u l l y  "frozen" /13: 
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flow. Here the sonic line on the shock wave lies sufficiently high and the 
sonic line has a convexity toward the body unlike the "frozen" flow and the 
case with equilibrium vibrations. 

Figure 3.23. Position and shape 
of shock waves and sonic lines. 
Flow of oxygen past sphere when 
M, = 10, p, = 0.01 atm, T, = 
290°K, Q = 1 em: 1) full 
equilibrium flow; 2) non- 
equilibrium dissociated flow 
with equilibrium excitation 
of internal degrees of freedom; 
3 )  nonequilibrium dissociation 
and nonequilibrium excitation 
of vibration; 4) fully "frozen" 
flow, x =  1.4. 

Figure 3.24. Distribution 
of temperature along axis 
of symmetry. Flow of oxygen 
around.sphere when M, = 10, 
pm = 0.01 atm, T, = 290°K, 
Ro = 1 cm: 1) full equilibrium 
flow; 2) nonequilibrium dissoci- 
ated flow with equilibrium 
excitation of internal degrees 
of freedom; 3) nonequilibrium 
dissociation and nonequilibrium 
excitation of vibrations; 4) 
fully "frozen" flow, x = 1.4. 

Figure 3.24 shows the temperature profiles in the shock layer along 
the axis of symmetry. For equilibrium (curve 1) and "frozen" (curve 4 )  
flows the temperature for all practical purposes does not change from the 
wave (1 - 5 = 0) toward the body (1 - 5 = l), whereas for nonequilibrium 
flows this change is appreciable. For flow with nonequilibrium dissociation 
(curve 2) the greatest change of temperature in the case in question occurs 
close to the body, and for flow with nonequilibrium dissociation and non- 
equilibrium vibrations (curve 3) there are two regions of a marked drop of - 1139 
temperature: one near the shock wave and the other near the body. The 
first region is due to vibrational relaxation and the second to nonequilibrium 
dissociation. Curve 2* corresponds to the case of equilibrium vibrations, 
nonequilibrium dissociation when RO = 10 cm. 
an increase of body dimensions, Mach number, and pressure in the oncoming 

Calculations showed that with 
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flow, t h e  b a s i c  change of t h e  temperature  p r o f i l e  can occur  c l o s e  t o  t h e  
shock wave, whereas wi th  a decrease  of t h e s e  q u a n t i t i e s  t h e  change occurs  
near  t h e  body. 

F igure  3.25 shows t h e  p r o f i l e s  of t h e  forward T and v i b r a t i o n a l  TV 
temperatures  a long t h e  a x i s  of symmetry. W e  see t h a t  immediately behind t h e  
shock wave pronounced e x c i t a t i o n  of v i b r a t i o n a l  degrees  of freedom and 
a corresponding i n c r e a s e  of v i b r a t i o n a l  temperature  occur ,  then  t h e  process  
of d i s s o c i a t i o n  begins  t o  develop which l e a d s  t o  a drop of t h e  forward and 
v i b r a t i o n a l  temperatures .  W e  no te  t h a t  complete equ i l ib r ium ensues only 
a t  t h e  s t a g n a t i o n  po in t  and t h e  v i b r a t i o n a l  temperature  always remains . 
lower than  t h e  forward temperature .  For t h e  case where t h e  e f f e c t  of 
nonequi l ibr ium e x c i t a t i o n  of v i b r a t i o n a l  degrees  of freedom on t h e  r a t e  
of d i s s o c i a t i o n  w a s  examined, t h e  p r o f i l e s  T and TV have t h e  same c h a r a c t e r  
as i n  F igures  3.25, bu t  a r eg ion  existed where t h e  v i b r a t i o n a l  temperature  
exceeded t h e  forward temperature .  

F igure  3.26 shows t h e  d i s t r i b u t i o n  of t h e  mean v i b r a t i o n a l  energy e 
ac ross  t h e  shock l a y e r  on r ays  s = 0 ,  0.25, 0.50. J u s t  as t h e  v i b r a t i o n a l  
temperature,  p r o f i l e  e has  a maximum; w e  see t h a t  wi th  d i s t a n c e  from t h e  
axis of symmetry t h e  maximum is disp laced  toward t h e  body and becomes 
smaller. This  i s  explained by t h e  f a c t  t h a t  downstream t h e  gas  tempera- 
t u r e  drops,which l eads ,  on one hand, t o  an  i n c r e a s e  of t h e  r e l a x a t i o n  
t i m e  of t h e  e x c i t a t i o n  of v i b r a t i o n a l  degrees  of freedom and, on t h e  o t h e r  
hand, t o  a decrease  of t h e  v i b r a t i o n a l  energy i t s e l f .  

F igure  3.27 shows t h e  p r o f i l e s  of t h e  concen t r a t ion  of atomic oxygen 
Co on r ays  s = 0, 0.25, 0.50. 
t h e  zero l i n e  of f low t h e  CO p r o f i l e  f o r  t h e  examined case is  almost l i n e a r ,  
excluding t h e  r eg ion  near  t h e  body, then  wi th  d i s t a n c e  from t h e  a x i s  t h e  
CO p r o f i l e s  become eve r  i nc reas ing ly  nonl inear .  
app rec i ab le  i n c r e a s e  of Co i s  observed only when t; e 0 . 5 .  This  slowdown 
i n  t h e  d i s s o c i a t i o n  process  i s  explained by t h e  drop of gas temperature  
downstream. 

It is  i n t e r e s t i n g  t o  n o t e  t h a t  i f  a long 

On t h e  l a s t  r ay  an 

Ca lcu la t ions  of t h e  parameters  of t h e  gas  on t h e  body s u r f a c e  showed &O 
t h a t  v i b r a t i o n a l - d i s s o c i a t i o n  r e l a x a t i o n  had l i t t l e  e f f e c t  on t h e  v e l o c i t y  
and p res su re  p r o f i l e ,  bu t  q u i t e  s u b s t a n t i a l l y  a f f e c t e d  t h e  temperature  
p r o f i l e .  

- 
Figure  3.28 shows t h a t  t h e  d i s t r i b u t i o n  of temperature  To = To(~)/T,(0)(To(O) 

is t h e  temperature  a t  t h e  s t a g n a t i o n  po in t )  a long t h e  s u r f a c e  of a sphere  f o r  
equi l ibr ium f low (curve l), flow wi th  nonequi l ibr ium d i s s o c i a t i o n  but  wi th  
equi l ibr ium v i b r a t i o n s  (curve 2 ) ,  f low wi th  nonequi l ibr ium d i s s o c i a t i o n  and 
nonequi l ibr ium v i b r a t i o n s  (curve 3 )  , and "frozen" f low corresponding t o  
X = 1.4  (curve 4 ) .  Hence it  fo l lows  t h a t  t h e  temperature  p r o f i l e s  depend 
s t r o n g l y  on t h e  number of re_laxation processes  taken  i n t o  account.  For t h e  
examined case a decrease  of To wi th  cons ide ra t ion  of v i b r a t i o n a l - d i s s o c i a t i o n  

r e l a x a t i o n  can exceed by 10% t h e  decrease  of To f o r  equi l ibr ium f low and by 
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Figure 3.25. Distribution of 
forward T and vibrational TV 
temperatures along axis of 
symmetry. Flow of non- 
equili'brium dissociating 
oxygen with nonequilibrium 
excitation of vibrations 
around sphere when M, = 10, 
p, = 0.01 atm, T, = 290"K, 
Ro = 1 cm. 

Figure 3.26. Distribution of 
mean vibrational energy e 
along lines s = const. Flow 
of nonequilibrium dissociating 
oxygen with nonequilibrium 
excitation of vibrations 
around sphere when M, = 10, 
p, = 0.01 atm, T, = 290°K, 
% = 1 cm. 

/141 with consideration of only dissociation 5% the corresponding decrease of T 
relaxation. 
the correspoqding temperature drop along the surface of the body result in 
the profile T in the case of vibrational-dissociation relaxation, tending 
toward the corresponding value for "frozen" flow. This, of course, is not 
observed when only nonequilibrium dissociation is taken into account. 

Intensive expansion of! the gas in the supersonic region and 

0' 

Figure 3.27. Distribution of 
concentration of atomic oxygen 
along lines s = const. Flow 
of nonequilibrium dissociating 
oxygen with nonequilibrium 
excitation of vibrations around 
a sphere when &, = 10, pm = 0.01 
atm, T, = 290°K, RO = 1 cm. 
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Figure 3 . 2 8 .  Distribution of 
temperature along surface of 
body. Flow of oxygen around 
sphere when M = 10, p = 
0.01 atm, T = 290°K, Ro = 
1 cm: 1) full equilibrium 
flow; 2) nonequilibrium 
dissociated flow with equilibrium 
excitation of internal degrees 
of freedom; 3 )  nonequilibrium 
dissociation and-nonequilibrium 
excitation of vibrations; 4 )  
fully "frozen" flow, x = 1 . 4 .  

4 .  Description of Tables 

Tables 3.1-3.7 give the results of calculating the flow of non- 
equilibrium oxygen (equilibrium vibrations, nonequilibrium dissociation) 
around a sphere (6 = 1) and ellipsoids of revolution (6 = 10 and 100). 
The calculations were performed by scheme I when N = 2 .  
cases were examined when M, = 10, pm = 0.01 atm, T, = 290"K, 

The following 

6=1; RO=O,Ol a 0 , 0 4 6  O,lm (Tables 3 . 1 - 3 . 3 ) ;  
'6'10; b =0,01m (Tables 3 . 4 ,  3 . 5 ) ;  
6=100; b =0.01 m (Tables 3 . 6 ,  3 . 7 ) ;  

Tables 3 . 1 - 3 . 4 ,  3 . 6  consist of two parts. In the first part the 
following data on the shock wave and on the surface of the body are given 
in relation to the length of arc along the surface of the body s :  E is the 
distance along the normal from the surface of the body to the shock wave; 
0 is the angle of inclination of the shock wave toward the oncoming flow; 
po = Po(s)/Po(0), Po = To(s)/TO(O) are the pressure and temperature on the 
surface of the body, respectively, referred to the value of these quantities 
at the stagnation point. 

- 

1142 

In the second part. the distribution of the following gas dynamic 
quantities is given in relation to s :  ui, vi are the velocity components 
along axes n, s, respectively; pi is pressure; T~ is temperature; c$ is 
the square of the sound velocity; W$ = u? + v?; Cartesian coordinates of 

1 
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the boundaries of the zones xi, yi (the origin of the coordinates is placed 
at the center of the body); and also the mass concentration of atomic oxygen 
(Co)i. The values of the functions are given on the surface of the body 
5 = n/E ( s )  = 0 (i = 0), on the intermediate line 5 = 0.5 (i = 2), and on 
the boundary characteristic 5 = 1 (i = 1). 

Tables 3.5 and 3.7 give the values of x, y, U, v, p, T, p ,  c , Co 2 
along the streamlines for the corresponding cases. 

Tables 3.8-3.16 give the results of calculating flow of nonequilibrium 
oxygen, nitrogen, and air around a sphere. The calculations were performed 
by scheme I1 when N = 2,3. 

The following cases were examined: 

1) nonequilibrium oxygen ("frozen" flow) I& = 10, Pm = 0.01 atm, T, = 
288°K; 6 = 1 (Table 3.8); 

2) nonequilibrium oxygen (equilibrium vibrations, nonequilibrium dissoci- 
ation) M, = 10, p, = 0.001 atm, T, = 288", 290"K, 
(Tables 3.9, 3.10, 3.13); 

M, = 15; p, = 0.001 atm, T, = 290°K; Ro = 0.01 m; 0.1 m (Tables 3.11, 3.12); 

3) nonequilibrium nitrogen (equilibrium vibrations, nonequilibrium 

Ro = 0.01 m, 0.1 m, 1 m. 

dissociation) M, = 15, pm = 0.001 atm, T, = 290°K, R o  = 0.1 m, 1 m (Tables 
3.14, 3.15); 

4) nonequilibrium air (equilibrium vibrations , nonequilibrium dissociation) 
M, = 10, pm = 0.01 atm, T, = 300"K, RO = O.lm (Table 3.16). 

The tables present the values of the following quantities on the axis of 
symmetry ( s  = 0), intermediate lines and boundary characteristic ( s  = sl): 
s ,  u, v, p,  T, p ,  h (enthalpy) and the values of concentrations (Co is the 
mass concentration of atomic oxygen, Tables 3.8-3.13; CN is the mass con- 
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centration of atomic nitrogen, Tables 3.14-3.15; xo2, xo, XN2> XNY XNO are 
the molar concentrations of molecular and atomic oxygen, nitrogen, and nitric 
oxide, respectively, Table 3.16). 

Table 3.17 gives the results of calculating a combined (equilibrium- 
nonequilibrium) flow around a sphere (M, = 10, pm = 0.001 atm, T, = 288"X, 
Ro = 1000 m). The calculations were performed by scheme I1 when N = 3. 
The values of the quantities s ,  u, v, p, p ,  T, h, Co are given. 

Table 3.18 gives the calculation of flow around a sphere with the 
simultaneous occurrence of vibrational and dissociation relaxation (% = 10, 
p, = 0.01 atm, T, = 290"K, % = 0.01m). The calculations were performed by 
scheme I when N = 2. The data of the following quantities are given: 
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Tables 3.19-3.20 give the results of N. P .  Shulishnina's calculations, 
by the method of characteristics, of gas dynamic quantities in the supersonic 
region for a smooth body "spherical blunting-cylinder" (Figure 2.25, Table 
3.19) and a body with a discontinuity of the contour of the generatrix 
I f  spherical segment-cylinder" (Figure 2.26, Table 8.20) with a nonequilibrium 
oxygen flow (equilibrium vibrations, nonequilibrium dissociation). The 
following cases are examined: M, = 10, pm = 0.001 atm, T, = 288'K, Ro = 1 m. 
The initial data were obtained by scheme I1 of the method of integral 
relations. The tables show the following quantities on the surface of the 
body: xo, yo = ro are Cartesian coordinates of the points on the body (the 
origin of the coordinates is placed at the critical point of the body); 
Po, To, po, wo, 5 = tan 0 is the tangent of the angle of inclination of the 
velocity vector to the x-axis; ( C O ) ~  is the mass concentration of atomic 
oxygen. The tables a l s o  give the coordinates of the nose shock wave xB, 
YB = rB' 

It is necessary to bear in mind that the values of velocity are 
referred to w&, of pressure to pmw 
to pmw2 

dimensions are referred to the characteristic dimension of the body (to 
the radius for a sphere and to the vertical semiaxis b for ellipsoids), 
The subscript 03 denotes quantities before the shock wave. 

of density to pm, of temperature max' 
/R ,  of enthalpy to wiax/2, and of entropy to R/2pm. A l l  linear max 
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NONEQUILIBRIUM OXYGEN (EQUILIBRIUM VIBRATION, NONEQUILIBRIUM 
DISSOCIATION). Scheme I. N = 2 

M, = 10, p, = 0 .01  a t m ;  T, = 290'K; p, = 0.01345 kg/m3; 

wmax = 3328.1m/sec;  h,, = 21315'K; 6 = 1-100; Ro(b) = 0 . 0 1 - 0 . l m  

1.000 
0.995 
0.981 
0.958 
0.926 

0.887 
0,841 
0.789 
0.732 
0.676 

0.618 
0.561 
0.505 
0.450 

S 

1.000 
0.998 
0.995 
0.991 
0.984 

0.976 
0.965 
0.952 
0.938 
0.922 

0.904 
0.885 
0.865 
0.843 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

0.0769 0.111 
0.0768 0.110 
0.0765 0.110 
0.0762 0.110 
0.0757 0.109 

0.0750 0.108 
0.0742 0.107 
0.0732 0.105 
0.0721 0.104 
0.0709 0.102 

0.0695 0.100 
0.0681 0.0985 
0.0665 0.0963 
0.0648 0.0939 

TABLE 3 . 1  

6 -  1; R,= 0.01 ~1 

0.000000 
0.000832 
0.00325 
0.00728 
0.0129 

0.0201 
0.0290 
0.0395 
0.0516 
0.0643 

0.0781 
0,0929 
0.108 
0.125 

E 

0.0000 
0.0288 
0.0570 
0.0853 
0.113 

0.142 
0.170 
0.198 
0.227 
0.253 

0.279 
0.304 
0.329 
0.354 

0.0907 
0,0909 
0.0917 
0.0930 
0.0949 

0.0974 
0.100 
0.104 
0.109 
0.114 

0.121 
0.129 
0.139 
0.150 

~ ~- 

0.902 
0.898 
0.885 
0.864 
0.836 

0.801 
0.759 
0.712 
0.661 
0.610 

0.558 
0.507 
0.456 
0.406 

- 
B 
- 
1.570 
1.514 
I. 460 
1.406 
1.352 

I .299 
I .246 
1.195 
1.145 
I .096 

I. 050 
I .006 
0.965 
0.925 

~ 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

1.000 
0.998 
0.992 
0.982 
0.968 

0.951 
0.930 
0.905 
0.877 
0.845 

0.810 
0.772 
0.731 
0.687 

0.000c 
0.0624 
0.124 
0.186 
0.247 

0.307 
0.366 
0.423 
0.479 
0.533 

0.585 
0.634 
0.681 
0.726 - 

0.114 
0.114 
0.114 
0.114 
0.114 

0.114 
0.113 
0.113 
0.113 
0.112 

0.112 
0.112 
0.112 
0.111 - 
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TABLE 3.1 Continued 

0.0953 0.126 
0.0952 0.126 
0.0949 0.126 
0.0945 0.125 
0.0939 0.124 

0.0932 0.122 
0.0922 0.120 
0.0911 0.118 
0,0898 0.116 
0.0883 0.114 

0.0867 0.111 
D.0850 0.109 
0.0832 0.105 
3,0813 0.103 

j145 

0,0028' 
0.00481 
0.0106 
0.0201 
0,0332 

0.0497 
0.0693 
0.0916 
0.116 
0.142 

0.169 
0.196 
0.224 
0.252 

0.0000 
0.0653 
0.130 
0.195 
0.259 

0.322 
0.384 
0.445 
0.505 
0.563 

0.0511 
0.0501 
0.0491 
0.0471 
0.045: 

0.042: 
0.038' 
0,0345 
0.031( 
0.027( 

0.0000 
0.0438 
0.0881 
0.131 
0.175 

0.217 
0.259 
0.299 
0.338 
0.375 

0.410 
0.443 
0.473 
0.502 

0.0000 
0.0553 
0 .  I 0 9  
0.162 
0,214 

0.266 
0.316 
0.364 
0.410 
0.454 

0.494 
0.531 
0.565 
0.596 ___ - 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0,3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
D.6875 
0.7500 
D.8125 

0.885 
0.88: 
0.87: 
0.857 
0.833 

0.802 
0.767 
0.727 
0.683 
0.639 

0.595 
0.550 
0.506 
0.463 

0.835 
0.832 
0.824 
0.812 
0.795 

0.774 
0.749 
0.721 
0.690 
0.658 

D.625 
D .593 
3.561 
0.528 
__ 

-0.0538 
-0.0536 
-0.0532 
-0.0523 
-0.0510 

-0.0492 
-0.0469 
-0.OM1 
-0.0406 
-0.0357 

-0.0298 
-0.0225 
-0.0136 
-0q0032i 

10.023( 
0.019: 
0.0156 
0.012t 

1.045 
1.043 
1.037 
I .  028 
I. 014 

0.997 
0.977 
0.953 
0.925 
0.894 

0.860 
0.822 
0.782 
0.739 

I .  090 
1,088 
I. 083 
1.073 
1.060 

1.044 
1.024 
I. OQO 
0.973 
0.943 

D.909 
0.872 
3.833 
3.791 

D.0000 
3.0625 
1.1250 
1.1875 
1.2500 

1,3125 
1.3750 
1.4375 
1.5000 
1,5625 

1.6250 
1.6875 
1,7501.2 
1.8125 

-0.126 
-0.126 
-0.124 
-0,122 
-0.118 

-0.112 
-0.106 
-0.0986 
-0.0891 
-0.0778 

-0.0642 
-0.0485 
-0.0305 
-0.0105 

0.620 
0.675 
0.729 
0.780 

0.00q 

0.136 
0.203 
0.270 

0.337 
0.403 
0.467 
0.531 
0.594 

0.. 656 
0.716 
0.776 

0.068 

0.835 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
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TABLE 3.2 /146 

!u 

s 
0.0000 
0.0625 
0.125C 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

0.0000 
0.0284 
0.0571 
0.0855 
0,113 

0.142 
0.170 
0. I 9 9  
0.228 
0.258 

0.292 
0.326 
0.362 
0.399 

P 

0.905 
0.901 
0,888 
0.867 
0.839 

0.803 
0,761 
0.714 
0.662 
0.603 

0.537 
0.467 
0.395 
0.334 - 

6 1  1; R0= 0.04 gl 

E 

0.0867 
0.087( 
0.087; 
0.089C 
0.090E 

0.0932 
0.0963 
0.100 
0.104 
0.109 

0.115 
0.121 
0.128 
0.135 

U 

1.570 
1.516 
1.460 
1.405 
1.351 

1.298 
1.245 
I. 193 
1.141 
1.088 

1.033 
0.975 
0.914 
0.848 

- 
P, 
1.000 
0.995 
0.981 
0.958 
0.926 

0.887 
0.841 
0.789 
0.731 
0.666 

0.593 
0.515 
0.436 
0.368 

- 
T D 

1.000 
0.998 
0.996 
0.993 
0.987 

9.981 
0.972 
0.961 
0.948 
0.932 

0.911 
0.885 
0.854 
0.822 

0.0769 0.111 0.000000 
0.0768 0.110 0.000809 
0,0766 0.110 0.00326 
0.0763 0.110 0.00731 
0.0759 0.109 0.0129 

0.0754 0.108 0.0202 
0.0747 0.107 0.0292 
0.0739 0.106 0.0397 
0.0729 0.104 0.0521 
0.0717 0.103 0.0670 

0.0700 0.100 0.0852 
0.0680 0.0979 0.106 
0.0657 0.0946 0.131 
0.0632 0.0907 0.159 

I .  000 
0.998 
0.992 
0.982 
0.968 

0.951 
0.930 
0.905 
0.877 
0.845 

0.810 
0.772 
0.731 
0.687 

133 



TABLE 3 . 2  Continued 

0.0000 
0.0625 
0.130 
0.194 
0.258 

0.321 
0.384 
0.444 
0.504 
0.562 

0.618 
0.673 
0.725 
0.775 

0.0858 
0.0855 
0.0844 
0.0826 
0.0801 

0.0771 
0.0736 
0.0699 
0.0659 
0,0619 

0.058C 
0.05G 
0.050E 
0.0475 

0.0000 
O.Ofi30 
0.0856 
0.128 
0.170 

0.211 
0.251 
0.291 
0.329 
0.367 

0.405 
0.444 
0.482 
0.520 

0.0852 
0.0851 
0.0848 
0.0845 
0.0839 

0.0833.0.114 
0.0824 
0.0814 
0.0802 
0.0787 

0.0768 
0.0746 
0.0720 
0.0690 

0.118 0.00248 
0.118 0.00430 
0.117 0.00972 
0.117 0.0187 
0.116 0.0311 

0.0466 
0.113 0.0651 
0.111 0.0863 
0.109 0,109 
0.106 0.136 

0.103 0.165 
0.100 0.197 
0.0967 0.232 
0.0924 0.270 

0.894 
0.890 
0.879 
0.861 
0.836 

0.806 
0.770 
0.729 
0.684 
0.633 

0.575 
0.513 
0.445 
0.375 

0.835 
0.832 
0.824 
0.812 
0.795 

0.773 
0.748 
0.719 
0.688 
0.652 

0.613 
0.569 
0.519 
0.465 
___ 

0.0000 
0.0625 
0,1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

-0.0498 
-0.0494 
-0.0489 
-0.0481 
-0.0469 

-0.0453 
-0.0431 
-0.0404 
-0.0371 
-0.0332 

-0.0291. 
-0.0248 
-0.0198 
-0.0130 

0.0161 
0.0189 
0.0274 
0.0414 
0.0605 

0.0843 
0.11 2 
0.144 
0.179 
0.218 

0.262 
3.311 
0.366 
0.426 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 

0.5000 
0.4375 

0.5625 

0.6250 
0.6875 
0.7500 
0,8125 

1.043 
1.041 
1.035 
1.026 
1.012 

0.995 
0.975 
0.951 
0.923 
0.892 

0.857 
0.819 
0.778 
0.734 

-0.126 0.0000 
-0.126 0.0541 
-0.124 0.109 
-0.122 0.162 
-0.118 0.215 

-0.113 0.267 
-0.106 0.317 

-0.0902 0.413 
-0.0992 0.366 

-0.0805 0.460 

-0.0707 0.507 
-0,0613 0.554 
-0.0531 0.603 
-0.0468 0.651 

1.086 
I. 084 
I. 079 
1.069 
1.056 

1.040 
1.020 
0.996 
0.969 
0.938 

0.904 
0.867 
0.825 
0.780 
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S 
0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

0.0855 
0.0867 
0.0885 

0.0908 
0.0937 
0.0973 
0.101 
0.106 

0.112 
0.118 
0.125 
0.132 

TABLE 3 . 3  

6 = 1; R = 0.1 m 0 

1.461 0.980 
1.405 0.957 
1.350 0.925 

1.296 0.886 
1.243 0.840 
1.191 0.788 
1.139 0.731 
1.086 0.666 

1.031 0.593 
0.974 0.515 
0.916 0.432 
0.857 0.348 

0.0769 0.111 
0.0768 0.110 
0.0767 0.110 
0.0764 0.110 
0.0761 0.109 

0.0757 0.108 
0.0751 0.108 
0.0744 0.106 
0.0736 0.105 
0.0725 0.103 

0.0711 0.101 
0.0692 0.0990 
0.0669 0.0957 
0.0639 0.0915 

0.000000 1.000 
0.000788 0.998 
0.00332 0.992 
0.00743 0.982 
0.0130 0.968 

0.0204 0.951 
0.0293 0.930 
0.0399 0.905 
0.0523 0.877 
0.0673 0.845 

0.0856 0.810 
0.107 0.772 
0.134 0.731 
0.165 0.687 

.~ 

!! I K.1 p 

0.0000 
0.0280 
0.0576 
0.0862 
0.114 

0.907 
0.903 
0.890 
0.869 
0.840 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

T 0 
1.000 
0.999 
0.997 
0.994 
0.990 

0.984 
0.977 
0.968 
0.957 
0.943 

0.924 
0.900 
0.870 
0.831 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.0000 
0.0624 
0.124 
0.186 
0.247 

0.307 
0.366 
0.423 
0.479 
0.533 

0.585 
0.634 
0.681 
0.726 

0.114 
0.114 
0.114 
0..113 
0.112 

0,111 
0.110 
0.109 
0.107 
0.106 

0.104 
0.103 
0.102 
0.101 

1148 

0.142 
0.171 
0.199 
0.228 
0,259 
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0.805 
0.763 
0.716 
0.663 
0.604 



TABLE 3 . 3  Continued 

0.0799 0.113 
0.0798 0.113 
0.0795 0.113 

0.D786 0.111 
0.0792 0.112 

0.00231 
0.00407 
0,00922 

0.0297 
0.0178 

0.0000 
0.0650 
0.129 
0.194 
0.258 

0.321 
0.383 
0.444 
0.503 
0.561 

0.000 
0.042 
0.084 
0.125 
0.166 

0.207 
0.247 
0.285 
0.323 
0.360 

0.398 
0.435 
0.472 
0.509 

0.0001 
0.051! 
0.108 
0.163 
0.216 

0.268 
0.319 
0.367 
0.415 
0.461 

0.508 
0.555 
0.601 
0.645 

0.103 
0.103 
0,102 
0.100 
0.0986 

0.0957 
0.0925 
0.0890 
0.0054 
0.0818 

0.891 
0.892 
0.881 
0.863 
0.838 

0.807 
0.771 
0.730 
0.685 
0.634 

0.577 
0.514 
0.447 
0.380 

0.835 
0.832 
0.824 
0.812 
0.794 

0.773 
3.747 
3.718 
3.686 
0.651 

3.612 
3.568 
3.521 
1.472 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.2000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

-0.0481 
-0.0473 
-0.0464 
-0.0457 
-0.0446 

-0.0430 
-0.0410 
-0.0384 
-0.0351 
-0.0313 

-0.0273 
-0.0233 
-0.0198 
-0.0172 

I .042 
1.040 
1.034 
1.025 
1 . O i l  

0.0780 
0.0771 
0.0760 
0.0748 
0.0733 

0.0714 
0.0692 
0.0666 
0.0635 

0.110 0.0448 0.994 
0.108 0.0627 0.974 
0.1’06 0.0830 0.949 
0.104 0.105 0.922 
0.101 0.131 0.891 

0.0991 0.159 0.856 
0.0958 0.189 0.818 
0.0920 0.223 0.777 
0.0877 0.259 0.733 

0.108 
0,108 
0.107 
0.106 
0.104 

0.101 
0.0990 
0.0959 
0.0923 
3.0884 

0.0839 
3.0790 
3.0736 
3.0680 - 

I 084 
1.082 
1.076 
4.067 
1.054 

1.038 
1.017 
0.994 
0.966 
0.936 

0.902 
0.864 
0.823 
0.778 

0.135 0.0161 
0.134 0.0186 
0.133 0.0273 
0.132 0.0416 
0.129 0.0609 

0.126 0.0850 
0.123 0.113 
0.119 0.145 
0.115 0,180 
0.110 0.219 

0.105 0.263 
0.0992 0.312 
0.0928 0.365 
0.0860 0.418 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
D.7500 
3.8125 

0.617 
0.672 
0.724 
0.773 

-0.126 
-0.126 
-0.124 
-0.122 
-0.118 

-0,113 
-0.107 
-0.0997 
-Q.0908 
-0.0811 

-0.0713 
-0.0618 
-0.0523 
-0.0423 

0.000l 
0.067’ 
0.135 
0.202 
0.269 

0.335 
0.400 
0.464 
0.528 
0.590 

0.650 
0.709 
0.767 
0.821 

0.0783 
~0.0751 
0.0723 
0.0690 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
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S 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5COO 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9156 
0.9312 
0.9468 
0.9624 
0.9781 

0.9893 
0.9971 
1.0010 
1.0049 
1.0055 

TABLE 3 . 4  

8-10;  bEO.O1 m 

E 

0.306 
0.306 
0.305 
0.303 
0.302 

0.300 
0.297 
0.294 
0.290 
0.2t~5 

0.279 
0.273 
0.266 
0.258 
0.250 

0.245 
0.243 
0.241 
0.239 
0.239 

0.240 
0.245 
0.250 
0.262 
0.264 

Is 
- 
1.570 
1.554 
1.541 
1.528 
1.515 

1.500 
1 .484 
1.466 
1.4116 
1.425 

1.402 
1.377 
I .349 
1.318 
1.282 

1.254 
1.241 
1.227 
1.209 
1,186 

1.161 
1.140 
1.127 
1.113 
1.109 

- 
PO 

1.000 
0,999 
0.999 
0.998 
0.996 

0.994 
0.990 
0.983 
0.978 
0.969 

0.997 
0.941 
0.913 
0.887 
0.836 

0.784 
0.756 
0.722 
3.677 
3.612 

3.514 
3.312 
3.188 
5.0800. 
3.0675 

/150 

- - 
T,  
1.000 
0.999 
0.999 
0.999 
0.999 

0.998 
0.998 
0.397 
0.996 
0.994 

0.392 
0.989 
0.904 
0.977 
0.965 

0.952 
0.944 
0.935 
0.921 
0.901 

0.865 
0.770 
0.682 
0.555 
0.533 - 

c).oooo 0 
0.0625 0 
0.1250 0 
0.1875 0 
0.2500 0 

0.00000 0.905 
0.00594 0.905 
0.0117 02904 
0.0177 0.903 
0.0244 0.902 

~ 
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TABLE 3 . 4  Continued 

0.312 
0.374 
0.437 
0.499 
0.562 

0.624 
0.686 
0.748 
0.810 
0.872 

0.912 
0.928 
0.943 
0.958 
0.972 

0.962 
0.989 
0.992 
0.995 
0.995 

co 
0.114 
0.114 
0.114 
0.114 
0.114 

0.114 
0.114 
0.114 
0.113 
0.113 

0.113 
0.113 
0.113 
0.112 
0.112 

0.112 
0.112 
0.112 
0.112 
0.112 

v s 
0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.625d 
0.6875 
0.7500 
0.8125 
0.8750 

0.9156 
0.9312 
0.9468 
0.9624 
0.9781 

0,9893 
0.9971 
1.0010 
1.0049 
1.0055 

P U 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

T 
0.0321 
0.0408 
0.0504 
0.0610 
0.0726 

I c 2  I 
0.899 0.0768 0.110 0.00103 
0,896 0.0767 0.110 0.00166 
0.891 0.0766 0.110 0.00254 
0.885 0.0766 0.110 0.00372 
0.877 0.0764 0.110 0.00528 

W 2  

0.867 
0.852 
0.832 
0.803 
0.757 

0.0763 0.110 0.00736 
0.0760 0,109 0.0102 
0.0757 0.109 0.0142 
0.0751 0.108 0.0202 
0.0742 0.107 0.0299 

0.0858 
0.101 
0.119 
0.142 
0.173 

0.201 
0.215 
0.232 
0.253 
0.282 

0.709 
0.684 
0.653 
0.613 
0.554 

0.0732 
0.0726 
0.0719 
0.0708 
0.0692 

0.325 
0.41 9 
0.489 
0.574 
0.587 

0.105 0.0406 
0.104 0.0465 
0.103 0.0539 
0.102 0.0642 
0.100 0.0799 

0. oooc 
0.Olli 
0.024( 
0.036t 
0.0492 

0.061f 
3.0744 
0.0872 
0.100 
3.114 

1.130 
3.147 
3.166 
).I89 
);216 - 

I 
0.465 0.0665 0.0964 0.106 
0.283 0.0592 0.0862 0.175 
0.170 0.0525 0.0768 0.239 
0.0724 0.0427 0.0629 0.329 
0.0611 0.0409 0.0604 0.345 

o*oooo 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.9000 
0.5625 

0;6250 
0.6875 
0.7500 
D.8125 
0.8750 

-0.0449 
-0.0465 
-0.0478 
-0.0088 
-0.0495 

-0.0502 
-0.0509 
-0.0518 
-0.0530 
-0.0546 

-0.0367 
-0.0593 
-0.0625 
-0.0663 
-0o,0701 

0.895 
0.896 
0.896 
0.895 
0.893 

0.890 
0.886 
0.882 
0.876 
0.869 

0.859 
0.847 
0.831 
0.808 
0.776 - 

6 -  0.5 

0.00202 
0.00230 
0.00286 
0.00372 
0.00488 

0.00634 
0.00813 
0.0103 
0.0129 
0.0161 

0.0201 
0.0252 
0,0316 
0.0401 
0.0518 

--x 
0.0949 
0.0927 
0.0899 
0.0866 
0.0827 

0.0781 
0.0726 
0.0662 
0.0585 
0.0488 

0.0408 
0.0372 
0.0332 
0.0286 
0.0231 

0.0184 
0.0143 
0.0120 
0.00937 
0.00896 

0.253 
0.252 
0.251 
0.250 
0.247 

0.244 
0.241 
0.236 
0.231 
0.225 

0.217 
0.208 
0,198 
3.186 
0.172 

O.OOO( 
0.0631 
0.126 
0.190 
0.253 

0.317 
0.380 
0.444 
0.508 
0.571 

0.635 
0.699 
0.763 
0.828 
0.894 

0.0845 
0.0839 
0.0833 
0,0828 
0.0822 

0.0817 
0.0811 
0.0804 
0.0796 
0.0786 

0.0774 
0.0760 
3.0743 
0.0723 
D.0697 
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0.0845 
0.0842 
0.0840 
0.0838 
0.0836 

0.0834 
0.0831 
0.0824 
0.0811 
0.0808 

TABLE 3 . 4  Continued 

0.115 
0.114 
0.114 
0.113 
0.113 

0.113 
0.112 
0.111 
0.109 
0,109 

1152 

0.939 
0.958 
0.976 
0.996 
1.019 

1.039 
1.059 
1.072 
1.090 
1.094 

0.0677 
0.0669 
0.0661 
0.0652 
0.0643 

0.0637 
0.0632 
0.0629 
0.0624 
0.0622 

0.238 0.747 
0.248 0.735 
0.258 0.721 
0.269 0.709 
0.279 0.700 

0.286 0.697 
0.296 0.680 
0.308 0.653 
0.327 0.602 
0.331 0.593 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9156 
0.9312 
0.9468 
0,9624 
0.9781 

0.9893 
0.9971 
1.0010 
1.0049 
1.0055 

0.0000 
0.0142 
0.0265 
0.0381 
0.0501 

0.0633 
0.0781 
0.0944 
0.112 
0.131 

0.151 
0.174 
0.199 
0.227 
0.261 

0.290 
0.303 
0.319 
0.339 
0.367 

0.396 
0.421 
0.434 
0.445 
0.446 

-0.126 
-0.127 
-0.127 
-0.127 
-0.128 

-0.129 
-0.130 
-0.131 
-0.134 
-0.136 

-0.139 
-0.143 
-0.147 
-0.151 
-0.153 

-0.151 
-0.148 
-0.143 
-0.134 
-0.116 

-0.0879 
-0.0476 
-0.0129 
+O. 0402 
+0.0500 

0.835 
0.834 
0.834 
0.833 
0.832 

0.831 
0.828 
0.825 
0.822 
0.817 

0.811 
0.803 
0.794 
0.782 
0.766 

0.753 
0.746 
0.738 
0.729 
0.715 

0.700 
0.687 
0.679 
0.669 
0.667 - 

0.108 
0.108 
0,108 
0.108 
0.108 

T 1 c 2  

0.135 
0,135 
0.135 
0.135 
0.134 

0.108 
0.107 
0.107 
0.107 
0.106 

0.106 
0.105 
0.104 
0.102 
0.101 

0.0997 
0.0989 
0.0981 
0.0970 
0.0955 

0.0939 
0.0924 
0,0915 
0.0904 
0,0902 

0.134 0.0206 
0.134 0.0230 
0.133 0.0263 
0.133 0.0305 
0.132 0.0359 

0.132 0.0426 
0.131 0.0509 
0.129 0.0614 
0.128 0.0746 
0.126 0.0919 

0.124 0.107 
0.123 0.114 
0.122 0.122 
0.121 0.133 
0.119 0.148 

0.117 0.165 
0.115 0.180 
0.114 0.188 
0.113 0.199 
0.112 0.202 

W 2  

0.0619 
0.0665 
0.0713 
0.0761 
0.0803 

0.0824 
0.0681 
0.0962 
0.111 
0.114 

0.0161 
0.0163 
0.0169 
0.0177 
0.0189 

- X  

0.160 
0,154 
0.149 
0.142 
0.133 

0.124 
0.115 
0.108 
0.0991 
0.0974 

0.406 
0.405 
0.404 
0.402 
0.398 

0.394 
0.389 
0.383 
0.376 
0.367 

0.357 
0.345 
0.331 
0.314 
0.295 

0.279 
0.273 
0.265 
0.256 
0.243 

0.230 
0.216 
0,205 
0.189 
0.185 

O.OOO( 
0.0641 
0.128 
0.193 
0.257 

0.322 
0.386 
0.451 
0.516 
0.581 

0,646 
0.712 
0.778 
0.846 
0.916 

0.966 
0.986 
1.009 
1.034 
1.065 

1.096 
I, 128 
1.152 
1.186 
1 ,192  

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
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TABLE 3.5 

Streamline intersecting shock wave at point x, = -0.3989, y1 = 0.2577 
I 

7.681 
9.208 
9.594 
9.776 
9.862 

9.887 
9.860 
9.781 
9.641 
9.414 

9.049 
8.385 
5. I 89  
2.693 

0,0000 
0.0722 
0.0865 
0.0939 
0.0985 

0.101 
0.103 
0.105 
0.106 
0.107 

0.108 
0.109 
0.110 
0.110 

-0.128 
-0.0699 
-0.0470 
-0.0346 
-0.02 71 

-0.0222 
-0.0189 
10.0167 
-0.0152 
-0.01 43 

-0.0135 
-0.01 16 
+0.0138 
+0.0384 

0.398 
0.289 
0.234 
0.199 
0.173 

0.152 
0.135 
0.120 
0.106 
0.0918 

0.0768 
0.0587 
0.0291 
0.0202 

0.257 
0.318 
0.380 
0.442 
0.504 

0.566 
0.629 
0.691 
0.753 
0.815 

0.877 
0.941 
1.007 
1.016 

0.0501 
0.0660 
0.0747 
0.0819 
0.0894 

0,0980 
0.108 
0.120 
0.136 
0.156 

0.184 
0.228 
0.401 
0.521 

0.832 
0.874 
0.881 
0.881 
0.877 

0.870 
0.860 
0.846 
0.827 
0.799 

0.757 
0.682 
0.356 
0.149 

0.108 
0.0886 
0.0845 
0.0824 
0.0809 

0.0799 
0.0790 
0.0783 

0.0767 
0.0775 

0.0755 
0.0733 
0.0618 
0.0500 

0.134 
0.121 
0.117 
0.115 
0.114 

0.113 
0.112 
0.111 
0.110 
0.109 

0.108 
0.105 
0.0896 
0.0731 

Streamline intersecting shock wave at point x1 = -0.3762, y1 = 0.5164 

0.376 
0.309 
0.261 
0.223 
0.191 

0.162 
0.135 
0.106 
0.0639 
0.0538 

0.516 
0.577 
0.639 
0.700 
0.763 

0.825 
0.888 
0.954 
1.035 
I .048 

-0.134 
-0.0996 
-0.0796 
-0.0668 
-0.0582 

-0.0522 
-0.0475 
-0.0401 
+o. 02 73 
+0.0529 

0.822 
0.839 
0.840 
0.833 
0.81.9 

0.796 
0.761 
0.702 
0.519 
0.423 

0.107 
0.0938 
0.0892 
0.0865 
0.0845 

0.0827 
0,0809 
0.0785 
0.0715 
0.0681 

7.665 
8.535 
8.852 
8.982 
8.992 

8.891 
8.656 
8.215 
6.634 
5.678 

0.133 
0.124 
0.120 
o.11e 
0.116 

0.114 
0.112 
0.109 
0.101 
0.0966 

0.0000 
0.0482 
0.0640 
0.0723 
0.0787 

0.0828 
0.0860 
0.0895 

'0.0945 
0.0945 

0.112 
0.128 
0.140 
0.151 
0.165 

0.181 
0.204 
0.238 
0.335 
0.378 

Streamline intersecting shock uave at point x1 = -0.3310, y, = 0.7788 
1 

0.0000 
0.0299 
0.0445 
0.0561 
0.0714 

0.0723 

0.331 
0.278 
0.231 
0.185 
0.116 

0.0768 

0.778 
0.841 
0.905 
0.974 
1.077 

-0.147 
-0.125 
-0.308 
-0.0889 
+0.0312 

7.621 
8.016 
8.083 
7.959 
7.855 

0.129 
0.123 
0.119 
0.115 
0.110 

0.199 
0.217 
0.238 
0.267 
0.302 

0.486 3.133 I 0.0863 1.131 I +0.200 
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TABLE 3 . 6  

0.382 
0.382 
0.381 
0.379 
0.377 

0.374 
0.370 
0.366 
0.361 
0.355 

0.349 
0.341 
0.332 
0.321 
0.309 

0.296 
0.289 
0.284 
0.278 
0.277 

0.276 
0.275 
0.276 

6 - 10th b I) 0.01 m 

1.570 1.000 1.000 
1.557 0.999 0.999 
1.546 0.999 0.999 
1.536 0.999 0.999 
1.527 0.998 0.999 

1.517 0.997 0.999 
1.506 0.995 0.999 
1.493 0.993 0.998 
1.479 0.989 0.998 
1.463 0.985 0.997 

1.446 0.979 0.996 
1.427 0.970 0.994 
1.406 0.959 0.992 
1.384 0.942 0.989 
1.361 0.916 0.984 

1.337 0.871 0.973 
1.326 0.833 0.964 
'1.315 0.793 0.953 
1.285 0.714 0.931 
1.278 0.696 0.926 

1.268 0.666 0.916 
1.250 0.596 0.893 
1.197 0.400 0.829 

i154 

0.0769 0.111 0.0000000 0.01000 
0.0768 0.110 0.0000162 0.00998 
0.0768 0.110 0.0000645 0.00992 
0.0768 0.110 0.000147 0.00982 
0.0768 0.110 0.000273 0.00968 

0.0768 0.110 0.000465 0.00949 
0.0768 0.110 0.000749 0.00927 
0.0768 0.110 0.00116 0.00899 
0.0767 0.110 0.00174 0.00866 
0.0767 0.110 0.00253 0.00826 

S 

0.0000 0.113 
0.0625 0.113 
0.125 0.113 
0.187 0.113 
0.250 0.113 

0.312 0.113 
0.375 0.113 
0.437 0.113 
0.500 0.113 
0.562 0.113 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0,3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9687 
0.9877 
0,9980 
0.9985 

0.9990 
0.9995 
1.0000 

0.0000 
0,0625 
0.1250 
0.1875 
C.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

~ 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0. ooooc 
0.00403 
0.00803 
0.0121 
0.01 65 

0.0215 
0.0273 
0.0340 
0.041 7 
0.0503 

0.905 
0.905 
0.905 
0.905 
0.904 

0.903 
0.901 
0.899 
0.896 
0.892 - 
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TABLE 3 .6  Continued 

- 
T 

0.0766 
0.0765 
0.0763 
0.0760 
0.0756 

0.0748 
0.0741 
0.0733 
0.0716 
0.0712 

0.0705 
0.0687 
0.0638 

__==__ 

c 2  w 2  
0,110 0.00361 
0.110 0.00507 
0.110 0.00711 
0.109 0.0100 
0.109 0.0147 

0,108 0.0232 
0.107 0.0307 
0.105 0.0388 
0.103 0.0558 
0.102 0.0598 

0.101 0.0666 
0.0995 0.0837 
0.0926 0.131 

V I P  - X  

0.00780 
0.00726 
0.00661 
0.00582 
0.00484 

0.00348 
0,00248 
0.00156 
0.000645 
0.000565 

0.000473 
0.000359 
0.000192 

Y 
0.624. 
0.687 
0.749 
0.812 
0.874 

0.937 
0.968 
0.987 
0.997 
0.998 

0.998 
0.999 
0.999 

0.152 
0.175 
0.197 
0.236 
0.244 

0.258 
0.289 
0.361 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9687 
0.9877 
0,9980 
0.9985 

0.9990 
0.9995 
1.0000 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 

0.00000 0.897 
0.00901 0.897 
0.0184 0.898 
0,0281 0.897 
0.0381 0.896 

0.0600 
0.0712 
0.0843 
0.100 
0.121 . 

0.0481 
0.0581 
0.0682 
0.0785 
0.0890 

0.88f 
0.875 
0.86E 
0.852 
0.83c 

,0.895 
0.893 
0.890 
0.886 
0.882 

1 0.785 
0.754 
0.71E 
0.646 
0.63C 

0.603 

0.392 
0.540 

0.001 75 
0.0020c 
0.00239 
0.0029E 
0.00372 

0.00468 
0.00584 
0.00721 
0.00883 
0.0107 

0.0130 
0.0159 
0.0196 
0.0243 
0.0307 

0.201 
0.201 
0.200 
0.199 
0.198 

0.196 
0.194 
0.192 
0,189 
0.186 

0.182 
0.177 
0.172 
0.166 
0.159 

.._-. 

C _e 
0.113 
0.113 
0.113 
0.113 
0.113 

0.113 
0.113 
0.113 
0.113 
0.113 

0.113 
0.113 
0.113 
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TABLE 3 . 6  Continued 

0.0842 
0.0840 
0.0839 
0.0842 
0.0843 

0.0844 
0.0846 
0.0843 

1156 

0.115 
0.1 15 
0.115 
0.115 
0.115 

0.115 
0.115 
0.115 

0.9375 
0.9687 
0.9877 
0.9980 
0.9985 

0.9990 
0.9995 
1.0000 

_______ 

V 

0.18'1 
0.196 
0.206 
0.213 
0.213 

0.213 
0.214 
0.223 

_______ 

-0.0848 
-0.0919 
-0.0942 
-0.0776 
-0,0725 

-0.0641 
-0.0472 
+O. 0124 

0.0000 -0.126 
0.0625 -0.127 
0.1250 -0.127 
0.1875 -0.127 
0.2500 -0.128 

0.3125 -0.129 
0.3750 -0.130 
0.4375 -0.131 
0.5000 -0.133 
0.5625 -0.136 

0.6250 -0.139 
0.6875 -0.143 
0.7500 -0.148 
0.8125 -0.154 
0.8750 -0.161 

0.9375 -0.168 
0.9687 -0.170 
0.9877 -0.169 
0.9980 -0.158 
0.9985 -0.155 

0.9990 -0.149 
0.9995 -0.137 
1.0000 -0.0830 

~~ ~ 

P 
~ 

0.802 
0.781 
0.768 
0.775 
0.779 

0.785 
0.793 
0.788 

0.835 
0.835 
0.834 
0.834 
0.833 

0.832 
0.831 
0.830 
0.828 
0.825 

0.822 
0.817 
0.812 
0.806 
0.798 

0.790 
0.785 
0.780 
0.767 
0.764 

0.760 
0.751 
0.722 

O.OOO( 
0.011( 
0.0201 
0.029( 
0.0372 

0.045; 
0.055; 
0.0655 
0.0775 
0.0912 

0.105 
0.121 
0.138 
0.156 
0.175 

0.194 
0.205 
0.218 
0.256 
0.264 

0.277 
0.300 
0.366 

0.108 
0,108 
0.108 
0.108 
0.108 

0.108 
0.108 
0.108 
0.107 
0.107 

0.107 
0.106 
0.106 
0.105 
0.104 

0.103 
0.103 
0.102 
0.101 
0.100 

0.100 
0.0994 
0.0963 

W 2  

0.0402 
0.0469 
0.0517 
0.0514 
0.0508 

0.0497 
0.0482 
0.0501 

0.135 0.0161 
0,135 0.0162 
0.135 0.0166 
0,135 0.0172 
0.134 0.0178 

0.134 0.0188 
0,134 0,0200 
0.134 0.0217 
0.134 0.0239 
0.133 0.0269 

0.133 0.0306 
0,132 0.0354 
0.132 0.0413 
0.131 0.0484 
0.130 0.0568 

0.129 0,0662 
0.128 0.0713 
0.128 0.0762 
0.126 0,0907 
0.125 0.0940 

0.125 0.0993 
0.124 0.109 
0.120 0.141 

- %  

0.151 
0.147 
0.143 
0.138 
0.137 

0.135 
0.132 
0.122 

0.392 
0.392 
0.391 
0.389 
0.386 

0.383 
0.380 
0.375 
0.370 
0.364 

0.356 
0.348 
0.338 
0.327 
0.314 

0.300 
0.291 
0.285 
0.275 
0.273 

0.270 
0.265 
0.245 

Y 
0.941 
0.974 
0.996 
1.019 
1.022 

1.027 
1.036 
I. 063 

0.000' 
0.062 
0.125 
0.188 
0.250 

0.313 
0.376 
0.439 
0.502 
0.564 

0.627 
0.690 
0.753 
0.816 
0.880 

0.945 
0.979 
1.005 
I. 040 
1.046 

1.055 
1.072 
1.127 

co 
0.0762 
0.0745 
0.0733 
0.0723 
0.0722 

0.0721 
0.0720 
0.0724 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 

0 

0 
0 
0 

1 
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TABLE 3.7 

7.674 0.134 
8.736 0.123 
9.093 0.120 
9.267 0.117 
9.339 0.116 

6 = 100; b - 0.01 m 

0,0000 
-0.0564 
0.07T7 
0.0800 
0.0853 

Streamline intersecting shock wave at point x, = -0.3869; y, = 0.2509 

0.370 0.502 -0.133 0.0779 0.828 
0.287 0.564 -0.0965 0.0953 0.851 
0.233 0.626 -0.0765 0.106 0.856 
0,193 0.689 -0,0642 0.115 0.855 
0.162 0.751 -0,0563 0.125 0.848 

0.135 0.814 -0,0516 0.136 0.837 
0.112 0.876 -0.0496 0.151 0.818 
0.0922 0.939 -0.0507 0.173 0.785 
0,0653 1.021 -0.00975 0.391 0.368 

0.386 
0.251 
0.187 
0.147 
0.1 I 8  

0.0981 
0.0821 
0.0692 
0.0585 
0.0494 

0.0412 
0.0334 
0.0231 

0.107 
0.0922 
0.0879 
0.0854 
0.0837 

0.0824 
0.0812 
0.0799 
0.0656 

0.250 
0.313 
0.375 
0.438 
0.500 

0.563 
0.625 
0.688 
0.750 
0.813 

0.875 
0.938 
1.007 

9.329 
9.226 
8.981 
5.107 

-0.128 
-0.0679 
-0.0457 
-0.0338 
-0.0265 

-0.0217 
-0.0184 
-0.01 63 
-0.01 50 
-0.0145 

-0.01 47 
-0.01 59 
-0.000933 

0.115 
0.113 
0.112 
0.0937 

(5.u372 
0.0511 
0.0586 
0.0643 
0.0698 

0.0757 
0.0827 
0.0911 
0.101 
0.115 

0.133 
0.160 
0.580 

0.0954 8.258 0.124 0.0378 
0.0910 8.460 0.121 0.0524 
0.0880 8.445 0.118 0.0608 
0.0822 8.720 0.113 0.0797 

0.833 
0.880 
0.889 
0.890 
0,888 

0.885 
0.880 
0.873 
0.862 
0.848 

0.825 
0.786 
0.0599 

-0,149 0.204 0.783 0.0954 7.974 0.123 0.0296 

-0.120 0.247 0.797 0.0865 8.679 0.116 0.0616 

+0.159 0.337 0,533 0.0751 6.601 0.103 0.0747 

0.106: 
0.0870 
0.0833 
0.0814 
0.0801 

0.0793 
0.0787 
0.0781 
0.0777 
0.0772 

0.0766 
0.0757 
0.0389 

0.338 
0.279 
0.232 
0. 191 
0,122 

0.0875 

0.753 
0.816 
0.879 
0.942 
1.063 

I .  I 3 4  

-0. 148 
-0J25 
-0,112 
-0,107 
t0.0132 

+0.117 

0.138 
0.154 
0.169 
0.187 
0.224 

0.505 

0.812 
0.818 
0.810 
0.789 
0.774 

0.194 

-L 

7. b82 
9.384 
9.772 
9.956 
0.054 

0.099 
0.106 
0.078 
0.011 
9.894 

9.698 
9.351 
1 e367 

0. I 3 4  
0.119 
0.116 
0.115 
0.113 

0.113 
0.112 
0.111 
0.113 
0.110 

0.1 I O  
0,108 
0.0583 

0.oo;o 
0.0784 
0.0916 
0.0982 
0.102 

0.104 
0.106 
0.108 
0.108 
0.109 

0.109 
0.110 
0.124 

0.0890 
0.0916 
0.0935 
0.100 

0.05951 3.006 1 0.0841 I 0.0883 

0.7537 
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NONEQUILIBRIUM OXYGEN (FROZEN FLOW) . 
SCHEMEII. N = 2  

TABLE 3.8 

M, = 10, p, = O . O l . a t m ,  T, = 288OK, p, = 0.0135 kg/m3, 

wmax - - 3317 m/sec, hO0 = 21 168'K, 6 = 1, = 0.1049, 

€1 = 0.1969, €2 = 0.1188, C = 1 
02 

0 
0 
0 
0 
0 

0 
0 
0 
0 

1.000 
0.875 
0.750 
0.625 
0.500 

0.375 
0.250 
0.125 
0.000 

1.000 
0.875 
0.750 
0.625 
0.500 

3.375 
3.250 
3.125 
3.000 

I .ooo 
1.875 
1.750 
1.625 
1.500 

0.836 
0.853 
0.866 
0.877 
0.886 

0.892 
'0.896 
0.898 
0.899 

i 0.375 

' 0.125 
, 0.250 

I 0.000 

0.500 
0.471 
0.448 
0.430 
0.41 5 

0.403 
0.394 
0.386 
0.380 

1.000 
0.942 
0.896 
0.860 
0.830 

0.806 
0.788 
0.772 
0.760 

-0.127 
-0. I 0 8  
-0.0903 
-0.0735 
-0.0576 

-0.0423 
-0.0277 
-0.0136 
0.0000 

-0.0933 
-0.0838 
-0.072 7 
-0,061 0 
-0.0489 

-0.0366 
-0.0244 
-0.0122 
0.0000 

+ 0.0552 
+ 0,0292 
+0.0118 
+0.00101 
-0.00489 

-0.0071 3 
-0.00663 
-0.00406 i 0.00000 

s = s 1 / 2  

0.422 
0.377 
0.339 
0.307 
0.278 

0.253 
0.232 
0.213 
0.198 

S= S1 

0.685 
0.647 
0.604 
0.560 
0.518 

0.480 
0.446 
0.418 
0.394 

0.682 
0.699 
0.713 
0.725 
0.734 

0.740 
0.745 
0.748 
0.749 

0.425 
0.423 
0.423 
0.424 
0.425 

0.425 
0.425 
0.424 
0.420 

0.108 
0.108 
0.109 
0.109 
0.109 

0. I 0 9  
0.110 
0.110 
0.110 

0.0916 
0.0953 
0.0982 
0.100 
0.102 

0.103 
3.104 
0.105 
D. 106 

0.0624 
0.0680 
0.0736 
0.0789 
0.0834 

0.0872 
0.0904 
0.0928 
0.0947 

7.702 
7.829 
7.931 
8.011 
8.873 

8.118 
8.149 
8.166 
8.173 

7.442 
7.336 
7.266 
7.2 17 
7.179 

7.147 
7.115 
7.083 
7.049 

6.825 
6.233 
5.751 
5.380 
5.098 

4.881 
4.710 
4.567 
4.443 

0.983 
0.986 
0.991 
0.994 
0.996 

0.998 
0.999 
0.999 
1.000 

0.814 
0.850 
0.880 
0.902 
0.920 

0.934 
0.946 
0.954 
0.961 

0.528 
0.581 
0.636 
0.687 
0.732 

0.770 
0.801 
0.826 
0.845 - 
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NONEQUILIBRIUM OXYGEN 

(EQUILIBRIUM VIBRATIONS, NONEQUILIBRIUM DISSOCIATION). 

SCHEME 11. N = 2 

7.697 
7.847 
8.002 
8.145 
8.279 

8.411 
8.551 
8.721 
9.461 

TABLE 3.9 

0.983 
0.987 
0.991 
0.994 
0.996 

0.998 
0.999 
0.999 
1.000 

M, = 10-15, p, = 0.001 atm, T, = 290°K, p, = 0.001345 kg/m3, 

6 = 1, R = 0.01-0.1 m 0 

0.420 
0.382 
0.343 
0.310 
0.281 

0.256 
0.233 
0,212 
0.185 

M, = 10, wmax = 3328 m / s e c ,  h00 = 21 315'K, Q = 0.01m, 

0.683 
0.698 
0.712 
0.724 
0.733 

0.740 
0.745 
0.748 
0.749 

= 0.1021, E~ 0.1950, € 2  = 0.1164 

'0.0553 
+0.0321 
40.0139 
+0.0236 
-0.00411 

-0.00680 
-0.00666 
-0.00436 
0,00000 

I I I I I I I 1 

0.684 
0.650 
0.608 
0.564 
0.523 

0.484 
0.449 
0.416 
0.367 

I .  0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

I ,  0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.500 
0.474 
0.451 
0.432 
0.417 

0.405 
0.395 
0.387 
0.380 

1.000 
0.948 
0.902 
0.864 
0.835 

0.810 
0.791 
0.775 
0.761 

-0.126 
-0.110 
-0.0921 
-0.0751 
-0.0589 

-0.0435 
-0.0288 
-0.0149 
0.0000 

-0.0926 
-0.0845 
-0.0737 
-0.0620 
.-0.0499 

-0.0376 
-0.0253 
-0.0132 
0.0000 

S I  0 
0.835 
0.850 
0.865 
0.876 
0.885 

0.892 
0.896 
0.899 
0.900 

S Z S l  /2 

0.108 
0.108 
0.107 
0.106 
0.105 

0.103 
0.102 
0.0994 
0.0885 

0.0916 
0,0946 
0.0971 
0.0987 
0.0995 

0.0994 
0.0986 
0.0966 
0.0855 

7.452 
7.369 
7.318 
7.301 
7.311 

7.345 
7.406 
7.512 
8.167 

6.822 
6.299 
5.813 
5.442 
5.168 

4.973 
4.845 
4.789 
5.203 - 

0.814 
0.846 
0.876 
0.899 
0.918 

0.932 
0.944 
0.954 
0.965 

0.528 
0.575 
0.629 
0.680 
0.726 

0.764 
0.797 
0.826 
0.862 

0.00000 
0.00278 
0.00640 
0.0105 
0.9153 

0.0208 
0.0276 
0.0367 
0.0743 

0.00000 
0.00063 
0.00213 
0.00466 
0.00843 

0.0136 
0.0207 
0.0309 
0.0728 

0.00000 
0.00001 
0.00005 
0.00037 
0.00147 

0.00418 
0.00969 
0.0202 
0.0726 
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TABLE 3.10 

M, = 10, wmax = 3328 m / s e c ,  h00 = 21 31S°K, % = O . l m ,  

EO = 0.09457, €1 = 0.1899, ~2 = 0.11012 

s 

/160 

y 1 V I P  4 

0 -0.126 
0 -0.107 
0 -0.0879 
0 -0.0705 
0 9 .0545 

0 -0,0397 
0 -0.0259 
0 -0.0131 
0 0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

I .  0000 
0.8906 
0,7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.500 
0.475 
0.452 
0.434 
0.419 

0.407 
0.397 
0.389 
0.382 

1.000 
0.950 
0.904 
0.868 
0.838 

0.814 
0.794 
0.778 
0.765 

-0.091 4 
-0.0828 
-0.0712 
-0.0590 
-0.0466 

-0.0346 
-0.0229 
-0.0118 
0.0000 

S P O  

0.835 
0.853 
0.869 
0.881 
0.890 

0.896 
0.900 
0.903 
0.904 

0.417 
0.380 
0.343 
0.311 
0.281 

0.253 
0.228 
0.204 
0.173 

s= SI /2 

0.685 
0.701 
0.71 5 
0.727 
0.737 

0.743 
0.748 
0.751 
0.752 

1 s= s 

0.425 
0.424 
0.424 
0.425 
0.426 

0.426 
0.426 
0.424 
0.420 

T 

0.108 
0.103 
0.0984 
0.0947 
0.0916 

0.0888 
0.0861 
0.0831 
0.0739 

0.0919 
0.0933 
0.0932 
0.0918 
0.0897 

0.0872 
0.0845 
0.0813 
0.0712 

0.0624 
0.0674 
0.0728 
0.0770 
0.0792 

0.0794 
0.0777 
0.0744 
0.0628 

P 

7.697 
8.115 
8.509 
8.843 
9.136 

9.404 
9.663 
9.945 
10.878 

7.457 
7.465 
7.556 
7.701 
7.877 

8.068 
8.275 
8.517 
9.403 

6.822 
6.287 
5.826 
5.509 
5.322 

5.242 
5.251 
5.344 
5.971 

h 

0.983 
0.988 
0.992 
0.995 
0.997 

0.998 
0.999 
0.999 
1.000 

0.817 
0.848 
0.876 
0.899 
0.918 

0.934 
0.947 
0.957 
0.969 

0.528 
0.577 
0.630 
0.679 
0.724 

0.765 
0.803 
0.837 
0.880 

co 

0.0000 
0.0204 
0.0377 
0.0512 
0.0626 

0.0727 
0.0825 
0.0930 
0.124 

0.00000 
0.00551 
0.0157 
0.0284 
0.0422 

0.0561 
0.0699 
0.0845 
0.122 

0.00000 
0.000nP 
o.ooo,> 
0.00335 
0.0110 

0.0246 
0.0434 
0.0665 
0.120 
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TABLE 3.11 

M, = 15, wmax = 4926 m/sec, hO0 = 46 690°K, Ro = 0.01111, 

E~ = 0.06831, €1 = 0.1463, ~2 = 0.08026 

0.703 
0.724 
0.740 
0.750 
0.758 

0.763 
0.767 
0.770 
0.771 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 

0.0845 
0.0688 
0.0597 
0.0547 
0.0513 

0.0486 
0.0463 
0.0439 
0.0377 0.0000 

0.710 
0.676 
0.633 
0.584 
0.531 

0.478 
0.424 
0.372 
0.300 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.500 
0.477 
0.456 
0.439 
0.425 

0.413 
0.404 
0.397 
0.391 

0.419 
0.416 
0.413 
0.411 
0.410 

0.408 
0.407 
0.406 
0.403 

-0.116 
-0.U876 
-0.0671 
-0.0517 
-0.0387 

-0.0274 
-0.0173 
-0.00852 
0.00000 

-0.0842 
-0.0681 
-0.0539 
-0.0420 
-0.0327 

-0.0236 
-0.01 53 
-0.00764 
0.00000 

+0.0563 
+0.0362 
+O. 0203 
+0.00971 
+0.00287 

-0.000956 
-0.00241 
-0.00203 
0.00000 

s = o  
0.866 
0.893 
0.910 
0.921 
0.928 

0.933 
0.936 
0.936 
0.938 

s= s1 /2 
0.432 
0.395 
0.356 
0.319 
0.284 

0.251 
0.220 
0.190 
0.151 

0.102 8.486 
0.0706 10.17 
0.0601 11.38 
0.0552 12.17 
0.0520 12.79 

0.0496 13.31 
0.0474 13.80 
0.0452 14.32 
0.0397 15.86 

S = S 1  

0.0537 
0.0564 
0.0555 
0.0522 
0.0485 

0.0451 
0.0419 
0.0388 
0.0317 

8.320 
9.194 

10.00 
10.58 
11.03 

11.42 
11.81 
12.25 
13.73 

7.809 
7.248 
6.976 
6.929 
6.984 

7.101 
7.269 
7.510 
8.581 

h 

0.986 
0.992 
0.995 
0.997 
0.998 

0.999 
0.999 
1.000 
1.000 

0.806 
0.838 
0.869 
0.896 
0.918 

0.938 
0.951 
0.963 
0.976 

0.491 
0.541 
0.598 
0.658 
0.717 

0.771 
0.819 
0.861 
0.909 

co 

0.000 
0.245 
0.330 
0.369 
0.393 

0.413 
0.430 
0.447 
0.489 

0.000 
0.144 
0.239 
0.297 
0.339 

0.374 
0.402 
0.430 
0.486 

0.0000 
0.0192 
0.0660 
0.136 
0.208 

0.276 
0.336 
0.391 
0.481 

. .~ 

/161 
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Y 

8.486 
13.17 
14.26 
14.92 
15.40 

15.77 
16.06 
16.26 
16.35 

TABLE 3.12 

M, = 15, w m a  = 4926 m / s e c ,  hO0 = 46 690°K, Ro = 0.1 m ,  

= 0.05706, = 0.1293, = 0.06792 

0.986 
0.995 
0.997 
0.998 
0.999 

0.999 
0.999 
1.000 
1.000 

S I  0 

1.0000 
0.8789 
0.7539 
0.6289 
0.5039 

0.3789 
0.2539 
0.1289 
0.0000 

- 0 
0 
0 
0 
0 

0 
0 
0 
0 

I. 0000 
0.8789 
0.7539 
0.6289 
0.5039 

0.3789 
0.2539 
0.1289 
0.0000 

I. 0000 
0.8789 
0.7539 
0.6289 
0.5039 

0.3789 
0.2539 
0.1289 
0.0000 
- 

0.482 
0.532 
0.597 
0.668 
0.731 

0.790 
0.837 
0.875 
0.906 

0.500 
0.476 
0.456 
0.440 
0.427 

0.416 
0.408 
0.401 
0.394 

I * 000 
0.953 
0.913 
0.881 
0.854 

0.833 
0.816 
0.803 
0.789 

0.000 
0.076 
0.159 
0.238 
0.308 

0.367 
0.415 
0.452 
0.467 

-0.116 
-0.0659 
-0.0510 
-0.0393 
-0.0293 

-0.0206 
-0.0129 
-0.00613 
0.00000 

-0.0855 
-0.0507 
-0.0404 
-0.0321 
-0.0246 

-0.0177 
-0.0113 
-0.00552 
0.00000 

+0.0512 
+0.0370 
+0.0233 

+0.00560 

+0.00139 
-0.000562 
-0.000838 
0.000000 

+0.0127 

0 
0 
0 
0 
0 

0 
0 
0 
0 

s 

0.435 
0.392 
0.350 
0.310 
0.274 

0.241 
0.210 
0. f81  
0.153 

0.866 
0.914 
0.926 
0.934 
0.939 

0.942 
0,944 
0.945 
0.946 

s1/2 

0.700 
0.736 
0.748 
0.756 
0.762 

0.766 
0.769 
0.771 
0.772 

0.717 
0.683 
0.633 
0.575 
0.515 

0.457 
0.402 
0.352 
0,302 

S = S 1  

0.411 
0.408 
0.402 
0.398 
0.395 

0.394 
0.393 
0.392 
0.404 

0.102 
0.0490 
0.0448 
0.0427 
0.0412 

0.0402 
0.0394 
0.0388 
0.0386 

0.0842 
0.0487 
0.0442 
0.0418 
0.0402 

0.0390 
0.0381 
0.0375 
0.0372 

0.0528 
0.0477 
0.0432 
0.0398 
0.0371 

0.0350 
0.0333 
0.0322 
0.0321 

8.317 
11.60 
12.43 
12.91 
13.25 

13.52 
13.73 
13.88 
13.90 

7.785 
7.946 
8.026 
8.071 
8.143 

8.236 
8.323 
8.371 
8.563 - 

0.803 
0.843 
0.875 
0.902 
0.923 

0.941 
0.955 
0.967 
0.976 

0.000 
0,415 
0.448 
0.466 
0.478 

0.485 
0.491 
0.496 
0.497 

0.000 
0.302 
0.361 
0.399 
0.428 

0.450 
0.468 
0.481 
0.490 

149 



I 

0.246 
0.223 
0.203 
0.184 
0.166 

0.150 
0.134 
0.118 
0.103 

NONEQUILIBRIUM OXYGEN 

(EQUILIBRIUM VIBRATIONS, NONEQUILIBRIUM DISSOCIATION). 

SCHEME T I .  N = 3 

TABLE 3.13 

3 M, = 10, p, = 0.001 a t m ,  T, = 288"K, p, = 0.001354 kg/m , 
= 3307 m / s e c ,  hO0 = 21  055"K, 6 = 1, Ro = l m ,  wmax 

E = 0.08170, cl = 0.08800, = 0.1098, = 0.1557 
0 

0.782 0.102 
0.809 0.0882 
0.823 0.0829 
0.833 0.0795 
0.841 0.0771 

0.846 0.0750 
0.849 0.0732 
0.851 0.0715 
0.851 0.0697 

1.0000 0 
0.8750 0 
0.7500 0 
0.6250 0 
0.5000 0 

0.3750 0 
0.2500 0 
0.1250 0 
0.0000 0 

0.0882 
0.0850 
0.0814 
0.0784 
0.0759 

0.0736 
0.0715 
0.0695 
0.0672 

1.0000 
0.8750 
0.7500 
0.6250 
0.5000 

0.3750 
0.2500 
0.1250 
0.0000 

I .oooo 
0.8750 
0.7500 
0.6250 
0.5000 

0.3750 
0.2500 
0.1250 
0.0000 

I. 0000 
0.8750 
0.7500 
0.6250 
0.5000 

0.3750 
0.2500 
0.1250 
0.0000 

7.377 
7.658 
7.945 
8.192 
8.407 

8.599 
8.774 
8.942 
9.122 

0.291 
0.278 
0.267 
0.258 
0.251 

0.245 
0.240 
0.237 
0.235 

0.583 
0.556 
0.534 
0.517 
0.502 

0.490 
0.481 
0.474 
0.470 

0.875 
0.834 
0.802 
0.776 
0.754 

0.736 
0.722 
0.711 
0.705 - 

0.464 
0.424 
0.389 
0.355 
0.324 

0.293 
0.264 
0.235 
0.205 

-0.127 
-0.0941 
-0.0750 
-0.0591 
-0,0449 

-0.0320 
-0.0202 
-0.00957 
0.00000 

0.65; 
0.666 
0.676 
0.684 
0.689 

0,693 
0.695 
0.695 
0.693 

-0.114 
-0.0876 
-0,0705 
-0.0560 
-0.0428 

-0.0307 
-0.0196 
-0.00933 
0.00000 

-0.0718 
-0.0624 
-0.053 1 
-0.0439 
-0.0348 

-0.0258 
-0.0169 
-0.00826 
0.00000 

+0.00751 
-0.00554 
-0.0120 
-0.0146 
-0.0146 

-0,0127 
-0.00944 
-0.00509 
0.00000 

S E  0 
0.834 
0.865 
0.880 
0.891 
0.898 

0.904 
0.907 
0.909 
0.909 

0.108 7.683 
0.0887 9.110 
0.0831 9.712 
0.0798 10.125 
0.0774 10.448 

0.0754 10.716 
0.0737 10.949 
0.0721 11.161 
0.0704 11.376 

0.632 
0.583 
0.541 
0.500 
0.461 

0.423 
0.385 
0.347 
0.306 - 

7.607 
8.691 
9.222 
9.597 
9.893 

10.143 
10.362 
10.562 
10.768 

0.983 
0.990 
0.994 
0.996 
0.997 

0.998 
0.999 
0.999 
0.999 

0.925 
0.942 
0.953 
0.962 
0.970 

0.976 
0.981 
0.985 
0.989 

3.775 
3.815 
0.845 
3.871 
1. 893 

1.912 
1.929 
3.944 
1.957 

0.600 
0.659 
0.706 
0.748 
0.786 

0.820 
0.851 
0.879 
0.905 - 

0.0000 
0.0701 
0.0901 
0.102 
0.106 

0.117 
0.123 
0.129 
0.134 

0.0000 
0.0553 
0.0772 
0.0915 
0.102 

0.111 
0.119 
0.126 
0.133 

0.0000 
0.0230 
0.0453 
0.0641 
0.0803 

0.0945 
0.107 
0.119 
0.131 

0.00000 
0.00259 
0.0133 
0.0319 
0.0523 

0.0723 
0.0912 
0.109 
0.128 

150 



NONEQUILIBRIUM NITROGEN 

(EQUILIBRIUM VIBRATIONS, NONEQUILIBRIUM DISSOCIATION). 

SCHEME 11. N = 2 

TABLE 3.14 

M, = 15,  p, = 0.001 atm, T, = 290"K, p, = 0.001177 kg/m3, 

wmax = 5266 m/sec, hO0 = 46690°K, 6 = 1 

0.834 
0.865 
0.880 
0.891 
0.898 

0.904 
0.907 
0.909 
0.909 

R = 0.1m, = 0.09187, E~ = 0.1822, E~ = 0.1065 0 

0.108 
0.0887 
0.0831 
0.0798 
0.0774 

0.0754 
0.0737 
0.0721 
0.0704 

I. oooa 

0.7500 

0.5000 

0.8750 

0.6250 

0.3750 
0.2500 
0.1250 
0.0000 

I. 0000 
0.8750 
0.7500 
0.6250 
0.5000 

0.3750 
0.2500 
0.1250 
0.0000 

1 .oooo 
0.8750 
0.7500 
0.6250 
0.5000 

0.3750 
0.2500 
0.1250 
0.0000 

1.0000 
0.8750 
0.7500 
0.6250 
0.5000 

0.3750 
0.2500 
0.1250 
0.0000 
~ 

0.246 
0.223 
0.203 
0.184 
0.166 

0.150 
0.134 
0.118 
0.103 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.291 
0.278 
0.267 
0.258 
0.251 

0.245 
0.240 
0.237 
0.235 

0.782 
0.809 
0.823 
0.833 
0.841 

0.846 
0.849 
0.851 
0.851 

-0.127 
-0.0941 
-0.0750 
-0.0591 
-0.0449 

-0.0320 
-0.0202 
-0.00957 
0.00000 

-0.114 
-0.0876 
-0.0705 
-0.0560 
-0.0428 

-0.0307 
-0.0196 
-0.00933 
0,00000 

0.102 
0.0882 
0.0829 
0.0795 
0.0771 

0.0750 
0.0732 
0.0715 
0.0697 

7.607 
8.691 
9.222 
9.597 
9.893 

10.143 
10.362 
10.562 
10.768 

0.464 
0.424 
0.389 
0.355 
0.324 

0.293 
0.264 
0.235 
0.205 

0.632 
0.583 
0.541 
0.500 
0.461 

0.423 
0.385 
0.347 
0.306 

0.651 
0.666 
0.676 
0.684 
0.689 

0.693 
0.695 
0.695 
0.693 
s= s, 
0.490 
0.493 
0.496 
0.498 
0.498 

0.498 
0.496 
0.493 
0.487 

7.683 
9.110 
9.712 

10.125 
10.448 

10.716 
10.949 
11.161 
11.376 

0.583 
0.556 
0.534 
0.517 
0.502 

0.490 
0.481 
0.474 
0.470 

-0.0718 
-0.0624 
-0-0531 
-0.0439 
-0.0348 

-0.0258 
-0.0169 
-0.00826 
0.00000 

3 
0.0882 
0.0850 
0.0814 
0.0784 
0.0759 

0.0736 
0.0715 
0.0695 
0.0672 

0.0700 
0.0753 
0.0769 
0.0756 
0.0733 

0.0708 
0.0683 
0.0657 
0.0626 

7.377 
7.658 
7.945 
8.192 
8.407 

8.599 
8.774 
8.942 
9.122 

7.000 
6.530 
6.365 
6.381 
6.459 

6.555 
6.658 
6.766 
6.897 - 

0.983 
0.990 
0.994 
0.996 
0.997 

0.998 
0,999 
0.999 
0.999 

0.925 
0.942 
0.953 
0.962 
0.970 

0.976 
0.981 
0.985 
0.989 

0.779 
0.815 
0.845 
0.871 
0.893 

0.912 
0.929 
0.944 
0.957 

0.0000 
0.0701 
0.0901 
0.102 
0.106 

0.117 
0.123 
0.129 
0.134 

0.0000 
0.0553 
0.0772 
0.0915 
0.102 

0.111 
0.119 
0.126 
0.133 

0.0000 
0.0230 
0.0453 
0.0641 
0.0803 

0.0945 
0.107 
0.119 
0.131 

i164 

1 5 1  



TABLE 3.15 

0.422 
0.386 
0.348 
0.313 
0.281 

0.251 
0.223 
0.196 
0.167 

Ro= 1 m; E O =  0.07898; E~ = 0.1716; E ~ =  0.09492 

0.703 0.0921 7.630 0.813 0,0000 
0.723 0.0852 8.188 0.845 0.0372 
0.739 0.0792 8.723 0.874 0.0705 
0.751 0.0749 9.148 0.899 0.0959 
0.759 0.0716 9.500 0.919 0.116 

0.765 0.0689 9.804 0.936 0.132 
0.769 0.0665 10.080 0.950 0.146 
0.772 0.0643 10.354 0.961 0.159 
0.773 0.0612 10.750 0.972 0.175 

1.0000 0 
0.8906 0 
0.7656 0 
0.6406 0 
0.5156 0 

0.3906 0 
0.2656 0 
0.1406 0 
0.0000 0 

1.0000 0.500 
0.8906 0.476 
0.7656 0.454 
0.6406 0.437 
0.5156 0.422 

0.3906 0.410 
0.2656 0.401 
0.1406 0.393 
0,0000 0.387 

-0.125' 
-0.0951 
-0.0751 
-0.0590 
-0.0448 

-0.0321 
-0.0207 
-0.01 03 
0.0000 

-0.0896 
-0.0749 
-0.0610 
-0.0490 
-0.0381 

-0.0279 
-0.0183 
-0.00932 
0,00000 

1.0000 1.000 
0.8906 0,952 
0.7656 0.909 
0.6406 0.874 
0:5156 0.845 

+0.0574 
+0.0349 
+-0.0175 
+0.00656 
+0.00000194 

0.699 
0.662 
0.620 
0.577 
0.529 

0.480 
0.431 
0.384 
0.331 

-0.0032 6 
-0.00403 
-0.00290 
0.00000 

0.429 0.0591 7.255 0.506 0,0000 
0.427 0.0648 6.583 0.560 0.0005 
0.427 0.0690 6.146 0.614 0.0067 
0.426 0.0695 5.982 0.666 0.0252 
0.426 0.0677 5.984 0.719 0.0524 

0.425 0.0647 6.075 0.768 0.0827 
0.425 0.0614 6.217 0.813 0.112 
0.423 0.0581 6.390 0.85i 0.139 
0.420 0.0537 6.628 0.885 0.171 

I I 

0.3906 
0.2656 
0.1406 
0.0000 

0.857 0.108 7.882 0.984 0.0000 
0.886 0.0870 9.368 0.991 0.0859 
0.902 0.0793 10.189 0.994 0.116 
0.913 0.0751 10.731 0.997 0.132 
0.922 0.0722 11.149 0.998 0.144 

0.927 0.0699 11.499 0.999 0.153 
0.931 0.0678 11.809 1.000 0.161 
0.933 0.0659 12.104 1.000 0.169 
0.933 0.0633 12.496 1.000 0.178 

0.821 
0.802 
0.786 
0.774 

I I - 

152 



NONEQUILIBRIUM AIR 

(EQUILIBRIUM VIBRATIONS, NONEQUILIBRIUM DISSOCIATION) 

SCHEME 11. N = 3 

1.0000 
0.8730 
0.7480 
0.6230 
0.4980 

0.3750 
0.2500 
0.1250 
0.0000 

TABLE 3.16 
3 

M, = 10, p, = 0.01 atm, T, = 300°K, p, = 0.01178 kg/m , 

= 3553 m/sec, hO0 = 22 050°K, 6 = 1, = 0.1 m, 
wmax 

= 0.09294, = 0.09252, = 0,1217, = 0.1682 

0 -0.134 
0 -0.106 
0 -0.0857 
0 -0.0676 
0 -0.0514 

0 -0.0364 
0 -0.0234 
0 -0.0110 
0 0.0000 

0.827 
0.853 
0.870 
0.882 
0.890 

0.896 
0.900 
0.902 
0.903 

0.114 7.253 0.981 0.209 0.0000 
0.102 8.020 0.988 0.156 0.0686 
0.0968 8.530 0.992 0.128 0.101 
0.0929 8.910 0.995 0.110 0.121 
0.0902 9.205 0.997 0.0976 0.135 

0.0880 9.434 0.998 0.0886 0.146 
0.0863 9.610 0.999 0.0825 0.156 
0.0849 9.749 0.999 0.0784 0.165 
0.0836 9.851 0.999 0.0742 0.174 

0.000000 
0.000168 
0.000257 
0.000319 
0.000361 

0.000384 
0.000390 
0.000353 
-0.00134 

s -  s,/3 

0.0000 
0.0232 
0.0396 
0.0516 
0.0596 

0.0638 
0.0643 
0.0613 
0.0559 

1.0000 
0.8730 
0.7480 
0.6230 
0.4980 

0.3750 
0.2500 
0,1250 
0.0000 

0.291 -0.121 
0.277 -0,0990 
0.266 -0.0795 
0.257 -0.0640 
0.250 -0.0491 

0.244 -0.0353 
0.239 -0.0226 
0.236 -0.0107 
0.234 0.0000 

0.246 0.776 
0.223 0.799 
0.203 0.814 
0.185 0.826 
0.168 0.834 

0.152 0.640 
0.137 0.843 
0.123 0.845 
0.109 0.845 

0.107 7.194 0.924 0.209 0.0000 
0.100 7.733 0.940 0.169 0.0514 
0.0957 8.153 0.952 0.142 0.0843 
0.0920 8.489 0.961 0.121 0.107 
0.0893 8.759 0.969 0.106 0.124 

0.0671 8.971 0.975 0.0946 0.138 
0.0854 9.131 0.980 0.0864 0.150 
0.0839 9.253 0.984 0.0806 0.1q 
0.0824 9.358 0.987 0,0769 0.174 

0.0003 19 
0.000336 
0.000340 
0.00041 8 

0.0000000 
0.0000937 
0.000167 
0.000230 
0.000282 

0.0000000 
0.0000129 
0.0000409 
0.0000819 
0.000131 

0.0000 
0.0168 
0.0322 
0.0453 
0.0554 

0.0616 
0.0635 
0.0611 
0.0542 

1.0000 
0.8730 
0.7480 
0.6230 
0.4980 

0.3750 
0,2500 
0.1250 
0.0000 

0.583 -0.0779 0.464 0.645 0.0920 7.013 0.777 0.209 0.0000 
0.554 -0,0705 0.424 0.660 0.0930 7.035 0.814 0.195 0.0180 
0.533 -0.0610 0.389 0.671 0.0916 7.169 0.844 0.175 0.0441 
0.515 -0.0507 0.357 0.680 0.0892 7.347 0.869 0.152 0.0709 
0.500 -0.0402 0.326 0.686 0.0867 7.527 0.891 0.130 0.0952 

0.489 -0.0297 0.298 0.690 0.0845 7.697 0.910 0.112 0.116 
0.479 -0.0196 0.271 0.692 0.0826 7.810 0.925 0.0978 0.134 
0.473 -0.00956 0.244 0.692 0.0810 7.891 0.939 0.0873 0.152 
0.469 0.00000 0.219 0.689 0.0794 7,942 0,951 0,0801 0.170 

0.0000c 1 0.0053' 
0.0152 
0.0282 
0.0419 

0.780 
0.742 
0.721 
0.707 
0.697 

0.691 
0.687 
0.685 
0.684 

0.780 
0.752 
0.731 
0.716 
0.704 

0.695 
0.689 
0.686 
0.685 

0.780 
0.771 
0.755 
0.738 
0.722 

0.708 
0.697 
0.691 
0.684 

0.780 
0.778 
0.775 
0.764 
0.747 

0.727 
0.710 
0.697 
0.690 - 

0.000183 
0.000242 
0.000245 
0.000184 

/166 

0.0535 
0.0602 
0.0603 
0.0526 

153 

1.0000 0.875 +0.00406 0.631 
0.8730 0.832 -0.00955 0.581 
0.7480 0.799 -0.0162 0.540 
3.6230 0.773 -0.0185 0.502 
3.4980 0.751 -0.0177 0.465 

5.3750 0.733 -0.0148 0.428 
1.2500 0.719 -0.0100 0.393 
1.1250 0.709 -0.00552 0.359 
).OOOO 0.703 0.00000 0.325 

0.488 0.0727 6.721 0.600 0.209 0,00000 
0.492 0.0786 6.252 0.660 0.206 0.00373 
0.496 0.0825 5.978 0.706 0.201 0.0105 
0.498 0.0835 5.880 0.746 0.186 0.0299 
0.499 0.0823 5.895 0.782 0.163 0.0573 

0.499 0.0801 5.950 0.815 0.138 0.0861 
0,497 0.0778 6.027 0.843 0.114 0.113 
0.493 0.0758 6.056 0.869 0.0960 0.139 ! 0.487 0.0738 6.046 0.892 0.0841 0.165 



COMBINED (EQUILIBRIUM-NONEQUILIBRIUM FLOW OXYGEN 

SCHEME 11. N = 3 

TABLE 3.17 

M, = 10, p, = 0.001 a t m ,  T, = 288"K, p, = 0.001354 kg/m3, 

= 3307 m / s e c ,  hO0 = 21 055.3"K, 6 = 1, % = 1000 m, "max 

cO = 0.07312, cl = 0.07855, c2 = 0.09932, c3 = 0.1455 

0 
0 
0 
0 
0 

Jrl;.jY- 1 -p- 

0.872 
0.885 
0.895 
0.902 
0.908 

I .  0000 
0.8713 
0.7463 
0.6213 
0.4943 

0.3674 
0.2492 
0.1247 
0.0000 

1.0000 
0.8713 
0.7463 
0.6213 
0.4943 

0.3674 
0.2492 
0.1247 
0.0000 

I .  0000 
0.8713 
0.7463 
0.6213 
0.4943 

0.3674 
0.2492 
0.1247 
0.0000 

I .  0000 
0.8713 
0.7463 
0.6213 
0.4943 

0.3674 
0.2492 
0.1247 
0.0000 

0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.291 
0.278 
0.268 
0.259 
0.252 

0.247 
0.243 
0.240 
0.238 

0.912 
0.914 
0.916 
0.916 

0.583 
0.55€ 
0.536 
0.515 
0.505 

0.?48 
0.223 
0.200 

0.163 

0.146 
0.132 
0.118 
0.105 

0.181, 

0.495 
0.487 
0.481 
0.477 

0.875 
0.834 
0.804 
0.779 
0.758 

0.742 
0.730 
0.721 
0.716 - 

0.814 
0.826 
0.835 
0.842 
0.648 

0.852 
0.854 
0.855 
0.655 

-0.0890 
-0.0745 
-0.0614 
-0.0492 
-0.0376 

-0.0268 
-0.0175 
-0.00840 
0.00000 

0.461 
0.418 
0.380 
0.346 
0.313 

0.283 
3.257 
0.231 
3.207 

-0.0802 
-0.0682 
-0.0569 
-0.0460 
-0.0355 

-0.0256 
-0.0169 
-0.00825 

0.00000 

0.673 
0.681 
0.687 
0.69.i 
0.695 

0.698 
0.699 
0.699 
0.697 

-0.0457 
-0.0429 
-0.0383, 
-0,0327 
-0.0262 

-0.01 94 
-0.0128 
-0.00599 
0.00000 

+0.00809 
+0.00615 
-0.002 1 0 
-0.00667 
-0.00858 

-0.00837 
-0.00673 
-0.00378 

0.00000 

0.631 

0.527 
0.485 
0.446 

0.408 

0.342 
0.312 

0.572 

0.375 

i_ 

0:491 
0.497 
0.496 
0.495 
0.494 

0.493 
0.491 
0.467 
0.481 
~- 

0.0702 
0.0702 
0.0703 
0.0703 
0.0704 

0.0704 
0.0704 
0.0704 
0.0704 

0.0690 
0.0693 
0.0695 
0.0696 
0.0698 

0.0699 
0.0699 
0.0700 
0.0701 

0.0658 
0.0666 
0.0672 
0.0677 
0.0681 

0.0634 
0.0686 
0.0686 
0.0690 

0.0611 
0.0624 
0.0637 
0.0646 
0.0654 

0.0660 
0.0664 
0.0668 
0.0653 

10.965 
11.111 
11.223 
11.308 
11L37.2 

11.416 
41.443 
11.458 
11.462 

10.561 
10.640 
10.701 
I O .  746 
I O .  777 

10.795 
I O .  801 
I O .  796 
10.780 

9.500 
9.399 
9.326 
9.265 
9,210 

9.158 
9.109 
9.053 
6.985 

7.003 
7.586 
7.325 
7.133 
6.974 

6.838 
6.717 
6.590 
6.591 

0.991 
0.994 
0.995 
0.997 
0.998 

0.998 
0.999 
0.999 
0.999 

0.931 
0.945 
0.955 
0.964 
0.971 

0.977 
0.981 
0.985 
0.968 

3.764 
3.822 
3.852 
3.877 
3.899 

1.916 
1. 932 
1.945 
1.956 

0.601 
0.672 
0.722 
0,764 
0.801 

0.633 
0.859 
0.882 
0.902 

0.132 
0.133 
0.133 
0.134 
0.134 

0.134 
0.134 
0.134 
0.134 

0.116 
0.119 
0.122 
0.125 
0.127 

3.128 
0.130 
0.131 
0.132 

0.0764 
0.0867 
0.0951 
0.102 
0.106 

0.113 
0.117 
0.121 
0.124 

0.0000 
0.0494 
0.0623 
0.0735 
0.0836 

0.0926 
0.0999 
0.106 
0.118 

~~ 
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NONEQUILIBRIUM OXYGEN 

(NONEQUILIBRIUM VIBRATIONS, NONEQUILIBRIUM DISSOCIATIONS). 

SCHEMEI. N =  2 

TABLE 3.18 

M, = 10, pm = 0.01 atm, Tm = 290°K, p, = 0.01345 kg/m3, 

wmaX = 3328.1 m/sec, hO0 = 21 315'K, 6 = 1, Ro = 0.01 m 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

S 
- 
0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.56.25 

0.6250 
0.6875 
0.7500 
0.8125 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 

E 

0.0957 
0.100 
0. I01 
0.102 
0.104 

0.107 
0.110 
0.114 
0.119 
0.125 

0.132 
0.140 
0.149 
0.160 

~ 

0 

1.570 
I. 520 
1.464 
I .  408 
1.354 

1.301 
I .249 
1.198 
1.147 
I. 098 

1.050 
1,002 
0.955 
0.907 

- 

~ _ _  

- 
PO - 

I .  000 
0.995 
0.980 
0.957 
0.925 

0.885 
0.839, 
0.787 
0.730 
0.670 

0.607 
0.543 
0.477 
0.412 

- 
- T O  
j .  000 
0.998 
0.994 
0.989 
0.981 

0.971 
0.959 
0.944 
0.927 
0.907 

0.884 
0.858 
0.829 
0.795 

4 1 0  
0,0000 0.895 0.0774 0.124 0.000000 1.000 0.OOOC 
0.0290 0.891 0.0773 0.124 0.000795 0.998 0.0624 
0.0579 0.878 0.0770 0.124 0.00336 0.992 0.124 
0.0868 0.857 0.0765 0.123 0.00755 0.982 0.186 
0.115 0.828 0.0759 0.122 0.0133 0.968 0.247 

0.143 0.793 0.0752 0.120 0.0206 
0.172 0.751 0.0742 0.119 0.0296 
0.200 0.705 0.0731 0.117 0.0402 
0.228 0.654 0.0717 0.115 0.0524 
0.256 0.600 0.0702 0.112 0.0660 

0.951 0.307 
,0.930 0.366 
10.905 0.423 
0.877 0.479 
0.845 0.533 
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TABLE 3.18 Continued 

0.0000 -0.0634 
0.0625 -0.0627 
0.1250 -0.0618 
0.1875 -0.0608 
0.2500 -0.0596 

0.3125 -0.0577 
0.3750 -0.0554 
0.4375 -0.0523 
0.5000 -0.0485 
0.5625 -0.0438 

0.6250 -0.0381 
0.6875 -0.0312 
0.7500 -0.0231 
0.8125 -0.0137 

4 =  0.5 
0.0000 0.880 0.101 0.150 
0.0459 0.876 0.100 0.149 
0.0901 0.864 0.100 0.149 
0.134 0.847 0.100 0.148 
0.178 0.823 0.0996 0.146 

0.222 0.793 0.0988 0.145 
0.264 0.758 0.0978 0.142 
0.306 0.719 0.0965 0.140 
0.346 0.676 0.0950 0.137 
0.385 0.631 0.0933 0.134 

0.423 0.584 0.0912 0.130 
0.459 0.535 0.0888 0.126 
0.493 0.485 0.0861 0.121 
0.526 0.434 0.0831 0.117 

1.049 0.0000 0.0490 
1.048 0.0655 0.0490 
1.042 0.130 0.0474 
1.032 0.195 0.0453 
1.019 0.260 0.0424 

1.002 0.323 0.0388 
0.982 0.386 0.0347 
0.957 0.448 0.0303 
0.930 0.508 0.0257 
0.899 0.566 0.0211 

0.864 0.623 0.0168 
0.827 0.679 0.0128 
0.786 0.732 0.00938 
0.742 0.784 0.00642 

0.0000 -0.170 0.OOOC 
3.0625 1-0.169 0.0505 

0.143 
0.143 
0.143 
0.142 
0.142 

0.141 
0.139 
0.138 
0.136 
0.133 

0.131 
0.128 
0.125 
0.121 

4 -  
0.792 
0.790 
0.783 
0.771 
0.755 

0.736 
0.713 
3.687 
0.658 
3.628 

0.596 
3.562 
3.527 
1.491 

. .. 

0.138 0.194 
0.138 0.193 
0.137 0.192 
0.135 0.189 
0.132 0.185 

0,129 0.181 
0.125 0.175 
0,121 0.169 
0.116 0.162 
0.111 0.155 

0.105 0.148 
0.100 0.140 
0.0945 0.132 
0.0886 0.124 

0.00402 
0.00604 
0.0119 
0.0217 
0.0354 

0.0526 
0.073 1 
0.0?66 
0.122 
0.150 

0.180 
0.211 
0.244 
0.277 

0.0291 
0.0314 
0.0396 
0.0533 
0.0717 

0.0946 
0.121 
0.151 
0.185 
0.220 

0.258 
0.297 
0.337 
3.379 
. .  

1.099 0.0000 
1.098 0.0687 
1.092 0.137 
1.083 0.205 
1.070 0.273 

1.053 0.340 
1.033 0.406 
1.009 0.472 
0.982 0.536 
0.952 0.600 

0.018 0.662 
0.881 0.723 
0.841 0.783 
0.797 0.842 
__I__.._ - _. - 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
.. . . .~ 

0.0000466 
0.0000466 
0.0000466 
0.0000466 
0.0000466 

0.0000466 
0.0000466 
0.0000466 
0.0000466 
0.0000466 

0.0000466 
0.0000466 
0.0000466 
0.0000466 

. .  
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CALCULATION OF FLOW IN SUPERSONIC REGION 

BY METHOD OF CHARACTERISTICS. NONEQUILIBRILJM OXYGEN. 

M, = 10, pa = 0.001 atm, T, = 288"K, po, = 0.00135 kg/m3, 

wmax = 3236 m/sec. 

TABLE 3.19 

Spherical Blunting-Cylinder (6 = 1; = 1 m ;  w = 0") 

Distribution of Gas Dynamic Parameters Along Surface of Body 

0.700 
0.723 
0.762 
0.796 
0.848 

XO 
~ 

0.286 
0.309 
0.353 
0.395 
0.470 

0.558 
0.652 
0.751 
0.845 
0.949 

1.050 
1.176 

0.434 
0.405 
0.355 
0.312 
0.247 

0.897 
0.937 
0.968 
0.988 
0.998 

1.000 
1.000 

0.185 
0.134 
0.0949 
0,0669 
0.0443 

0.0354 
0.0343 

~~~~ 

0.0631 6.092 
0.0621 5.774 
0.0603 5.213 
0.0586 4.719 
0.0555 3.942 

0.0519 3.169 
0.0480 2.483 
0.0441 <,908 
0.0404 1.468 
0.0364 1.079 

0.0344 0.913 
0.0341 0.891 

- .  

(CO 1 - 
0.129 
0.129 
0.129 
0.128 
0.128 

0.128 
0.128 
0.128 
0.128 
0.128 

0.128 
0.128 - 

Coordinates of Nose Shock Wave 

I J I  1 
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TABLE 3.20 

Po 
- 

0.0386 
0.0402 
0.0403 
0.0390 
0.0380 

0.0367 
0.0353 
0.0335 
0.0313 
0.0293 

0.0263 
0.0219 
0.0168 
0.0142 
O.Oil9 

3.0102 
3.00884 
0.00766 
3.00672 

Spherical Segment-Cylinder ( 6  = 1, Ro = 1 m, y, = 45O50' ,  w = 0 " )  

Distribution of Gas Dynamic Parameters Along Surface of Body 

To 
0.0348 
0.0352 
0.0352 
0.0349 
0.0347 

0.0344 
0.0341 
0.0337 
0.0331 
0.0326 

0.0318 
0.0303 
0.02'24 
0.0273 
0.0261 

0.0251 
0.0243 
0.0235 
0.0229 

- 
.IO - 

0.292 
0.38: 
0.47t 
0.66: 
0.78C 

0.921 
1.09L 
1.312 
1.621 
2.OK 

2.58 
3.47 
5.00 
6.21 
7.88 

0.20 
3.60 
8.93 
8.07 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
D 
0 
3 

- 
r0 - 

0.696 
0.696 
0.696 
0.696 
0.696 

0.696 
0.696 
0.696 
0.696 
0.696 

0.696 
0.696 
0.696 
0.696 
0.696 

0.696 
0.696 
0.696 
0.696 

0.129 
0.129 
0.129 
0.129 
0.129 

0.129 
0.129 
0.129 
0.129 
0.129 

0.129 
0.128 
0.128 
0.128 
0.128 

0.128 
0.128 
0.127 
0.127 

- 
PO - 

0.981 
1.011 
I. 013 
0.989 
0.969 

0.944 
0.916 
0.881 
0.836 
0.796 

3.734 
3.639 
3.522 
3.460 
3.4w 

1.3 59 
3.322 
3.289 
3.260 

0.621 
0.618 
0.618 
0.620 
0.621 

0.624 
0.626 
0.630 
0.634 
0.637 

0.643 
0.654 
0.667 
0.675 
0.683 

0.689 
0.695 
0.700 
0.705 

~~ 

Coordinates of Nose Shock Wave 
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CHAPTER 4 

FLOW AROUND SOLIDS O F  REVOLUTION WITH D I S C O N T I N U I T Y  OF 
GENERATRIX OR D I S C O N T I N U I T Y  OF 

CURVATURE OF THE CONTOUR 

Ca lcu la t ion  of supersonic  f low around bodies  wi th  a d i s c o n t i n u i t y  of t h e  /171 
g e n e r a t r i x  of t h e  contour  i s  of cons iderable  p r a c t i c a l  importance,  s i n c e  t h e  
presence of a son ic  d i s c o n t i n u i t y  a t  a given r a d i u s  of cu rva tu re  of b lun t ing  
l e s s e n s  h e a t  exchange near  t h e  s t a g n a t i o n  po in t .  
an examination of f low around bodies  wi th  a d i s c o n t i n u i t y  of cu rva tu re  of t h e  
contour .  However, when c a l c u l a t i n g  f low around bodies  wi th  a son ic  d i s -  
c o n t i n u i t y ,  app rec i ab le  d i f f i c u l t i e s  arise owing t o  t h e  appearance of a 
s i n g u l a r i t y  a t  t h e  po in t  of d i s c o n t i n u i t y  [6 ] .  A pronounced change of v e l o c i t y  
both  i n  magnitude and i n  d i r e c t i o n  occurs  i n  t h e  r eg ion  of mixed f low i n  t h e  
neighborhood of t h e  corner  po in t .  
can occur near  t h e  s i d e  s u r f a c e  of t h e  body i n  t h e  flow. 

Also of d e f i n i t e  i n t e r e s t  i s  

I n  t h e  supersonic  zone a "hanging" shock 

The inve r se  problem of supersonic  f low around bodies  wi th  a break was 
examined i n  t h e  work of R. Vaglio-Laurin [48] .  Ca lcu la t ions  of f low up t o  
t h e  po in t  of d i s c o n t i n u i t y  w e r e  performed by G. F. Te len in ' s  scheme i n  [ 4 9 ] .  

I n  t h i s  chapter  w e  w i l l  s o l v e  t h e  d i r e c t  problem of supersonic  f low 
around b lunt  bodies  wi th  a son ic  break by t h e  method of i n t e g r a l  r e l a t i o n s .  
The s o l u t i o n  i s  cons t ruc ted  i n  t h e  e n t i r e  reg ion  of e f f e c t  of b lun t ing  and i s  
extended by means of t h e  method of c h a r a c t e r i s t i c s  i n t o  t h e  supersonic  zone. 

1. Ca lcu la t ion  of Flow Around S o l i d s  of Revolution With Di scon t inu i ty  of 
Genera t r ix .  

1. Statement of problem. L e t  a supersonic  f low of a i d e a l  gas  encounter 
a symmetric body wi th  a break of t h e  g e n e r a t r i x  of t h e  contour s i t u a t e d  a t  a 
zero  angle  of a t t a c k  (Figure 4 .1 ) .  W e  w i l l  examine t h e  case  where a l o c a l  
s o n i c  v e l o c i t y  i s  reached a t  t h e  corner  po in t  and t h e  body shape behind t h e  
d i s c o n t i n u i t y  does not  a f f e c t  t h e  p a t t e r n  i n  t h e  reg ion  of i n f luence  of 
b lun t ing .  
t h e  asymptot ic  s o l u t i o n  of R. Vaglio-Laurin [6], which a t  t h e  corner  co inc ides  
wi th  t h e  Pradtl-Meyer s o l u t i o n .  

I n  t h e  neighborhood of t h e  d i s c o n t i n u i t y  t h e  f low i s  descr ibed  by 1172 

One of t h e  ways of c a l c u l a t i n g  f low around bodies  wi th  a s o n i c  break  i s  t o  
perform t h e  c a l c u l a t i o n s  by scheme I of t h e  method of i n t e g r a l  r e l a t i o n s  both 
be fo re  t h e  d i s c o n t i n u i t y  and wi th  supersonic  t u r n  around i t ,  where t h e  i n i t i a l  
equa t ions  are w r i t t e n  i n  a po la r  coord ina te  system wi th  t h e  cen te r  a t  t h e  
corner  po in t  [ l l ] .  The second approach involves  us ing  scheme I1 wi th  i s o l a t i o n  
of t h e  neighborhood of t h e  break where t h e  asymptotic s o l u t i o n  i s  used [24].  
F i n a l l y ,  a t h i r d  way is t o  r e p l a c e  t h e  corner  po in t  by a "curvature"  of f i n i t e  
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Figure  4.1.  Diagram of 
des igna t ions  used i n  f low 
around body wi th  break of 
contour  g e n e r a t r i x .  

r a d i u s  [191. 
around bodies  wi th  a break of t h e  g e n e r a t r i x  when t h e  r a d i u s  of "curvature"  
becomes s u f f i c i e n t l y  s m a l l .  

Such c a l c u l a t i o n s  are a c e r t a i n  approximation of t h e  f low p a t t e r n  

L e t  u s  examine each of t h e s e  methods s e p a r a t e l y .  

2. Ca lcu la t ion  by Scheme I. W e  w i l l  s e p a r a t e  t h e  f low f i e l d  behind t h e  
detached shock wave i n t o  two r eg ions  (I and 11) by means of ray  s = s (Figure 
4 .1) .  I n  reg ion  I, as usua l ,  w e  w i l l  use  t h e  or thogonal  coord ina te  system s ,  
n and i n  r eg ion  I1 t h e  p o l a r  system rl, 4 w i th  t h e  cen te r  a t  t h e  corner  po in t .  
Here the  magnitude of t h e  d e r i v a t i v e  of v e l o c i t y  w; = dw Id4 i s  determined 
from t h e  r e l a t i o n  along t h e  c h a r a c t e r i s t i c  of t h e  second family (- Mach l i n e ) ,  
which at t h e  corner  po in t  t akes  t h e  form 

* 

0 

where 6 i s  t h e  angle  of r o t a t i o n  of t h e  v e l o c i t y  vec to r .  

W e  no te  t h a t  t h e  v e c t o r  of son ic  v e l o c i t y  on t h e  body is  s i t u a t e d  normal 
Turn of t h e  f low i n  t h e  neighborhood t o  t h e  ray  sepa ra t ing  r eg ions  I and 11. 

of t h e  break fo l lows  t h e  angle  of r o t a t i o n  of t h e  v e l o c i t y  v e c t o r ,  t h e r e f o r e  
vo = wo and d4 = -a. 
d i f f e r e n t i a l  equat ion  f o r  determining t h e  v e l o c i t y  magnitude a t  t h e  corner  
po in t  

A s  a r e s u l t  of s imple  t ransformat ions  w e  o b t a i n  a 
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( d e r i v a t i v e s  wi th  r e spec t  t o  s i n  reg ion  I and wi th  r e spec t  t o  4 i n  reg ion  
I1 are denoted by pr imes) .  

The problem w i l l  be  examined i n  t h e  second approximation. To determine 
t h e  unknown parameters E ( O ) ,  uz(0) , which e n t e r  t h e  approximating system i n  
reg ion  I, w e  u s e  t h e  fol lowing condi t ions  a t  t h e  corner  po in t  

where v1 = E /N 
been reached a t  the corner  p o i n t .  

The cond i t ion  N (s* )  = 0 denotes  t h a t  a son ic  v e l o c i t y  has  0 0 0' 0 

W e  n o t e  t h a t  t h e  i n i t i a l  system of d i f f e r e n t i a l  equat ions  i s  approximated, 
gene ra l ly  speaking, i n  reg ions  I and I1 with  a d i f f e r e n t  degree of accuracy. 
The va lues  of t h e  func t ions  on t h e  boundary ray  s = s k y  obtained from c a l c u l a t i o n s  
i n  reg ion  I are not  completely exac t  d a t a  f o r  so lv ing  i n  reg ion  11. Although 
t h e  d i f f e r e n c e  of t h e s e  s o l u t i o n s  i s  s m a l l  and f o r  p r a c t i c a l  purposes i s  
i n s i g n i f i c a n t ,  i t  cannot h e l p  but  be  taken  i n t o  account i n  c a l c u l a t i o n s  by 
va r ious  approximating systems. Therefore ,  t h e  d a t a  on ray  s = s* are i n  need 
of some co r rec t ion .  To determine t h e  new va lues  of t h e  func t ions  u ( s * ) ,  
v ~ ( s * ) ,  i n  reg ion  I1 w e  use  t h e  condi t ions  of r e g u l a r i t y  of t h e  s o l u t i o n  a t  
s i n g u l a r  p o i n t s  on t h e  in t e rmed ia t e  l i n e  and on t h e  shock wave (E = 0 when 
N2 = 0, Eo = 0 when ct = 0, where v; = Ez/Nz, a CJ' = E,/u). 
t h e  reg ion  of t u r n  i s  approximately set  up. A s  c a l c u l a t i o n s  showed, t h e  pro- 
posed scheme g ives  good r e s u l t s .  

2 

2 
Thus t h e  f low i n  

The asymptotic form of R. Vaglio-Laurin i s  no t  used i n  t h i s  s o l u t i o n  i n  
t h e  neighborhood of t h e  son ic  break and the va lue  of t h e  d e r i v a t i v e  of veloc- /174 
i t y  a t  t h e  corner  po in t  remains f i n i t e ,  a l though l a r g e  i n  abso lu te  va lue .  
Nevertheless ,  f o r  segmental  bodies  with angles  of half-opening x = 30-35" 
t h e r e  i s  a s u f f i c i e n t l y  good agreement of t h e  obtained numerical  s o l u t i o n  and 
t h e  asymptot ic  s o l u t i o n .  The ind ica t ed  range of ang le s  x can be expanded, i f  
w e  smooth out  t h e  d e r i v a t i v e s  on approaching t h e  boundary r ay  s = s * .  

Figure  4.2. D i s t r i b u t i o n  of 
v e l o c i t y  a long s u r f a c e  of 
axisymmetric body wi th  f l a t  
end (6 = a; M, = 5.8; = 1 .4 ) ,  
obtained from exac t  s o l u t i o n  of 
R. Vaglio-Laurin and ca l cu la t ed  
by method of i n t e g r a l  r e l a t i o n s  
at  d i f f e r e n t  va lues  of wfus(Aw = 
c*-w 1: -----_- €US Aw 2 0.15 c* 1 s o l u t i o n  

AW 2 0.30 C* Of R. - . Aw 2 0.40 c* Vaglio- 
Laurin 

- - -  1 
method of i n t e g r a l  r e l a t i o n s  
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I n  F igure  4.2 t h e  d i s t r i b u t i o n  of v e l o c i t y  ( r e f e r r e d  t o  t h e  c r i t i ca l  
va lues  c ~ )  along t h e  s u r f a c e  of an axisymmetric body wi th  a f l a t  end (6 = 
obtained by t h e  method of i n t e g r a l  r e l a t i o n s  ( s o l i d  l i n e )  and by t h e  exac t  
s o l u t i o n  of R. Vaglio-Laurin (dashed l i n e )  i s  compared when M, = 5.8,  x = 1.4.  
The "fusion" of bo th  s o l u t i o n s  occurred i n  t h e  subsonic  reg ion  at d i f f e r e n t  
v e l o c i t y  v a l u e s  wfus(Aw = c* - wfus). 

For t h e  s o l u t i o n  i n  t h e  reg ion  of i n f luence  of b lun t ing  t o  be  extended t o  
t h e  supersonic  zone, t h e  i n i t i a l  d a t a  on t h e  supersonic  r a y  must be  known wi th  
a h igh  accuracy. 
d a t a  on t h e  supersonic  r a y  are r e f i n e d  by t h e  method of c h a r a c t e r i s t i c s .  For 
t h i s  purpose a t r i a n g u l a r  r eg ion  bounded 'by t h e  supersonic  p o r t i o n  of t h e  
shock wave and t h e  + Mach and - Mach l i n e s  i s  ca l cu la t ed  by t h e  method of 
c h a r a c t e r i s t i c s  from t h e  shock wave p l o t t e d  by t h e  method of i n t e g r a l  r e l a t i o n s .  
I n  t h i s  case t h e  f u n c t i o n s  on t h e  r ay  pass ing  from t h e  corner  po in t  through 
t h e  c a l c u l a t e d  r e g i o n  are determined. On t h e  segment of t h e  ray  between t h e  
break and t h e  c h a r a c t e r i s t i c  t r i a n g l e ,  t h e  v a l u e s  of t h e  func t ions  are found 
by i n t e r p o l a t i o n .  I n  t h e  c a l c u l a t i o n s  of t h e  supersonic  reg ion  t h e  "hanging" 
shocks are cons t ruc t ed ,  t h e  o r i g i n  of which i s  determined by t h e  po in t  of 
i n t e r s e c t i o n  of t h e  + Mach l i n e s  (Figures  4.3-4.7). 

A f t e r  determining t h e  f low i n  t h e  mixed reg ion  t h e  i n i t i a l  

C e r t a i n  r e s u l t s  of t h e  c a l c u l a t i o n s  are given i n  F igures  4.3-4.12 and 
i n  Tables  4.1-4.10. 

I n  F igu res  4.3-4.7 shock waves and "hanging" shocks a r e  cons t ruc ted  f o r  
cones wi th  segmental  b lun t ing  ( x  = 1.4; M, = 5.8; x = 33", and a l s o  M, = 4;  
6 ;  x = 30") a t  d i f f e r e n t  ang le s  of half-opening of t h e  cone (w = -5"; 0 " ;  10"). 

I n  F igures  4.4, 4.6, and 4.7 t h e  s o l i d  l i n e  corresponds t o  t h e  case M, = 
4 and t h e  dashed l i n e  t o  t h e  case M, = 6. 

The i n t e n s i t y  of t h e  "hanging" shock a t  f i r s t  r a p i d l y  inc reases ,  and then  
g radua l ly  dec reases  wi th  d i s t a n c e  from t h e  b lun t ing .  
m a x i m a l  ang le  of r o t a t i o n  of t h e  flow on pass ing  through t h e  "hanging" shock 
reaches s e v e r a l  degrees .  For example, a t  d i s t a n c e  x = 40 (Figure 4.5) t h e  
angle  of r o t a t i o n  of t h e  f low reaches  only 10 ' .  The appearance of t h e  "hanging' 
shock is explained by overexpansion of t h e  f low as t h e  flow t u r n s  around t h e  
corner  po in t  and by subsequent compression and s t a g n a t i o n  near  t h e  s i d e  s u r f a c e  
of t h e  body. 
ment of D. Fraasa  [50] (do t s ) ,  and w e  see t h a t  t h e  r e s u l t s  agree.  We n o t e  
t h a t  t h e  i n i t i a l  d a t a  on t h e  supersonic  r a y  obtained wi th  a h igh  degree of 
accuracy permi t ted  c a l c u l a t i n g  f low around long  bodies  at a d i s t a n c e  of t e n s  
of d iameters  of b lun t ing  (Figure 4.5). 

I n  t h e  c a l c u l a t i o n s  t h e  

I n  F igure  4.3 t h e  ca l cu la t ed  d a t a  are compared wi th  t h e  exper i -  

F igures  4.8 and 4 .9  show t h e  change of t h e  boundaries  of t h e  zone of 
t u r n  of t h e  f low f o r  d i f f e r e n t  a d i a b a t i c  exponents (M, = m; 6 = 1; x = 50"; 
w = 0" - Figure  4 . 8 )  and d i f f e r e n t  ang le s  of half-opening of t h e  s p h e r i c a l  
segment (M,,, = 4; x = 1.4;  6 = 1; w = 0" -F igu re  4 .9) .  These f i g u r e s  show t h e  
p l o t t e d  c h a r a c t e r i s t i c s  l i m i t i n g  t h e  r e s o n  of i n f luence  of b lun t ing  and t h e  

162 



Figure  4.3. Flow p a t t e r n  around 
body s p h e r i c a l  segment - cy l inde r  
(M, = 5.8; x = 1 . 4 ;  6 = 1; x = 33"): 

i n t e g r a l  r e l a t i o n s ;  * a ,  exper i -  
ment of D. F raasa  [ 5 0 ] .  

, c a l c u l a t i o n  by method of 

F igu re  4 .4 .  P o s i t i o n  of nose 
shock wave and "hanging" shock 
i n  f low around cone w i t h  seg- 
menta l  b l u n t i n g  ( x  = 1 .4 ;  
6 = 1; x = 30"; w = - 5 " ) :  

M, = 6. M, = 4;  ---- 

Figure  4.5.  P o s i t i o n  of nose shock 
wave and "hanging" shock i n  f low 
around c y l i n d e r  w i t h  segmental  
b l u n t i n g  (I& = 5.8; x = 1 . 4 ;  
6 = 1; x = 33"; w = 0 " ) :  1) Nose 
shock wave; 2) "hanging" shock. 

F igu re  4.6. P o s i t i o n  of nose shock 
wave and "hanging" shock i n  f low 
around c y l i n d e r  w i t h  segmental  
b l u n t i n g  ( x =  1 .4 ;  6 = 1; x = 30"; 
w = 0 " )  : - M, = 4 ;  _--- M, = 6 .  
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Figure  4 . 7 .  P o s i t i o n  of nose 
shock wave and "hanging" shock 
i n  f low around cone w i t h  
segmental b lun t ing  ( x  = 1 . 4 ;  
6 = 1; x = 3 0 " ;  w = 10"): 
- M, = 4 ;  ---- M, = 6 .  

Figure  4 . 9 .  Change of boundaries of 
zone of t u r n  i n  f low around cy l inde r  
wi th  segmental  b lun t ing  a t  va r ious  
angles  of half-opening of segment 
(& = 4 ;  x = 1.4; 6 = 1): 1 - x = 

30" ; 2 - x = 45";  3 - x = 5 5 " .  
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Figure  4.8. Change of boundaries  
of zone of t u r n  i n  f low around a 
c y l i n d e r  w i th  segmental b lun t ing  
( supersonic  d i s c o n t i n u i t y )  a t  
d i f f e r e n t  va lues  of 2 (& = m, 

x = 5 0 " ) :  1 - H = 1 . 2 9 ;  2 - % = 
1 . 4 ;  3 - x = 1.66 ... 

0 5 =, 

Figure  4.10. D i s t r i b u t i o n  of 
p r e s s u r e  on s i d e  s u r f a c e  of 
cy l inde r  wi th  segmental  b lun t ing  
a t  d i f f e r e n t  angles  of h a l f -  
opening of segment ( x  = 1 . 4 ) :  
1 - ~ = 3 0 " ;  2 - ~ = 4 5 " ; 3 - ~  = 
90" ; M, = 4 ,  --- & = 6. 

Figure  4 . 1 1 .  Magnitude of separa-  
t i o n  of shock wave on a x i s  of 
symmetry ~ ( 0 )  from s p h e r i c a l  
segment i n  r e l a t i o n  t o  angle  of 
half-opening ( x  = 1.4 ;  6 = 1): 
1 - & = 3 ; 2 - & = 4 ; 3 - M , =  
6 ;  4 - M m = l O ;  5 
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?/-----f 1 corresponds to data for x = 1.29, 

1.66 ..... In Figure 4 . 9 ,  curve 1 
corresponds to the value x = 30", 

- /178 
2 curve 2 for = 1.4, curve 3 for x = -~ ___ 

= 3 4 

Figure 4.12 shows the dependence of the wave drag coefficient Cx of 
spherical segments ( X  = 1.4, 6 = 1) on the M, number at the following values 
of the angle of half-opening: x = 30" (curve l), = 50" (curve 2), = 70" (curve 
3 ) ,  and = 90" (curve 4). 

Table 4.1 gives the values of the gas dynamic quantities in the region of 
influence of blunting having the shape of a spherical segment. The calculations 
were performed by scheme I of the method of integral relations in the second 
approximation (N = 2) when x =  1.4. Flow around a spherical segment with an 
angle of half-opening of x = 30" was examined at Mach numbers of the oncoming 
flow = 3 ,  4 ,  6, and 10. The values Of total velocity w, local Mach number M y  
pressure 
where po(0), To(0), and po(0) are values of the corresponding quantities at the 
stagnation point, are given in relation to s at values of 5 = n/E(s) = 0 
(body), 0.25, 0.50, 0.75, and 1 (shock wave). Cylindrical coordinates of 
points 5 ,  s are denoted by x, r (Figure 4.1). 

= p(5,s)/po(0), temperature T = T(S,S)/TO(O), density P = p ( ~ , s ) / p o ( 0 ) ,  

Tables 4.2-4.10 give the distribution of the quantities GO, 70, 90, WO, 
and Mo along the side surface of the body in the supersonic region. The cal- 
culations were performed by the method of characteristics for the following 
values of the angle of half-opening of the spherical segments x,.of the angle 
of half-opening of the cone w ,  and Mach number M, (Figure 4.1): 
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x = 30"; M, = 4; 6 ;  0 = - 5 " ;  0"; 5"; 10" (Tables 4.2 - 4.9) ;  
x = 33"; M, = 5.8; u = 0 "  (Table 4.10).  

Furthermore, t hese  t a b l e s  g ive  t h e  coord ina tes  x ,  r and t h e  tangent  of 
t h e  ang le  of i n c l i n a t i o n , t a n  a ,of  t h e  "hanging" shock and a l s o  t h e  va lues  of 
c e r t a i n  q u a n t i t i e s  be fo re  t h e  shock (des igna ted  by t h e  index - ) and a f t e r  
t h e  shock (index + ): 5 is t h e  tangent  of t h e  ang le  of i n c l i n a t i o n  of t h e  

v e l o c i t y  vec to r ;  s is  entropy;  

-- 11: 

6, = d K T  
Tables 4.3, 4.7, and 4.10 a l s o  g ive  t h e  coord ina tes  of t h e  nose shock 

rB-  wave xB, 

For o t h e r  cases examined h e r e  (w # 0") ,  i n  t h e  reg ion  be fo re  t h e  po in t  
of i n t e r s e c t i o n  of t h e  nose shock wave and t h e  "hanging" shock t h e  p o s i t i o n  
and shape of t h e  shock wave co inc ide  wi th  t h e  d a t a ,  when w = 0' f o r  t h e  
corresponding va lues  of t h e  Mach numbers of t h e  oncoming flow. 

It is  necessary t o  bea r  i n  mind t h a t  t h e  va lues  of v e l o c i t y  a r e  r e f e r r e d  

of d e n s i t y  t o  p,, of temperature  t o  p,wm,/R, 2 t o  wmax, of p re s su re  t o  p,w2 

of enthalpy t o  w2 
r e f e r r e d  t o  t h e  r a d i u s  of cu rva tu re  of t h e  body Ro a t  t h e  c r i t i c a l  po in t .  
The index m denotes  parameters  of an undis turbed  flow. 

max ' 
and of entropy t o  Rlip, .  A l l  l i n e a r  dimensions are max 

3 .  Calcu la t ion  by Scheme 11. A s  w a s  a l r eady  noted i n  t h e  f i r s t  chap te r ,  
scheme I1 of t h e  method of i n t e g r a l  r e l a t i o n s  w a s  used a l s o  f o r  c a l c u l a t i n g  
flow around bodies  wi th  a son ic  d i s c o n t i n u i t y .  I n  t h i s  case t h e  asymptot ic  
c a l c u l a t i o n s ,  w e r e  examined i n  t h e  neighborhood of t h e  po in t  of d i s c o n t i n u i t y  
( reg ion  G, F igure  4.13). Outside t h i s  reg ion  w e  used t h e  a lgor i thm of scheme 
I1 i n  t h e  u s u a l  form, t h e  a d d i t i o n a l  cond i t ions  of "fusion" of both s o l u t i o n s  
made t h e  problem single-valued.  

F igu re  4.13. Diagram of separa-  
t i o n  of i n t e g r a t i o n  range when 
c a l c u l a t i n g  flow around body wi th  
d i s c o n t i n u i t y  of contour g e n e r a t r i x  
by t h e  method of i n t e g r a l  r e l a t i o n s .  
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Let us first examine near-sonic flow in the neighborhood of G of the 
Zorner point. The solution has the form of a power series of distance on 
he surface of the body (5 = 0 )  with coefficients depending upon the correspond- 
ng self-similar variable 3 

There 

*he principal term of expansion (4.1) corresponding to two-dimensional 
Jotential flow in the neighborhood of the discontinuity has coefficients 
If the form (derivatives with respect to 3 are denoted by primes) 

(4.2) 6 ,  = B’, 8,=’(78-5<8’)/4, 

There 

8’’ = B1(21g -2558’)/16, l / B ,  = 8’ -gq2. 25 

is follows from [51], the function g can be expressed in a parametric form 
n the following manner (C is the scale constant) 

0 = ,(25/42)*5-’(5x2 + 5 ~ - 4 ) ( l - ~ ) - ~ ( l + ~ x ) - % C - ~ ;  

< = - 2 * 5 - % ( 1 -  ~ ) - ~ ( l + $ x ) - ’ C ,  -5  < x  < 1 .  

-f C = 1, then g’(1) = 0 ,  and g % (125/56) 
.%C3/3 - (675/96) * 10-1/3 5 
-xpansion (4.1) take into account the axisymmetric and eddy character of the 
low. The system of differential equations for determining the coefficients 
If the terms up to third order inclusively is as follows 

2-1/5(-<)7/5 when 5 + - m ,  

when 3 + 0 0 .  The higher order terms of 
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where 

The functions iii, Gi should satisfy the boundary conditions both in the 
subsonic region (zero equality of the normal component of velocity on the 
surface of the body) and in the supersonic zone, where the solution describes 
a flow of the Pradtl-Meyer type. 
(4.1) the coefficients are equal to 61 = 0 ,  Gl = -v sin €I*. 

in the plane case (v = 0 )  63 = 0 ,  J3 = 0. 

In the first-order terms of the expansion 
Furthermore, 

The solution of (4.1) holds true in the supersonic region only at small 
angles I+ of rotat.ion of the flow (Figure 4.1). For example, when $I -f n / 2  

the functions 
entire solution of (4.1) loses meaning. Let us examine the extension of 
this solution into the purely supersonic region, which is valid at finite 
values of angle I+. 

- 2+r 3 2  

Gi, E ti increase infinitely in absolute value, and the 

We will seek this solution in the form 

The principal term represents the Prandtl-Meyer solution, and the terms con- 
taining rl are corrections to it. In the case of a supersonic discontinuity 
the corrections for the potential axisymmetric flow are written out in work 
~ 5 2 1  

We will find the corrections for the case of a sonic discontinuity. The 
indexes on r1 are determined here from the condition of "fusion" of the given 
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lution with the solution of R. Vaglio-Laurin: 

u1 = p1 = 5; 4 u2 = p2=1;  a3 = p3= IO/% 

e functions f(j) are expressed in the following manner: i 

fy + - c, x-  (2%-ucos 2c, cp 
2 s i n  C,Q K - 1  

f,"' = K - 

-re the constants C1, C2, and C3 are also found from the condition of "fusion" 
h the solution of R. Vaglio-Laurin. The obtained solution has a singularity 
-n 4 = 0. 

/183 
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Expansions (4.1) and (4.4) permit finding all parameters of the flow in 
the neighborhood of G of the sonic discontinuity with an accuracy up to the 
scale constant. 

The approximating system of scheme I1 of the method of integral relations 
contains N f 1 unknown parameters ~ i ,  i = 0 ,  1, 2, ... N, where are in 
the values of the magnitude of detachment of the shock wave on the i-th line 
of separation. Furthermore, solution (4.1) includes an additional unknown 
parameter C y  the scale constant. Thus, we have in all N + 2 unknown parameters 
which are determined from N boundary conditions on the body (iii = 0 ,  i = 0 ,  2, 
3, ..., N) and two conditions of "fusion" for the velocity components u and v 
(Figure 4.13) at point 1 of the intersection of the boundary of region G with 
the boundary characteristic. 

The order of calculation is as follows. When 5 = 1, the initial values 
of all unknown functions are determined from the conditions on the shock wave, 
after which the approximating system is integrated by the usual method up to 
point 1, where 5 = 5,. 
grated simultaneously with equations (4.1)-(4.4) which describe near-sonic 
flow in the neighborhood of the discontinuity. 

When 0 < 5 7 50 ,  the approximating system is inte- 

To determine the unknown parameters we used the method of steepest 
descent, and the accuracy of the solution of the boundary-value problem is 
determined by the value of the maximal permissible error 

where ulV, vlv are the values of the velocity components at point 1 found by 
formulas (4.1) . 

We will present certain results of calculations carried out by the above- 
described scheme (Moo = 10, % = 1.4). 

Figure 4.14, arb, shows the shape of the shock wave generated upon flow 
around spherical segments with angles of half-opening x = 43'30' (case 1) and 
33' (case 2) .  The distribution of the velocity components u and v across the 
shock layer on the axis of symmetry s = 0 ,  on the intermediate line s = 

1 / 2  ~ ~ ( 5 )  and on the boundary characteristic s = sl(5) is given for the same 
bodies in Figures 4.15-4.17 and in Table 4.11. We see that the behavior of 
the quantity u on the boundary characteristic depends strongly on the angle 
of half-opening of the segment (Figures 4.15 and 4.16). 

A s  the calculations show, an increase of the angle of half-opening of 
the segment leads to an increase of the scale constant C entering the solution 
of (4.1). When the angle of half-opening of the segment corresponds to the 
position of the sonic point on the sphere, the scale constant becomes infinite 
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and the principal term of expansion (4.1) degenerates to the Prandtl-Meyer 
solution. 

n 
a4 1 
420 

ala. 

0.16 

0.14 - 
412. 

o O,? 0.2 0,s 44- 45 46 0;7 d.a 5 

a b 

Figure 4.14. Shock waves and boundary 
characteristics for flow around spherical 
segments with angles of half-opening x = 43"30' 
and 33" (M, = 10; x = 1.4; 6 = 1): a) position 
of shock wave and boundary characteristic; b) 
magnitude of separation of shock wave from 
surface of body; 1) x = 43O30'; 2 ) x  = 33". 

Calculations were carried out in the second approximation (N = 2). 
An investigation of the algorithm of scheme 11 shows that the maximal error 
occurs on the boundary characteristic and does not exceed 2 percent here. 
The error of the calculations on the axis and midline is about 0.5 percent. 
We note that at the point of "fusion" of the two solutions the velocity 
components undergo a small discontinuity. 

Two terms (zero and first order) in solution (4.1) were used to construct 
flow in the neighborhood of the discontinuity. Calculations showed that the 
'effect of the higher order terms is negligible. 
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Figure 4.15. Distribution of 
normal velocity component along 
axis of symmetry (uo) , boundary 
characteristic (ul), and inter- 
mediate line (u2) (flow around 
spherical segment: M, = 10; 

= 1.4; 6 = 1; X = 43”30’)* 

Figure 4.16. Distribution of normal 
velocity component along axis of 
symmetry (u,), boundary characterist 
(ul), and intermediate line (u2) 
(flow around spherical segment: 
M, =‘lo; x = 1.4; 6 = I; x = 33”). 

Figure 4.17. Distribution of 
tangential velocity component 
along boundary characteristic 
(vl) and intermediate line (v2). 

L .  Calculation of Flow Around Bodies With Discontinuity of Contour Curvature 
(Scheme I) . 
The approximating system of equations describing flow around bodies with 

a discontinuity of curvature of contour is completely analogous to the case 
for smooth bodies. However, at small values of the radius of ”curvature” 
certain derivatives can have a discontinuity on the ray passing through the 
point of discontinuity of curvature. 
continuous smoothing of the derivatives. 

To extend the solution we must perform 

We will present the technique of calculating bodies with a discontinuity 
of curvature. 
arc) of the point of discontinuity and 7 is the dimensionless radius of 

The values of S; and F, where s- is the coordinate (length of r 

curvature” referred to the radius of the midsection, are given. Calculation II  
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Figure 4.18. Shape of shock wave and sonic 
line in flow around a body with discontinuity 
of contour curvature (M, = 5.8): - equilib- 
r i m  air (p, = 1 atm; T, = 300’K); ---- ideal 
gas ( x  = 1.4). 

from s = 0 (axis of symmetry) to s = SF is performed in the usual manner, 
and when s = S F  the equation of the body changes. 
justing the parameters remain as before. Figures 4.18-4.21 and Tables 
4.12-4.15 give the flow pattern and distribution of gas dynamic parameters 
in the region between the shock wave and the body when l / F  = 2 and 64. 

The conditions of ad- 

Figure 4.19. Distribution of 
pressure and magnitude of 
separation of shock wave upon 
flow around body with dis- 
continuity of curvature M, = 
5.8 ; 1 / H  = 2 ;  64) : - equilib- 
rium air (p, = 1 atm; T, = 300OK); 
---- ideal gas ( x  = 1.4). 

1187 
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Figure 4.20. Distribution of 
temperature along surface for 
flow around body with dis- 
continuity of curvature (& = 
5.8 ; 1/f = 2; 64): - 
equilibrium air (p, = 1 atm; 
T, = 300'K); ---- ideal gas 
( x  = 1.4). 

Figure 4.21. Distribution of pressure 
and magnitude of separation of shock 
wave for flow of ideal gas around 
body with discontinuity of curvature 
(M, = 5.8; x = 1.4; l/F = 2,4,8, 
and 64): - * *  experiment of Fraasa 
[531. 

Figure 4.18 shows the position of the shock wave and sonic line for flow 
of an ideal gas ( x  = 1.4, dashed line) and equilibrium dissociating air (p, = 
1 atm; T, = 300"K, solid line) around a body (M, = 5.8). We note the unique 
form of the sonic line when l/Y 
flow in the neighborhood of the sonic point. 
the distribution of pressure and temperature along the surface of the body, 
and Figure 4.21 shows the dependence po(s) and E ~ ( s )  when l/r The 
corresponding experimental values taken from the work of D. Fraasa [sic! - 
Trans., 531 are also plotted here. 

= 64, which is due to intense turning of the 
Figures 4.19 and 4.20 show 

= 1-64. 

Tables 4.12 and 4.13 give the gas dynamic quantities of a body (6 = 0), 
on the wave (6 = 1) , and on the intermediate line (6 = 0.5) for flow of an 
ideal gas around a body (M, = 5.8; % = 1.4; l/f = 2 and 64). 

Tables 4.14 and 4.15 give the vaules of the gas dynamic quantities in 
the case of flow of equilibrium dissociating air around bodies (M, = 5.8; 
p, = 1 atm; T, = 300"K, l/T = 2 and 64). 
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CALCULATION OF FLOW IN THE REGION OF INFLUENCE OF BLUNTING 

SCHEME I. N = 2 

1.000 
0.994 
0.978 
0.949 
0.883 

0.997 
0,991 
0.974 
0,944 
0,888 

0,988 
0,982 
0.964 
0.933 
0.883 

0,975 
0.968 
0.949 
0.917 
0.870 

0.956 
0.950 
0.930 
0.897 
0.850 

TABLE 4.1 

Ideal Gas; % = 1.4. 

Spherical Segment with a Sonic Discontinuity; 6 = 1; x = 30° 

1.000 
0.987 
0.947 
0.877 
0.733 

0.992 
0,981 
0.948 
0.889 
0.776 

0.971 
0.963 
0.937 
0.890 
0.808 

0.939 
0.933 
0.914 
0.881 
0.828 

0.895 
0.892 
0.881 
0.863 
0.835 

0.00 
0.00 
0.00 
0.00 
0.00 

0.25 
0.25 
0.25 
0.25 
0.25 

0.50 
0.50 
0.50 
0.50 
0.50 

0.75 
0.75 
0.75 
0.75 
0.75 

1 .oo 
i.00 
1.C.o 
1.00 
'I .oo 

0.00 
0.GO 
0.00 
0.00 
0.00 --. 

1.000 
0.981 
0.926 
0.833 
0.655 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 
... . 

1,000 1.000 
0.994 0.986 
0.978 0.946 
0.949 0.877 
0.886 0.739 

0.0000 
0.00780 
0.0311 
0.0695 
0.122 

-0.0500 
-0.0422 
-0.0189 
+0.0195 
+O. 0730 

-0.100 
-0.0922 
-0.0690 
-0.0303 
+0.0235 

-0.150 
-0.142 
-0.119 
-0.0803 
-0.0259 

-0.200 
-0.192 
-0.169 
-0.130 
-0.0754 

0.00000 
0.00780 
0.0310 
0.0694 
0.122 
.~- 

0.0000 
0.0730 
0.147 
0.225 
0.337 

0.000 
0.124 
0.247 
0.366 
0.479 

0.000 
0.131 
0.260 
0.385 
0.506 

0.000 
0.137 
0.272 
0.405 
0.533 

0.000 
0.143 
0.285 
0.425 
0.560 

0.000 
0.149 
0.298 
0.444 
0.587 

0.000 
0.163 
0.332 
0.516 
0.800 

0.000 
0.124 
0.247 
0.366 
0.479 

1.000 
0.981 
0.927 
0.832 
0.647 

0.989 
0.973 
0.924 
0.839 
0.689 

0.960 
0.946 
0.903 
0.831 
0.714 

0.915 
0.903 
0.868 
0.808 
0.721 

0.856 
0.847 
0.820 
0.774 
0.710 

0.0000 
0.0723 
0.146 
0.225 
0.341 

0.0542 
0.0925 
0.160 
0.236 
0.334 

0.106 
0.131 
0.188 
0.258 
0.342 

0.158 
0.177 
0.224 
0.287 
0.360 

0.207 
0,223 
0.264 
0.320 
0.386 

0.000 
0.162 
0.330 
0.518 
0.812 

0.121 
0.207 
0.362 
0.543 
0.793 

0.240 
0.297 
0.428 
0.597 
0.813 

0.358 
0.402 
0.515 
0.670 
0.864 

0.475 
0.512 
0.612 
0.757 
0.936 
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TABLE 4.1 Continued 

- 
4 

0.25 
0.25 

0.25 
0.25 

0.50 
0.50 
0.50 
0.50 
0.50 

0.75 
0.75 
0.75 
0.75 
0.75 

1.00 
1.00 
1 roo 
1.00 
1.00 

0.25 

0.00 
0.00 
0.00 
0.00 
0.00 

0.25 
0.25 
0.25 
0.25 
0.25 

0.50 
0.50 
0.50 
0.50 
0.50 - 

S 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 - 

X 

-0.0420 
-0.0342 
-0.0109 
+0.0274 
+O. 0807 

-0.0840 
-0.0762 
-0.0530 
-0.0145 
+0.0390 

-0.126 
-0.118 
-0.0950 
-0.0565 
-0.00262 

-0.168 
-0.160 
-0.137 
-0.0985 
-0.0443 

0. ooooa 
0.00780 
0.0310 
0.0694 
0. -I22 

-0.0362 
-0.0285 
-0.00525 
t0.0331 
t0.0862 

-0.0725 
-0.0648 
-0.041 5 
-0.003 16 
t0.0501 

r 
0.000 
0.129 
0.258 
0.382 
0.502 

0.000 
0.135 
0.268 
0.399 
0.524 

0.000 
0.140 
0.279 
0.415 
0.547 

0.000 
0.145 
0.290 
0.432 
0.570 

0.000 
0.124 
0.247 
0.366 
0.479 

0.000 
0.129 
0.256 
0.380 
0.499 

0.000 
0.133 
0.265 
0.394 
0.518 

- 
P 

0.992 
0.975 
0.925 
0.840 
0.691 

0.968 
0.953 
0,909 
0.835 
0.716 

0.929 
0.917 
0.884 
0.818 
0.727 

0.878 
0.868 
0.838 
0.790 
0.724 

a,= 6 

1.000 
0.981 
0.925 
0.833 
0.664 

0.994 
0.977 
0.926 
0.840 
0.698 

0.974 
0.958 
0.913 
0.837 
0.724 

~ - 
T 

~ 

0.997 
0.991 
0.973 
0 942 
0.885 

0.990 
0.984 
0.963 
0.929 
0.875 

0.979 
0.972 
0.949 
0.912 
0.858 

0.963 
0.955 
0.930 
0.890 
D.834 

I. 000 
0.994 
0.978 
0.949 
0.889 

0.998 
0.991 
0.972 
0.939 
0.884 

0.992 
0.985 
0.962 
0.925 
0.870 - 

P 

0.994 
0.984 
0.950 
0.892 
0.781 

0.977 
0.969 
0.943 
0.898 
0.818 

0.949 
0.943 
0.927 
0.897 
0.847 

0.911 
0.908 
0.901 
0.888 
0.867 

1,000 
0.986 
0.946 
0.877 
0.746 

0.996 
0.985 
0.952 
0.894 
0.790 

0.981 
0.973 
0.948 
0.905 
0.833 
-~ 

W 

0.0475 
0.0910 
0.162 
0.240 
0.339 

0.0952 
0.125 

0.265 
0.352 

0.143 
0.167 
0.224 
0.295 
0.376 

0. I 9 0  
0.211 
0.263 
0.330 

0.189 

0.407 

0.0000 
0.0737 
0.148 
0.225 
0.332 

0.0426 
0.0909 
0.166 
0.245 
0.340 

0.0864 
0.122 
0.193 
0.273 
0.360 

.. 
~ 

M - 
0.10t 
0.204 
0.365 
0.554 
0.80: 

0.213 
0.282 
0.432 
0.614 
0.842 

0.323 
0.37E 
0.514 
0.692 
0.90E 

0.434 
0.483 

0.784 
0.996 

0.610 

0.000 
0.165 
0.334 
0.51 7 
0.787 

0.095 
0.204 
0.377 
0.566 
0.809 

0.194 
0.275 
0.441 
0.635 
0.863 
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TABLE 4.1 Continued 

5 
.. 

0.75 
0.75 
0.75 
3.75 
3.75 

1.00 
1.00 
1.00 
1.00 
1.00 

3. oc 
3.  oc 
1. oc 
I. oc 
I. oc 

1.25 
1.25 
1.25 
1.25 
J.25 

50 
1.50 
1.50 
1. 50 
1. 50 

). 75 
1-75 
j ,  75 
). 75 
). 75 

1.00 
' . 00 . 00 . 00 . 00 

S 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

. _  

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0,125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
0.500 

0.000 
0.125 
0.250 
0.375 
3.500 

x _.- - 
-0. 108 
-0. 101 
-0.0779 
-0.0394 
+O. 01 40 

-0.145 
-0.137 
-0,114 
-0.0758 
-0.0220 

0. ooooc 
0,0078C 
0.0311 
0.0695 
0.122 

-0.0333 
-0,0255 
.o. 00230 
0,0361 

-0.0892 

.O. 0667 
0.0589 

.O, 03 56 
0.00280 
0.0561 

0.1000 
0.0922 
0.0690 
0.0305 
0.0229 

0.133 
0.125 
0.102 
0.0639 
0.0102 

I 

. -. 

r 
.. 

0.000 
0.138 
0.275 
0.409 
0.538 

0.000 
0.142 
0.284 
0.423 
0.558 

0.000 
0.124 
0.247 
0.366 
0.479 

0.000 
0.128 
0.255 
0.379 
0.497 

0.000 
0.133 
0.264 
0.392 
0.515 

0.000 
0.137 
0.273 
0.405 
0.533 

0.000 
0.141 
0.281 
0.418 
3.551 

- 
P 

3.939 
3.927 
3.888 
3.825 
3.738 

1.893 
1,883 
3.852 
1.802 
1. 734 

1. ooc 
0.98C 
0.924 
0.832 
0.667 

0.995 
0.97@ 
0.925 
0.839 
0.698 

G.976 
0.961 
3.914 
3.838 
3.724 

3.945 
3.934 
3.892 
3.827 
3. 739 

3.901 
1.890 
1.859 
1.807 
1.738 

T: 
0.982 
0.974 
0.948 
0.906 
0.848 

0.968 
0.958 
0.929 
0.881 
0.817 

I. 000 
0.994 
0.977 
0.948 
0.890 

0.998 
0.991 
0.971 
0.937 
0.881 

0.993 
0.985 
0.961 
0.921 
0.564 

0 984 
0.974 
0.946 

0.838 

0.970 
0.993 
0.927 
3.874 
3.803 

0.901 

- 
P 

0.956 
0.951 
0.936 
0.910 
0.870 

0.922 
0.921 
0.917 
0.910 
0.899 

1 .ooc 
0.986 
0.945 
0.877 
0.749 

0.997 
0.986 
0.953 
0.895 
0.792 

0,983 
3.975 
3.951 
3.909 
3.838 

3,960 
3,955 
3.942 
3.918 
1.881 

1.928 
?, 928 
1. 926 
1. 923 
1.919 

W 

0.131 
0.161 
0.227 
0.306 
0.389 

0.177 
0.203 
0.266 
0.343 
0.427 

O.OOO( 
0.074: 
0.148 
0,226 
0.330 

0.040( 
0.091: 
0.168 
0.249 
0,343 

0,081 ; 
0.121 
0.196 
0.279 
0.367 

0.125 
0,158 

G,,314 
0.401 

0.170 
0.200 
C.'I?? 
3.353 
3.443 

0,231 

~- 

hi 
0.296 
0.365 
0.522 
0.719 
0.946 

0.404 
0.465 
0.61 7 
0.819 
1.057 

0.000 
0.166 
0.336 
0.518 
0.782 

0.089 
0.205 
0.383 
0.576 
0,818 

0.183 
0.273 
0.449 
0.650 
0.884 

0.282 
0.359 
0.530 
0.740 
3.979 

0.387 
0.457 
3,626 

3.846 
1.105 - 
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CALCULATION OF FLOW IN SUPERSONIC REGION 
BY THE METHOD OF CHARACTERISTICS. 
IDEAL GAS; x = 1.4; M, = 4 - 6 .  

TABLE 4.2 

M, = 4 .  Spherical Segment-Cone; 6 = 1; x = 30’; w = -5’. 

Distribution of Gas Dynamic Parameters Along Surface of Body 

XO 

0.134 
0.272 
0.408 
0.515 
0.638 

0.771 
8.865 
1.025 
1.142 
1.296 

1.492 
1.748 
2.087 
2.545 
3.178 

4.079 

- 
.Po 

0.00710 
0.0201 
0.0309 
0.0371 
0.0417 

0.0448 
0.0461 
0.0476 
0.0481 
0.0484 

0.0483 
0.0478 
0.0468 
0.0455 
0.0445 

0.0465 

- 
TO 

0.243 
0.327 
0.370 
0.390 
0 403 

0.411 
0.415 
0.418 
0.420 
0.421 

0.420 
0.419 
0.416 
0.413 
0.411 

0.416 

- 
P O  

0.0293 
0.0614 
0.0@34 
0.0951 
0.103 

0.108 
0.111 
0.113 
0.114 
0.115 

0.114 
0.113 
0.112 
0.110 
0.108 

0.111 - 

11 Hanging” Shock 

. .- 

WO 

0.870 
0.820 
0.793 
0.780 
0.772 

0.766 
0.764 

0.761 
0.760 

0.760 
0.761 
0.763 

0.762 

0.765 
0.767 

0.764 

-~ . -  

M O  
-- 

3.941 
3.203 
2.915 
2.794 
2.718 

2.672 
2.653 
2.633 
2.625 
2.621 

2.622 
2.630 

2.662 
2.675 

2.647 

2.643 

- 

0.424 0.528 -0.214 3.025 
0.505 0.537 -0.167 2.815 
0.602 0.551 -0.147 2.724 
0.801 0.585 -0.127 2.665 
1.310 0.698 -0.0716 2.640 

-0.811 
-0.813 
-0.817 
-0.827 
-0.865 

-0.243 
-0.241 
-0.230 
-0.205 
-0.146 

-0.811 0.0903 
-0.814 0.131 
-0.819 0.155 
-0.829 0.185 
-0.866 0.247 

2.813 I 1.110 1-0.0143 I 3.068 1 -1.098 I -0.0633 I -1.098 I 0.276 I 
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M, = 4 .  

-0.168 -0.160 -0.137 -0,0986 -0.0443 0.0126 0.0371 0.0720 0.112 0.183 
0.145 0.290 0.432 0.570 0.680 0.719 0.767 0.816 0.890 

0.5541 0.765 I 1.114 1.530 2.145 2.566 3.098 3.778 

r E  

'B 0.310 0 410 

TABLE 4.3 

Spherical Segment-Cylinder; 6 = 1; x = 30'; w = 0' 

Distribution of Gas Dynamic Parameters 

Along Surface of Body 

1 

5.000 

xO 

0.134 
0.269 
0.395 
0.524 
0.662 

0.736 
0.838 
0.91 7 
1.021 
1.152 

1.321 
1.540 
1.826 
2.207 
2.726 

3.448 
4.541 
5.090 
5.727 
6.478 

7.376 
9.093 

10.57 
11.45 

~ _-_ 

- 

- 
PO 

rB 1.0021 1:OEI I 1.1811 1.3:y 1.513 

0.0115 
0.031 7 
0.0449 
0.0532 
0.0575 

0.0587 
0.0595 
0.0598 
0.0598 
0.0592 

0.0581 
0.0562 
0.0536 
0.0504 
0.0470 

0.0440 
0.0422 
0.0420 
0.0420 
0.0422 

0.0423 
0.0427 
0.0433 
0.0436 

1.723 2.004 2.183 2.399 2.662 3.111 

- 

T O  
0.279 
0.373 
0.412 
0.432 
0.442 

0.444 
0.446 
0.447 
0.447 
0.446 

0.443 
0.439 
0.433 
0.426 
0.417 

0.409 
0.404 
0.404 
0.404 
0.404 

0.405 
0.406 
0.407 
0.408 
._ 

__ - 
PO __ 

0.0411 
0.0851 
0.109 
0.123 
0.130 

0.132 
0.133 
0.133 
0.133 
0.132 

0.131 
0.128 
0.123 
0.118 
0.112 

0.107 
0.104 
0.103 
0.104 
0.104 

0.104 
0.105 
0.106 
0.106 
- ~~ 

"Hanging" Shock 
. .. - __ 

5, 
-0.126 
-0.083 5 
-0.0659 
-0.043 1 
+0.00324 

+0.0275 
+O. 0268 
+0.0244 
+0.0208 
. .. .- - 

Coordinates 

WO 

0.849 
0.791 
0.766 
0.753 
0.746 

0.745 
0.743 
0.743 
0.743 
0.744 

0.745 
0.748 
0.752 
0.757 
0.763 

0.768 
0.771 
0.771 
0.771 
0.771 

0.771 
0.770 
0.769 
0.768 

M O  - 
3.594 
2.897 
2.669 
2.561 
2.510 

2.497 
2.488 
2.485 
2.486 
2.492 

2.504 
2.525 
2.555 
2.595 
2.640 

2.683 
2.711 
2.713 
2.713 
2.711 

2.709 
2.702 
2.694 
2.689 - 

. .  

f Nose Shock Wave 

- 
tg 0 - 

0.204 
0.243 
0.266 
0.298 
0.343 

0.315 
0.294 
0.282 
0.273 

/193 
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TABLE 4.4 

M, = 4 .  S p h e r i c a l  Segment-Cone; 6 = 1; x = 30° ;  w = 

D i s t r i b u t i o n  of G a s  Dynamic Parameters  Along Sur face  of 

- 
x 

0.360 
0.423 
0.503 
0.697 
1.182 

2.278 
2.725 
3.316 
4.123 

- 
%O - 

0.134 
0.205 
0.265 
0.397 
0.457 

0.525 
0.574 
0.665 
0.701 
0.824 

0.914 
1.028 
1.174 
1.361 
1.605 

1.927 
2.359 
2 * 954 
3.845 
4.210 

4.622 
5.094 
5.635 
6.614 
7.407 

r 
0.574 
0.596 
0.625 
0.702 
0.909 

1.354 
1.516 
1.721 
1.592 

- 
PO 

0.0178 
0.0337 
0.0476 
0.0652 
0.0699 

0.0734 
0.0751 
0.0768 
0.0771 
0.0773 
9 
0.0768 
0.0757 
0.0739 
0.0712 
0.0678 

0.0638 
0.0597 
0.0564 
0.0547 
0.0545 

0.0545 
0.0544 
0,0544 
0.0547 
0.0551 
__L_ 

0.316 
0.379 
0.419 
0.458 
0.467 

0.474 
0.477 
0.480 
0.480 
0.481 

0.480 
0.478 
0.475 
0.470 
0.463 

0.455 
0.447 
0.439 
0.436 
0.435 

0.435 
0.435 
0.435 
0.436 
0.436 

0.0563 
0.0889 
0.113 
0.142 
0.149 

0.154 
0.157 
0.159 
0.260 
0.160 

0.160 
0.158 
0.155 
0.151 
0.146 

0.140 
0.133 
0.128 
0.125 
0.125 

0.325 
0.125 
0.125 
0.125 
0.126 

"Hanging" Shock 

- 
<+ 

_c_ 

-0.0464 
-0.00655 
+0.0113 
+0.0276 
+0.0662 

+0.0752 
+O. 071 9 
t-0.0676 
+0.0622 

B, 
2.534 
2.382 
2.319 
2.309 
2.425 

3.129 
3.310 
3.428 
3.538 - 

-0.816 
-0.820 
-0,828 
-0.849 
-0.929 

-1.303 
-1.399 
-1.460 
-?.SO9 

WO 

0.828 
0.787 
0.762 
0.735 
0.729 

0.725 
0.722 
0.720 
0.720 
0.720 

0.720 
0.722 
0.724 
0.727 
0.732 

0.737 
0.743 
D. 748 
0.750 
D. 751 

3.751 
3.751 
3.751 
3.750 
1.750 

M O  

3.287 
2.857 
2.633 
2.430 
2.385 

2.354 
2.339 
2.325 
2.322 
2.321 

2.325 
2.334 
2.350 
2.373 
2.405 

2.444 
2.486 
2.522 
2.543 
2.544 

2.545 
2.546 
2.546 
2.543 
2.538 - 

I 
t a m  
0.319 
0.358 
0.381 
0.405 
0.434 

0.370 
0.353 
0.341 
0.330 

50 

Body 
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TABLE 4.5 

0.0267 
0.0481 
0.0684 
0.0803 
0..0308 

M, = 4 .  Spherical Segment-Cone; 6 = 1; x = 30"; w = 10" 

Distribution of Gas Dynamic Parameters Along Surface of Body 

0.355 0.0752 0.802 
0.420 0.114 0.761 
0.464 0.147 0.731 
0.486 0.165 0.716 
0.504 0.180 0.704 

X 

0.327 
0.382 
0.450 
0.617 
1.036 

1.979 
2.285 
2.668 
3.155 
3.791 

4.644 

~ 

0.0960 
0.0990 
0.100 
0.101 
0.100 

XO 

0.134 
0.195 
0.260 
0.319 
0.393 

0.458 
0.522 
0.570 
0.634 
0.742 

0.512 0.187 0.696 2.190 
0.516 0.191 0.695 2.163 
0.518 0.193 0.693 2.155 
0.519 0.194 0.693 2.150 
0.519 0.194 0.693 2.151 

0.820 
0.920 
1.046 
1.208 
1.416 

1.689 
2.052 
2.545 
3.282 
3.932 

0.100 
0.0985 
0.0961 
0.0929 
0.0888 

0,0843 
0.0802 
0.0777 
0.0771 
0.0774 

4.588 
5.187 
5.907 
6.471 

0.518 0.193 0.69& 
0.515 0.191 0.695 
0.512 0.187 0.698 
0.507 0.183 0,702 
0.500 0.177 0.706 

0.493 0.170 0.711 
0.486 0.164 0,716 
0.482 0.161 0.719 
0.480 0.160 0.720 
0.481 0.160 0.720 

r 

3.013 
2.625 1 
2.399 
2.297 
2.218 1 

2.156 
2.166 
2.182 
2.204 
2.233 

2.266 
2.297 
2.317 
2.323 
2.320 

"Hanging" Shock 

0.589 
0.615 
0.649 
0.736 
0.961 

1.418 
I .  549 
1.710 
1.908 
2.159 

2.487 

0.0332 
0.0699 
0.0886 
0.100 
0.131 

0.127 
0.123 
0.118 
0.112 
0.105 

0.0985 

p+ 
2.318 
2.188 
2.127 
2.137 
2.299 

3.051 
3.156 
3.243 
3.332 
3.400 

3.448 

-0.818 
-0.824 
-0.832 
-0.860 
-0.950 

-1.368 
-1.422 
-1.465 
-1.509 
-1.540 

-1.557 

0.00441 
0.00254 
0.00744 
0.0233 
0.0571 

0.0780 
0.0782 
0.0776 
0.0764 
0.0743 

0.0716 

-0.818 
-0.825 
-0.834 
-0.861 
-0.963 

-1.368 
-1.422 
-1.466 
-1.509 
-1.540 

-1.557 

1 

0.447 

0.510 
0.527 
0.535 

0.437 
0.424 
0.412 
0.400 
0.389 1 0.380 

/195 
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TABLE 4 . 6  

M, = 6 .  S p h e r i c a l  Segment-Cone; 6 = 1; x = 30'; w = - 5 O  

D i s t r i b u t i o n  of G a s  Dynamic Parameters Along Sur face  of Body 

p+ 
3.052 
2.845 
2.805 
2.921 
3.034 

3.222 
3.641 

%O 

0.134 
0.258 
0.386 
0.445 
0.520 

0.593 
0.71 5 
0.836 
0.919 
1.021 

1.147 
1.305 
1.505 
2.093 
2.733 

3.163 
3.408 
3.677 
3.971 
4.295 

4.652 
5.046 

L 
-0.867 -0.224 
-0.874 -0.207 
-0.897 -0.162 
-0.945 -0,0982 
-0.990 -0.0693 

-1.069 -0.0427 
-1.245 -0.0211 

- 
Po 

0.00710 
0.0166 
0.0258 
0.0287 
0.0314 

0.0332 
0.0352 
0.0365 
0.0370 
0.0373 

0.0373 
0.0369 
0.0361 
0.0327 
0.0295 

0.0279 
0.0272 
0.0265 
0.0260 
0.0257 

0.0257 
0.0267 

0.243 
0.310 
0.351 
0.362 
0.372 

0.378 
0.384 
0.388 
0.389 
0.390 

0.390 
0.389 
0.387 
0.376 
0.365 

0.359 
0.357 
0.354 
0.352 
0.351 

0.351 
0.355 

0.0293 
0.0535 
0.0734 
0.0792 
0.0844 

0.0879 
0.0917 
0.0940 
0.0949 
0.0955 

0.0955 
0.0948 
0.0932 
0.0868 
0.0808 

0.0777 
0.0762 
0.0749 
0.0738 
0.0731 

0.0732 
0.0753 

"Hanging" Shock 

-0.190 
-0.131 
-0.0881 
-0.0360 
-0.0138 

+O. 00556 
+0.0192 

WO 

0.870 
0.830 
0.805 
0.79% 
0.792 

0.788 
0.784 
0.782 
0.781 
0.780 

0.780 
0.781 
0.782 
0,789 
0.796 

0.800 
0.801 
0.803 
0.804 
0.805 

0.805 
0.802 

- 
* O  

3.941 
3.334 
3.035 
2.963 
2.905 

2.867 
2.828 
2.805 
2; 796 
2.791 

2.790 
2.797 
2.813 
2.878 
2.945 

2.982 
2.999 
3.015 
3.029 
3.038 

3.037 
3.010 

S 
-0.867 
-0.875 
-0.899 
-0.949 
-0.991 

\ 
-1.070 
-1 - 2 7 1  

- 
t ana 

0.107 
0.162 
0.211 
0.260 
0.276 

0.283 
0.268 
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TABLE 4.7 

M, = 6 .  Spher i ca l  Segment-Cylinder; 6 = 1; x = 30'; w = 0" 

D i s t r i b u t i o n  of G a s  Dynamic Parameters Along Surface  of  Body 

. .  1 

-0.116 2.839 
-0.0346 2.644 
-0.0180 2.634 
+0.0228 2.787 
+0.0371 2.902 

+0.0493 3.094 
+0.0572 3.474 
+0.0603 3.983 
+0.0599 4.478 
+0.0563 4.958 

*O 

0.134 
0.265 
0.387 
0.535 
0.642 

0.747 
0.818 
0.907 
1.015 
1.150 

1.318 
1.805 
2.298 
2.906 
3.704 

4.455 
5.715 
6.943 
7.941 

~ 

-0.870 -0.141 
-0.879 -0.128 
-0.907 -0.0923 
-0.970 -0.0403 
-1.015 -0.0201 

-1.100 -0.00145 
-1.287 +0.0138 
-1.536 +0.0242 
-1.766 +On0304 
-1.979 +0.0328 

0.446 
0.578 
0.859 
1.333 
1.603 

0.566 
0.599 
0.679 
0.834 
0.926 

- 
PO 

-. - 
0.0115 
0.0280 
0.0389 
0.0450 
0.0469 

0.0477 
0.0479 
0.0478 
0.0472 
0.0461 

0.0442 
0.0384 
0.0336 
0.0292 
0.0253 

0.0231 
0.0213 
0.0204 
0.0196 

1.943 
2.384 
2.967 
3.766 
4.909 

0.279 
0.360 
0.395 
0.412 
0.41 7 

0.419 
0.419 
0.419 
0.418 
0.415 

0.410 
0.394 
0.379 
0.364 
0.350 

0,341 
0.332 
0.327 
0.325 
- .  

~ 

1.044 
1.190 
1.368 
1.592 
1.884 

0.0414 
0.0777 
0.0983 
0.109 
0.112 

0.113 
0.114 
0.113 
0.113 
0.111 

0.107 
0.0976 
0.0886 
0.0802 
0.0724 

0.0679 
0.0639 
0.0615 
0.0603 

-1.101 
-1.287 
-1.536 
-1.766 
-1.979 

0.849 
0.799 
0.777 
0.766 
0.763 

0.761 
0.761 
0.761 
0.762 
0.764 

0.767 
0.778 
0.787 
0.797 
0.806 

0.81'1 
0.816 
0.819 
0.821 

0,342 
0.320 
0.292 
0.267 
0.246 

Iang ing" Shock 

-0.1141-0.0758 -0.0221 0,0189 0.0457 0.0785 0.118 
0.284 I 0.423 1 0.57]0.639 IO..") 10.728 (0.775 

0.6831 0.938 I 1.305 11.698 2.016 13.000 14.000 
1.1921 1.326 I 1.494 11.652 11.776 12.114 ~. (2.421 

- 

<+ I 8, I s+ I 5- 

0.182 0.288 
0.840 0.932 

5.000 
2.706 

3.594 
2.981 
2.764 
2.669 
2.642 

2.630 
2.628 
2.630 
2.638 
2.653 

2.680 
2.771 
2.860 
2.952 
3.046 

3.107 
3.164 
3.201 
3.220 

-0.870 0.209 
-0,881 0.266 
-0.908 0.306 
-0,971 0.339 t -1.016 0.345 

/197 
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TABLE 4.8 

M, = 6. S p h e r i c a l  Segment-Cone; 6 = 1; x = 30'; w = 5" 

D i s t r i b u t i o n  of G a s  Dynamic Parameters Along Sur face  of Body 

X O  

0.134 
0.199 
0.266 
0.325 
0.403 

0.456 
0.522 
0.578 
0.670 
0.732 

0.809 
0.902 
1.017 
1.161 
1.340 

1.567 
1.867 
1.956 
2.050 
2.149 

2.253 
2.480 
2.731 
3.318 
4.041 

4.963 
5.827 
6.892 
7.749 - 

- 
Po 

0.0178 
0.0295 
0.0429 
0.0509 
0.0573 

0.0599 
0.0618 
0.0628 
0.0634 
0.0634 

0.0629 
0.0619 
0.0601 
0.0576 
0.0541 

0.0500 
0.0453 
0.0441 
0.0430 
0.0418 

0.0407 
0.0386 
0.0366 
0.0335 
0.0314 

0.0296 
0.0287 
0.0280 
0.0277 

- 
T O  - 

0.316 
0.365 
0.406 
0.427 
0.441 

0.447 
0.451 
0.453 
0.454 
0.454 

0.453 
0.451 
0.447 
0.442 
0.434 

0.425 
0.413 
0.410 
0.407 
0.403 

0.400 
0.394 
0.388 
0.379 
0.372 

0.366 
0.362 
0.360 
0.359 - 

0.0563 
0,0807 
0.105 
0.119 
0.129 

0.133 
0.137 
0.138 
0.139 
0.139 

0.138 
0.137 
0.134 
0.130 
0.124 

0.117 
0.109 
0.107 
0.105 
0.103 

0.101 
0.0978 
0.0942 
0.0884 
0.0845 

0.0810 
0.0792 
0.0778 
3.0772 - 

"Hanging" Shock 

- 
WO - 

0.828 
0.796 
0.770. 
0.756 
0.747 

0.743 
0.740 
0.739 
0.738 
0.738 

0.739 
0.740 
0.742 
0.746 
0.751 

0.758 
0.765 
0.768 
0.770 
0.772 

0.774 
0.778 
0.781 
0.787 
0.792 

0.796 
0.798 
0.799 
0.800 - 

X I r I C +  I @ +  
-0.0387 
+0.0219 
+0.0533 
+0.0858 
+0.0950 

+o, 102 
+0.105 
10.106 
+0.104 
+0.100 

2.620 
2.443 
2.460 
2.638 
2,758 

2.958 
3.308 
3.713 
4.096 
4.500 

4.833 - 

-0.874 
-0.885 
-0.920 
-0.995 
-1.047 

-1.142 
-1.319 
-1.523 
-1.707 
-1.894 

-2.012 
_I 

- 
M O  - 

3.287 
2.945 
2.699 
2.589 
2.513 

2.484 
2.464 
2.454 
2.448 
2.448 

2.453 
2.463 
2.482 
2.510 
2.549 

2.609 
2.664 
2.681 
2.698 
2.716 

2.733 
2.769 
2.803 
2.861 
2.904 

2.942 
2.964 
2.980 
2.987 - 

- 
tarf - 
0.321 
0.378 
0.411 
0.429 
0.427 

0.414 
0.387 
0.357 
0.333 
0.310 

0.291 - 
184 
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TABLE 4.9 

M, = 6 .  S p h e r i c a l  Segment-Cone; 6 = 1; x = 30"; w = 10" 

D i s t r i b u t i o n  of Gas Dynamic Parameters Along Sur face  of Body 

0.167 
0.170 
0.171 
0.170 
0.169 

I 
0.134 
0.202 
0.263 
0.327 
0.393 

0.442 
0.524 
0.603 
0.658 
0.724 

0.805 
0.904 
1.026 
1.178 
1.369 

1.618 
1.881 
2.191 
2.366 
2.555 

2.76G 
3.105 
3.505 
3.806 

0.714 
0.712 
0.711 
0.711 
0.712 

~~ 

x 
0.377 
0.496 
0.743 
1.027 
1.169 

I .337 
I. 787 
2.093 

~ 

~ 

0.103 
0.112 
0.114 

r 

-1.239 
-1.561 
-1.716 

0.613 
0.671 
0.800 
0.952 
1.025 

1.110 
1.314 
I. 442 

- 
PO 

~~~ 

0.0267 
0.0469 
0.0627 
0.0735 
0.0794 

0.0819 
0,0839 
0.0844 
0.0842 
0.0834 

0.0820 
0.0798 
0.0765 
0.0723 
0.0674 

0.0618 
0.0574 
0,0536 
0.0522 
0.0510 

0.0501 
0.0488 
0.0477 
0.0472 

- 
TO 

0.355 
0.417 
0.453 
0.474 
0.484 

0.489 
0.492 
0.493 
0.493 
0.491 

0.489 
0.485 
0.479 
0.472 
0.462 

0.451 
0.442 
0.433 
0.430 
0.427 

0.425 
0.422 
0.419 
0.417 

0.0526 
0.103 
0.133 
0.152 
0.157 

0.160 
0.158 
0.155 

0.167 
0.164 
0.159 
0.153 
0.145 

0.137 
0.129 
0.123 
0.121 
0.119 

0.714 
0.717 
0.721 
0.726 
0.732 

0.740 
0.746 
0.752 
0.754 
0.756 

"Hanging" Shock 

' 2.284 
2.269 
2.265 
2.266 
2.272 

2.283 
2.301 
2.327 
2.363 
2.409 

2.464 
2.512 
2.555 
2,573 
2.587 

2.367 
2.248 
2.326 
2.525 
2.673 

2.912 
3.535 
3.847 

-0.881 
-0.900 
-0.955 
-1.034 
-1.114 

-1 -238  
-1.560 
-1.715 

0.0193 
0.0290 
0.0585 
0.0860 
0.0953 

-0.881 
-0.901 
-0.956 
-1.044 
-1,115 

0.457 
0.510 
0.532 
0.527 
0.513 

0.483 
0.428 
0.404 

1199 
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TABLE 4.10 

< 

M, = 5.8. S p h e r i c a l  Segment-Cylinder; 6 = 1; x = 33'; w = 0' 

D i s t r i b u t i o n  of Gas Dynamic Parameters  Along Sur face  of Body 

XO 

0.161 
0. I 9 1  
0.426 
0.687 
0.972 

I .261 
1.555 
I. 748 
2.282 
2.985 

3,962 
5.002 
5.980 
7.679 
8.752 

10.03 
11.57 
13.45 
17.18 

.2.2 e 58 

27.5$ 
34.56 
44*59 
59.43 
69.74 

83 09 
100.7 
154.9 

0.0151 
0.0178 
0.0408 
0.0472 
0.0480 

0.0462 
0.0432 
0.041 I 
0.0358 
0.0309 

0.0263 
0.0238 
0.0225 
0.021 1 
0.0206 

0.0203 
0.0200 
0.0199 
0.0200 
0.0205 

0.0209 
0.0213 
0.0218 
0.0218 
0.021 5 

0.0213 
0.0209 
0.0229 

0.301 

0.401 
0.418 
0.41 9 

0.415 
0.407 

0.386 
0.370 

0.353 
0.343 

0.332 

0.316 

0.401 

0.333 

0.330 

0.328 
0.327 
0.326 
0.327 
0.329 

0.331 
0.333 
0.335 
0.335 
0.333 

0.333 
0.331 

'0.340 

- 
PO 

I__ 

0.0500 
0.0564 
0.101 
0.112 
0.114 

0.111 
0.106 
0.102 
0.0928 
0.0834 

0.0745 
0.0692 
0.0665 
0.0636 
0.0626 

0.0618 
0.0612 
0.0610 
0.0613 
0.0622 

0.0632 
0.0641 
0.0651 
0.0651 
0.0644 

0.0640 
0.0632 
0.0674 

WO - 
0.835 
0.826 
0.773 
0.762 
0.761 

0.764 
0.769 
0.773 
0.783 
0.793 

0.803 
0.810 
0.813 
0.817 
0.818 

0.8'1 9 
0.820 
0.820 
0.820 
0.918 

0.817 
0.816 
0.815 
0.815 
0.816 

0.816 
0.817 
0.812 - 

- 
M O  - 

3.400 
3.284 
2.732 
2.678 
2.627 

2.652 
2.696 
2.728 
2.817 
2.915 

3.020 
3.089 
3.127 
3.170 
3. f85 

3.197 
3.205 
3.209 
3.205 
3.190 

3.176 
3.162 
3.147 
3.147 
3.157 

3.164 
3.176 
3.114 - 
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TABLE 4.10 Continued /201 

- 
X 

0.560 
0.716 
0.984 
1.392 
1.651 

1.978 
2.396 
2.943 
3.681 
4.714 

6.231 
8.600 

12.63 
Z0.41 
18.52 

0.640 
0.682 
0.764 
0.899 
0.988 

1.100 
1.241 
1.412 
1.625 
I. 899 

2.272 
2.820 
3.708 
5.351 
9.030 

"Hanging" Shock 

-0.0977 
-0.0357 
-0.01 14 
+0.0182 
+0.0313 

+0.0430 
+O. 051 6 
+0.0558 
+O. 0568 
+0.0546 

+O. 0500 
+0.0438 
+0.0365 
t0.0288 
+0.0209 

2.777 
2.617 
2.659 
2.791 
2.891 

3.048 
3.358 
3.811 
4.244 
4.709 

5.064 
5.296 
5.433 
5.506 
5.544 

s+ 
-0.878 
-0.891 
-0.921 
-0.974 
-1.014 

-1.082 
-1.234 
-1.459 
-1.664 
-1.877 

-2.031 
-2.124 
-2.173 
-2.191 
-2.190 

-0.117 
-0.104 
-0.0741 
-0.0265 
-0.0191 

-0.0026' 
+0.0116 
+o. 0218 
+0.0283 
+O. 0313 

to. 03 16 
+0.0298 
+0,0268 
+O. 0227 
+O. 01 78 

s- 
-0.878 
-0.892 
-0.921 
-0.974 
-1.015 

-1.083 
-1.234 
-1.459 
-1.664 
-1.877 

-2.031 
-2.125 
-2.173 
-2.191 
-2.190 

- 
tg lJ - 

0.239 
0.293 
0.317 
0.339 
0.344 

0.343 
0.326 
0.300 
0.277 
0.255 

0.238 
0.225 
0.215 
0.207 
0.206 - 

Coordinates  of Nose Shock Wave 
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CALCULATION OF FLOW IN REGION OF INFLUENCE OF BLUNTING 

SCHEME 11. N = 2 

TABLE 4.11 

Ideal Gas; x = 1.4; M, = 10. 

Spherical Segment with Sonic Discontinuity; 6 = 1; x = 33" 

-0.148 
-0.119 
-0.0895 
-0.0590 
-0.0279 

0.0000 

EO= 0.1333; El= 0.1643; E 2 =  0,1436; c = 2.1 

0.329 
0.281 
0.246 
0.218 
0.195 
0.177 

s =  0 I 

1.0 
0.8 
0.6 

0.2 
0.0 

0.4 

i 1.0 
1 0.8 
0.6 
0.4 
0.2 
0.0 

0.380 
0.347 
0.325 

0.297 
0.288 

0.313 

-0.171 
-0.132 
-0.0965 
-0.0626 
-0.0301 

0.0000 

1.0 
0.8 
0.6 
0.4 
0.2 
0.0 

0.739 -o.foa 
0.695 -0.111 
0.650 -0.106 
0.617 -0.0943 
0.593 -0.0791 
0.576 I-0.00705 
. ._ 

0.648 
0.548 
0.490 
0.452 
0.428 
0.415 
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TABLE 4.12 

IDEAL GAS, BODY WITH DISCONTINUITY OF CURVATURE 

S 

S 

U V I p I T I c 2 1  w 2  I w - X  Y 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
3.8750 

0.9375 
I .oooo 

0,0000 
0.0130 
0.0261 
0.0397 
0.0542 

0.0704’ 
0.0894 
0.113 
0.145 
0.197 

SCHEME I. N = 2 

M,= 5.8; X -  1.4; l / P  = 2 

0.809 0.142 0.200 0.000000 
0.808 0.142 0,199 0.000171 
0.807 0.142 0.199 0.000686 
0.804 0.142 0.199 0.00157 
0.800 0.142 0.199 0.00293 

0.795 0.142 0.199 0.00495 
0.786 0.141 0.198 0.00800 
0.773 0.141 0.197 0.0128 
0.751 0.139 0.495 0.0211 
0.703 0.137 0.192 0.0390 

E 

0.341 
0.340 
0.338 
0.334 
0.329 

0.322 
0.314 
0.304 
0.292 
0.276 

0.267 
0.265 
0.268 
0.278 
0.299 

0.322 
0.345 

U 

1.570 
1.547 
1.523 
I .  499 
1.476 

.451 

.426 
,400 
.366 
,319 

,260 
,198 

1.140 
1.094 
1 079 

0.902 
0.820 - 

@ I  
0.00000 

-0.00229 
-0.00921 
-0.0207 
-0.0370 

-0.0585 
-0.0858 
-0.119 
-0.156 
-0.261 

-0.400 
-0.577 
-0.772 
-0.956 
4 .067 

-1.958 
-2.472 

~ - 
P O  

1.000 
0.999 
0.997 
0.994 
0.989 

0.982 
0.972 
0.955 
0.928 
0.869 

0.797 
0.712 
0.623 
0.527 
0.369 

0.132 
0.109 

- 
& 
1.000 
I. 000 
0.999 
0.998 
0.997 

0.995 
0.992 
0.987 
0.978 
0.960 

0.937 
0.907 
0.873 
0.832 
0.752 

0.560 
0.531 

4 -  0 
0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
-0.00390 

0.0000 
0.0625 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.562 - 
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TABLE 4.12 Continued 

0 
0 
0 
0 
0 

0 
0 

-0.0155 
-0.0347 
-0.0612 
-0.0945 
-0.134 

-0.179 
-0.229 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0,9375 
1.0000 

V ___ __ 
0.250 
0.304 
0.355 
0.408 
0.497 

0.662 
0.684 

0.0000 
0.0155 
0.0314 
0.0479 
0.0652 

0.0837 
0.103 
0.125 
0.156 
0.195 

0.243 
0.291 
0.337 
0.377 
0.463 

0.563 
0.582 

O.OOO( 
0.017E 
0.0356 
0.053: 
0.071( 

0.089C 
0.107 
3. I25 
3.157 
3.208 

1.274 
3.340 
1.399 
1.447 
3. 467 

1.596 
1.652 - 

-0.0796 
-0.0791 
-0.0800 
-0.0817 
-0.0842 

-0,0879 
-0,0932 
-0.101 
-0.107 
-0.107 

-0.0982 
-0.0862 
-0.0707 
-0.0527 
-0.0385 

-0.0244 
-0.00101 

- __ 

P - 
0.645 
0.576 
0.504 
0.426 
0.298 

0.106 
0.088 

0.141 0.198 
0.141 0.198 
0.141 0.198 
0.141 0.198 
0.141 0.197 

0.791 
0.791 
0.790 
0.787 
0.784 

0.00634 
0.00650 
0.00739 
0.00897 
0.0113 

---. . - 

6 = 0.5 

0.778 
0.770 
0.758 
0.740 
0.713 

0.675 
0.631 
0.583 
0.539 
0.414 

0.262 
0.243 

0.140 0.197 0.0147 
0.140 0.196 0.0194 
0.139 0.194 0.0260 
0.137 0.192 0.0358 
0.135 0.190 0.0497 

0.133 0.186 0.0687 
0.129 0.181 0,0921 
0.125 0.176 0.119 
0.122 0.170 0.145 
0.112 0.156 0.216 

0.0974 0.136 0.318 
0.0945 0.132 0.338 

3.0000 
3.0625 
3.1250 
3.1875 
?,2500 

2,3125 
1,3750 
1.4375 
I. 5000 
1.5625 

).6250 
1,6875 
). 7500 
1.8125 
). 8750 

).9375 
.OOOO 

0.722 
0.722 
0.720 
0.718 
0.715 

0.712 
0.707 
0.701 
0.692 
0.677 

3.654 
3.626 
2.596 
1.568 
2.552 

1.435 
1.376 - 

-0.178 
-0.179 
-0. I80  
-0.182 
-0.185 

-0.189 
-0.194 
-0.200 
-0.204 
-0.202 

-0.189 
-0.168 
-0.139 
-0.0990 
-0.0445 

-0.0289 
+0.0169 

0.138 
0.138 
0,138 
0.137 
0.137 

0.136 
0.135 
0.134 
0.133 
0.130 

3.126 
3.122 
2.117 
3.112 
3.110 

3.0904 
1.0806 - 

0.00000 
0.00086 
0.00344 
0.00777 
0.0139 

0.0218 
0.038 
0.0440 
0.0590 
0.0805 

0.103 
0.127 
0.152 
0'. 178 
0.208 

0.233 
0.255 

0.00001 
0.0018; 
0.0072i 
0.0164 
0.0291 

0.0455 
0.0656 
0.0892 
0.121 
0.166 

0.222 
0.284 
0.351 
0.426 
0.509 

0.596 
0.685 

0.170 
0.170 
0.169 
0.167 
0.164 

0.161 
0.157 
0.152 
0.146 
0.133 

0.114 
0.0885 
0.0566 
0.0185 

-0.0246 

.0.0762 

.0.136 

0.341 
0.340 
0.338 
0.334 
0.329 

0.322 
0.314 
0.304 
0.292 
0.270 

0.244 
0.211 
0.174 
0.131 
0.0848 

0.0270 
0.0429 

-. ___ 

Y __ 
0.623 
0.683 
0.739 
0.792 
0.840 

0.883 
0.920 

0.000l 
0.0621 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.579 

0.656 
0.731 
0.804 
0.874 
0.942 

1.007 
I. 066 

0.OOOL 
0.0625 
0."5 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.596 

0.689 
0.780 
0.868 
0.955 
1.044 

1.131 
1.211 - 
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i s  
0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9843 
0.9863 
0.9862 
0.9902 

0.9921 
0.9941 
0.9960 
0.9980 
1 .oooo 

TABLE 4 . 1 3  

M m =  5.8; X =  1.4; l / ~  = 64 

1205 

E 

0.544 
0.543 
0.542 
0.540 
0.536 

0.532 
0.52'7 
0.521 
0.514 
0.506 

0.497 
0.486 
0.475 
0.462 
0.449 

0.434 
0.422 
0.411 
0.403 
0.400 

0.401 
0.408 
0.419 
0.435 
0.456 

1.570 

1.541 

1.511 

1.555 

1 526 

1.496 
1.481 
1.465 
1.449 
1.433 

1.416 
1.399 
1.381 
1 e363 
1.345 

1.331 
1.325 
1.268 
1.220 
1.178 

1.142 
1.108 
1.070 
1.018 
0.929 

S1 
0.000000 

-0 .000906  
-0.00364 
-0.00822 
-0.0146 

-0.0228 
-0.0331 
-0.0454 
-0 .0601 
-0.0774 

-0.0977 
-0.121 
-0.148 
-0.178 
-0.209 

-0.23 7 
-0.249 
-0.379 
-0.510 
-0.639 

-0 .766 
-0.893 
-1 0 4 7  
-1.282 
-1 740 

- 
PO 

I. 000 
0.999 
0.999 
0.997 
0.996 

0.994 
0.991 
0.987 
0.983 
0.977 

0.969 
0.960 
0.946 
0.928 
0.901 

0.858 
0.807 
0.710 
0.598 
0.478 

0.364 
0.263 
0.190 
0.149 
0.132 

I. ooc 
1.000 
I. 000 
0.999 
0.999 

0.998 
0.997 
0.996 
0.995 
0.993 

0.991 
0.988 
0.984 
0.978 
0.970 

0.957 
0.940 
0.906 
0.863 
0.810 

0.749 
0.683 
0.622 
0.581 
0.562 - 
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TABLE 4.13 Continued 

0.00000 
0.00816 
0.0162 
0.0244 
0.0326 

0.0411 
0.0500 
0.0594 
0.0695 
0.0807 

0.0932 
0.107 
0.124 
0.144 
0.170 

0.206 
0.243 
0.305 
0.369 
0.435 

0.500 
0.562 
0.614 
0.647 
0.661 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9843 
0.9863 
0.9882 
0.9902 

0.9921 
0.9941 
0.9960 
0.9980 
1.0000 

0.809 
0.809 
0.808 
0.807 
0.806 

0.804 
0.802 
0.799 
0.795 
0.790 

0.784 
0.776 
0.766 
0.751 
0.729 

0.695 
0.653 
0.574 
0.484 
0.387 

0.294 
0.213 
0.154 
0.121 
0.107 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
~0.000121 
.0.000485 
.0.00108 

~0.00191 
.0.00293 
.0.00419 
,0.00560 
.0.00718 

0.000c 
0.0625 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.562 

0.625 
0.687 
0.750 
0.812 
0.875 

0.937 
0.984 
0.986 
0.988 
0.990 

0.991 
0.993 
0.995 
0.996 
0.997 

0.142 
0.142 
0.142 
0.142 
0.142 

0.142 
0.142 
0.142 
0.142 
0.141 

0.0000( 
0.0097; 
0.0195 
0.0294 
0.0396 

0.0501 
0.0610 
0.0722 
0.0840 
0.0963 

0.109 
0.123 
0.138 
0.155 
0.174 

0.200 0.OOOOOOC 
0.199 0.000066i 
0.199 0.000264 
0.199 0.000595 
0.199 0.00106 

0,199 0.00169 
0.199 0.00250 
0.199 0.00353 
0.199 0.00484 
0,198 0.00652 

0.791 
0.791 
0.791 
0.790 
0.789 

0.787 
0.785 
0.782 
0.779 
0.774 

0.769 
0.761 
0.752 
0.739 
0.722 

0.141 
0.141 
0.140 
0.139 
0.138 

0.136 
0.134 
0.129 
0.123 
0.115 

0.107 
0.0976 
0.0889 
0.0830 

0.198 0.00869 0 
0.197 0.0115 0 
0.196 0.0154 0 
0.195 0.0209 0 
0.194 0.0292 0 

0,191 0.0425 0 
0.188 0.0593 0 
0.181 0.0930 0 
0.172 0.136 0 
0.162 0.189 0 

0.149 0.250 0 
0.136 0.316 0 
OC124 0.377 0 
0.116 0.418 0 

0.080210.112 

0.141 
0.141 
0.141 
0.141 
0.141 

0.141 
0.141 
0.141 
0.140 
0.140 

0.139 
0.139 
0.138 
0.137 
0.136 

0.438 0 

- .  I -x -I..?-. 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0,3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.000000 
0.000859 
0.00343 
0.00772 
0.0137 

0.0215 
0.0310 
0.0424 
0.0557 
0.0708 

0.0880 
0.107 
0.129 
0.153 
0.180 -~ 

-0.0795 
-0.0788 
-0.0790 
-0.0795 
-0.0804 

-0,0815 
-0.0830 
-0.0849 
-0.0871 
-0.0899 

-0.0934 
-0.0978 
-0.103 
-0.111 
-0.121 

192 



1' 

0.9375 
0.9843 
0.9863 
0.9882 
0.9902 

0.9921 
0.9941 
0.9960 
0.9980 
1.0000 

TABLE 4.13 Continued 

1 -  

-0.136 0,197 
-0.152 0.219 
-0.122 0.226 
-0.0852 0.236 
-0.0441 0.251 

-0,00198 0.273 
+0.0391 0.302 
40.0793 0.337 
cO.121 0.377 
+0.175 0.443 

/207 

0.696 
0.667 
0.683 
0.693 
0.689 

0.666 
0.622 
0.559 
0.481 
0.355 

0.134 0,188 0.0577 
0.132 0.185 0.0714 
0.133 0.186 0.0661 
0.133 0.187 0.0632 
0.133 0.186 0.0653 

0.132 0.185 0.0746 
0.129 0.181 0.0928 
0.125 0.175 0.120 
0.120 0.168 0.157 
0.110 0.154 0.227 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0,7500 
0.8125 
0.8750 

0.9375 
0.9843 
0.9863 
0.9882 
0.9902 

0.9921 
0.9941 
0.9960 
0.9980 
1.0000 

0.0000 
0.0111 
0.0224 
0.0336 
0.0448 

0.0560 
0.0672 
0.0786 
0.0902 
0.102 

0.114 
0.126 
0.139 
0.152 
0.163 

0.173 
0.177 
0.243 
0.301 
0.353 

0.398 
0.437 
0.473 
0.514 
0.576 

-0.178 
-0.178 
-0.179 
-0.180 
-0.181 

-0.182 
-0.184 
-0.187 
-0.189 
-0.193 

-0.196 
-0.201 
-0.206 
-0.211 
-0.217 

-0.222 
-0.224 
-0.219 
-0.202 
-0.174 

-0.138 
-0.0954 
-0.0470 
+0.00393 
+0.0521 

I 1 I 

0.193 
0.193 
0.193 
0.193 
0.193 

0.192 
0.192 
0.191 
0.191 
0.190 

0.189 
0.188 
0.187 
0.186 
0.185 

0.184 
0.183 
0.178 
0.173 
0.168 

0.164 
0.159 
0.154 
0.146 
0.132 

0.0319 
0.0323 
0.0326 
0.0335 
0.0349 

0.0366 
0.0386 
0.0412 
0.0442 
0.0477 

0.0518 
0.0565 
0.0619 
0.0679 
0.0741 

0.0796 
0.0819 
0.107 
0.131 
0.155 

0.178 
0.200 
0.226 
0.265 
0.335 

0.722 
0.722 
0.721 
0.720 
0.719 

0.718 
0.716 
0.714 
0.711 
0.708 

0.705 
0.701 
0.696 
0.691 
0.686 

0.681 
0.679 
0.657 
0.636 
0.616 

0.597 
0.577 
0.555 
0.522 
0.462 

0.138 
0.138 
0.138 
0.138 
0.137 

0.137 
0.137 
0. I36 
0.136 
0.136 

0.135 
0.134 
0.134 
0.133 
0.132 

0.131 
0.131 
0.127 
0.124 
0.120 

0.117 
0.114 
0.110 
0.104 
0.0945 

0.212 
0.239 
0.252 
0.263 
0.270 

0.275 
0.277 
0.278 
0.278 
0.278 

0.0000( 
0.0018: 
0.0072t 
0.0164 
0.0291 

0.0455 
0.0656 
0.0892 
0.116 
0.147 

0.182 
0.220 
0.262 
0.307 
0.357 

0.410 
0.452 
0.502 
0.552 
0.602 

0.654 
0.708 
0.765 
0.826 
0.890 

-x 
0.217 
0.211 
0.203 
0.195 
0.185 

0.174 
0.162 
0.149 
0.134 
0.133 

0.544 
0.543 
0.542 
0.540 
0.536 

0.532 
0.527 
0.521 
0.514 
0.506 

0.497 
0.486 
0.475 
0.462 
0.449 

0.434 
0.422 
0.407 
0.390 
0.371 

0.350 
0.328 
0.302 
0.273 
0.239 

Y - 
0.937 
0.984 
1.011 
1.038 
1.063 

1,088 
1.112 
1.137 
1.163 
1.189 

0.0000 
0.0625 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.562 

0.625 
0.687 
0.750 
0.812 
0.875 

0.937 
0.984 
1.037 
I. 088 
1.136 

1.184 
1.232 
1.280 
1.330 
1.381 
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TABLE 4.14 

194 

EQUILIBRIUM AIR. BODY WITH DISCONTINUITY OF CURVATURE 
SCHEME I. N = 2 

M, = 5.8; p, = 1 a t m ;  T, = 300°K; p, = 1.1765 kg/m3; 

= 3657 m/sec; l / r  = 2 Wmax 

S 
0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

- 
-- 

u - 
0.310 
0.309 
0.307 
0.304 
0.299 

0.292 
0.284 
0.275 
0.263 
0.248 

0.239 
0.237 
0.240 
0.250 

D 

1.570 
1.546 
1.526 

.502 

.479 

.455 

.430 

.403 
,367 

1.321 

1.262 
1.199 
1.137 
1.080 

- @l 
0.0000( 

-0,0025' 
-0.01 00 
-0.0227 
-0.0409 

-0.0653 
-0.0973 
-0.137 
-0.184 
-0.306 

-0.467 
-0.680 
-0.924 
-1.187 

Po 
1.000 
0.999 
0.997 
0.994 
0.990 

0.983 
0.974 
0.958 
0.930 
0.873 

0.803 
0.717 
0.629 
0.528 

- 
TO - 

I. 000 
I. 000 
I .ooo 
0.999 
0.998 

0.996 
0.994 
0.991 
0.984 
0.971 

0.953 
0.926 
0.900 
0.865 

o. oooc 
0.062 5 
0.125C 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0.0000 0.820 
0.0117 0.820 
0.0235 0.818 
0.0357 0.816 
0.0488 0.812 

0.0636 0.807 
0.0812 0.799 
D.103 0.786 
3.134 0.763 
3.183 0.716 

5- 0 
0.125 0.158 0.000000 
0.125 0.158 0.000138 
0.125 0.158 0.000553 
0.125 0.158 0.00127 
0.125 0.158 0.00238 

0.125 0.158 0.00404 
0.125 0.158 0.00659 
0.124 0.157 0.0107 
0.123 0.156 0.0179 
0.122 0.158 0.0335 

0 
0 
0 
0 

O l o  
0 
0 
0 
0 

- 0.003 90 

0.0000 
0.0625 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.562 



TABLE 4.14 Continued 

0.6250 
0.6875 
0.7500 
0.8125 

1209 

0 
0 
0 
0 

0 
0 
0 
0 

-0.0155 - 0.0347 
-. 0.061 2 - 0.0945 

0,0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

V 

0.232 
0.283 
0.332 
0.386 

0.0000 
0.0148 
0.0299 
0.0457 
0.0623 

0.0800 
0.0992 
0,120 
0.145 
0.188 

0.233 
0.280 
0.326 
0.369 

0.0000 
0.0175 
0.0352 
0.0527 
0.0706 

0.0889 
0.108 
0.127 
0.156 
0.209 

0.273 
0.339 
0.400 
0.455 

-0.0674 
-0.0669 
-0.0676 
-0.0691 
-0.0714 

-0.0746 
-0.0793 
-0.0864 
-0.0979 
-0.0919 

-0.0836 
-0.0726 
-0.0582 
-0.0403 

P 
0.659 
0.588 
0.516 
0.433 

0.805 
0.805 
0.804 
0.802 
0.799 

0.793 
0.786 
0.774 
0.755 
0.728 

0.689 
0.640 
0.589 
0.535 

0.745 
0.745 
0.744 
0.742 
0.739 

0.735 
0.730 
0.724 
0.714 
0.699 

0.675 
0.645 
0.612 
0.577 

~ - .  

0.158 
0.158 
0.158 
0.157 
0.157 

0.157 
0.156 
0.155 
0.158 
0.156 

0.154 
0.151 
0.147 
0.143, 

T 
0.119 
0.116 
0.113 
D.108 

0.00455 
0.00469 
0.00547 
0.00687 
0.00898 

0.0119 
0.0161 
0.0220 
0.0308 
0.0438 

0.0616 
0.0838 
0.109 
3.137 

0.155 0.0538 
0.151 0.0805 
0.147 r 0.110 
0.141 0.149 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 

E,= 0.5 

-0.154 
-0.154 
-0.155 
-0.158 
-0.161 

-0.165 
-0.170 
-0.176 
-0.181 
-0.179 

-0.166 
-0.147 
-0.120 
-0.0842 

0.125 
0.125 
0.125 
0.125 
0.124 

0.124 
0.124 
0.123 
0.122 
0.121 

0.119 
0.116 
0.113 
0.110 

0.155 
0.155 
0.159 
0,159 
0.138 

0.158 
0.157 
0.156 
0.155 
0.152 

0.148 
0.143 
0.137 
0.132 

0.0237 
0.0242 
0.0255 
0.0277 
0.0309 

0.0351 
0.0406 
0.0475 
0.0574 
0.0761 

0.102 
0.136 
0.174 
0.214 

e =  1 

0.123 
0.123 
0.123 
0.122 
0.122 

0.122 
0.121 
0.120 
0.119 
0.117 

0.114 
0.110 
0.106 
0.101 
- 

0.00000~ 
0.00083! 
0.00335 
0.00758 
0.0135 

0.0213 
0.0310 
0.0429 
0.0574 
0.0778 

0.0995 
0.121 
0.144 
0.167 

0.00000 
0.00182 
0.00729 
0.0164 
0.0291 

0.0455 
0.0656 
0.0893 
0,121 
0.164 

0.217 
0.276 
0.341 
0.411 

.Os 155 
0.159 
0.158 
0.157 
0.149 

0.146 
0.142 
0.137 
0.131 
0.119 

0.100 
0.0757 
0.0444 

O.OOO( 
0.0621 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.577 

0.553 
0.726 
0.797 

0.00684 10.865 

195 



TABLE 4.15 

M, = 5 . 8 ;  p, = 1 a t m ;  T, = 300'K; p, = 1.1765 kg/m3; 

S 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0 .5000 
0.5625 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9843 
0.9863 
0.9882 
0.9904 

0.9921 
0.9941 
0.9960 

196 

W = 3657 m / s e c ;  l / r  = 6 4  m a x  

E 

0.490 
0.489 
0.488 
0 486 
0.483 

0.478 
0.473 
0.468 
0.461 
0.453 

0.444 
0.433 
0.422 
0.409 
0.395 

0.380 
0.367 
0.356 
0.349 
0.345 

C.346 

0.350 
0.358 

IJ 

1.570 
1.550 
1.542 

I. 513 

1.498 
1.483 
1.468 
1.452 
1.435 

1.418 
1.399 
1.379 
1.358 
1.337 

1.316 
1.304 

1.204 
1.158 

1. I 2 5  
1.084 
0.966 

1 527  

1 e249 

m, 
0,00000 

-0.001 0 1  
-0.00407 - .O. 00918 
-0.,0163 

-0.0256 
-0.0373 
-0.0516 
-0.0688 
-0.0895 

-0.114 
-0.144 
-0.179 
-0,221 
-0.268 

-0.318 
-0.349 
-0.507 
-0.663 
-0.837 

-0.977 
-1.166 
-1 8 0 4  

- 
~ Po 

1.000 

0.999 
0.999 
0.998 
0.996 

0 994  
0.991 
0.988 

0.983 
0.978 

0.970 
0.961 
0.947 
0.929 
0.900 

0.853 
0.791 
0.690 
0.577 
0.445 

0.349 
0.262 
0.161 

1 .ooo 
I. 000 
1..000 
I .  000 
0.999 

0.999 
0.998 
0.997 
0.996 
0.995 

0,993 
0.992 
0.988 
D. 984  
0.977 

3.965 
0. 949 
3.920 
3.883 
3.832 

1.786 
1.735 
1. 655 
=_z 



TABLE 4.15 Continued 

0.125 0.158 
0.125 0.158 
0.125 0.158 
0.125 0.158 
0.125, 0.158 

0.125 0.158 
0.125 0.153 
0.125 0.158 
0.125 0.158 
0.125 0.158 

i211 

O.OOOOO( 
0.00005: 
0.00021E 
0.000491 
0.00088C 

0.00140 
0.00207 
0.00294 
0.00405 
0.00548 

0. oooc 
0.0625 
0.125C 
0.1875 
0.250C 

0.3125 
0.375C 
0.4375 
0.500C 
0.5625 

0.625C 
0.6875 
0.750C 
0.8125 
3.8750 

0.9375 
0.9843 
3.9863 
3.9882 
3.9904 

3.992 1 
3.9941 
1,9960 

0.157 
0.157 
0.156 
0.156 
0.159 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
3 
3 

0.00737 
0.00989 
0.0133 
0.0183 
0.0260 

0.0000l 
0.0074' 
0.0147 
0,0221 
0.0296 

0.0374 
0.0455 
0.0542 
0.0636 
0.0740 

0.0858 
0.0994 
0.115 
0.135 
0.161 

0.197 
0.239 
0.298 
0.360 
0.431 

0.485 
0.538 
0.612 

0.121 
0.119 
0.115 
0.111 
0.104 

0.0990 
0.0925 
0.0825 

0.157 0.0391 
0.154 0.0572 
U.150 0.0693 
0.144 0.130 
0.136 0.186 

0.129 0.235 
0.120 0.290 
0.108 0.374 

0.820 
0.820 
0.819 
0.818 
0.817 

0.815 
0.813 
0,810 
0.807 
0.802 

0.796 
0.788 
0.777 
0.762 
0.739 

0.700 
0.649 
0.566 
0.473 
0.365 

0.287 
0.215 
0.132 

0.805 
0.805 
0.805 
0.804 
0.803 

0.802 
0.800 
0.797 
0.793 
0.789 
~ 

1.0000 
1.0625 
1.1250 
1.1875 
1.2500 

1.3125 
1.3750 
1.4375 
1.5000 
1.5625 

.I_ 

-0.0672 0.0000 
-0.0666 0.0093 
-0.0668 0.0188 
-0.0673 0.0284 
-0.0680 0.0383 

-0.0691 0.0484 
-0.0704 0.0589 
-0.0720 0.0698 
-0.0741 0.0813 
-0.0766 0.0933 

0.125 
0.124 
0.124 
0.123 
0.123 

0.158 
0.158 
b.158 
0.158 
0.158 

0.157 
0.157 
0.157 
0.157 
0.156 

0.00452 
0.00452 
0.00482 
0,00534 
0,00610 

0,00712 
0,00843 
0,0100 
0,0121 
0,0145 

0.125 
0.125 
0.125 
0.125 
0.125 

0.125 
0.124 
0.124 
0.124 
0.124 
- 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 

0.00000( 
0.00083E 
0.00334 
0.00753 
0.0134 

0.0209 
0.0303 
0.0413 
0.0542 
3.0690 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0.0001 2 1 
0.000485 
0.001 17 

0.00191 
0.00295 
0.0041 9 

0.000c 
0.062: 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.562 

0.625 
0.687 
0.750 
0.812 
0.875 

0.937 
0.984 
0.986 
0.988 
0.990 

0.991 
0.993 
0.995 
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S 

0.6250 
0.6875 
0.7500 
0.8125 
0.8750 

0.9375 
0.9843 
0.9863 
0.9882 
0.9904 

0.9921 
0.9941 
0.9960 

U 

-0.0797 
-0.0837 
-0.0889 
-0.0958 
-0.105 

-0.120 
-0.137 
-0.105 
-0.0681 
-0.0228 

+0.0127 
t0.0536 
+0.128 

0.123 
0.123 
0.123 
0.122 
0.121 

0.119 
0.118 
0.118 
0.118 
0.118 

0.116 
0.113 
0.0825 

0 __ 
0.106 
0.120 
0.135 
0.152 
0.172 

0.156 0.0176 
0.155 0.0214 
0.159 0.0262 
0.158 0.0324 
0.157 0.0409 

0.155 G.0533 
0.153 0.0677 
0.154 0.0630 
0.154 0.0620 
0.153 0.0683 

0.151 0.0812 
0.147 0.108 
0.108 0.436 

P __ 
0.783 
0.776 
0.766 
0.753 
0.734 

0.197 
0.221 
0.227 
0.239 
0.260 

3.284 
3.325 
0.648 

0.705 
0.671 
0,687 
0.692 
0.675 

0.639 
0.567 
0.0574 

0.0000 
0.0111 
0.0224 
0.0336 
0.0448 

0.0560 
0.0675 
0.0791 
0.0912 
0.103 

0.116 
0.130 
0.144 
0.159 
0.174 

0.188 
0.197 
0.227 
0.315 
0.370 

0.409 
0.452 
0.545 - 

0.155 
0.155 
0.155 
0.159 
0.159 

0.159 
0.158 
0.158 
0.157 
0.157 

0.156 
0.156 
0.155 
0.154 
0.153 

0.151 
0.151 

0.143 
0.139 

0.147 

0.745 
0.745 
0.745 
0.744 
0.743 

0.741 
0.739 
0.737 
0.735 
0.731 

0.728 
0.723 
0.718 
0.712 
0.705 

0.697 
0.693 
0.670 
0.648 
0.624 

0.605 
0.580 
0.500 

0.0237 
0.0239 
0.0245 
0.0253 
0.0266 

0.0282 
0.0302 
D.0327 
0.0357 
0.0393 

0.0435 
0.0486 
0.0547 
0.0617 
0,0697 

0.0780 
0.0832 

0.134 
0.161 

0.109 

0.0000 
0.0625 
0.1250 
0.1875 
0.2500 

0.3125 
0.3750 
0.4375 
0.5000 
0.5625 

3.6250 

0.7500 
3.6875 

0.8125 
3.8750 

0.9375 
0.9843 
3.9863 
3.9882 
D.9904 

3.9921 
3.9941 
3.9960 

0.123 
0.123 
0.123 
0.123 
0.123 

0. 122 
0.122 
0.122 
0.121 
0.121 

0.121 
0.120 
0.119 
0. .! 19 
0.118 

0.117 
0.116 
3.113 
3.110 
3.107 

3.105 
D.101 
3.0913 - 

-0.154 
-0.154 
-0.154 
-0.?55 
-0.156 

-0.158 
-0,160 
-0.162 
-0.165 
-0.168 

-0.173 

-0.183 
-0.177 

-0.190 
-0.197 

-0.205 
-0.210 
-0.105 
-0.186 
-0.155 

-0.123 
-0.0830 
-0.0615 

0.136 
0.132 
0.119 

0.182 
0.211 
0.301 

v 
0.0837 
0.104 
0.125 
0.148 
0.175 

0.205 
0.231 
0.241 
0.249 
0.253 

0.254 
0.254 
0.253 

0.0000 
0.0018 
0.0072 
0.01 64 
0.0291 

0.0455 
0.0656 
0.0893 
0.116 
0.147 

0.182 
0.220 
0.262 
0.308 
0.357 

0.410 
0.452 
0.495 
0.538 
0.587 

0.625 
0.670 
0.716 

- %  

0.222 
0.216 
0.211 
0.204 
0.197 

0.190 
0.183 
0.176 
0.168 
0.158 

0.149 
0.139 
0.126 

0.490 
0.489 
0.488 
0.-486 
0.483 

0.478 
0.473 
0.468 
0.461 
0.453 

0.444 
0.433 
0.422 
0.409 
0.395 

0.380 
0.367 
0.353 
0.337 
0.318 

0.301 
0.281 
0.257 

~ _ _  

Y 
.__. - 
0.625 
0.687 
0.750 
0.812 
0.875 

0.937 
0.984 
I. 008 
1.031 
1.056 

1.074 
1.095 
1.117 

0.0000 
0.0625 
0.125 
0.187 
0.250 

0.312 
0.375 
0.437 
0.500 
0.562 

0.625 
0.687 
0.750 
0.812 
0.875 

0.937 
0.984 
1.030 
1.074 
1.121 

1.157 
1.198 
1.239 
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CHAPTER 5 

FLOWS W I T H  RADIATION 

In this chapter we will solve the supersonic blunt-body problem with /213 
consideration of radiation [ 2 3 ] .  Scheme I1 of the method of integral rela- 
tions was used for the calculation. As a result of the calculations the 
distribution of gas dynamic parameters in the shock layer with consideration 
of radiation was obtained. 

1. System of Equations 

The equations of motion of a gas with consideration of radiation were 
examined earlier in astrophysics and meteorology. Other investigations [ 5 4 ,  
551 give a complete system of equations of gasdynamics with consideration 
af radiation obtained under the most general assumptions. 

In the case of an inviscid, non-heat-conducting, thermodynamically 
zquilibrium, nonrelativistic gas flow, this system appears as 

-=  d Z  --gradp; 1 
d t  P 

d i v ( p Z )  = 0; 

There Iv is the intensity of radiation; k k =  k, - is the coefficient I 2 1 4  

I f  absorption with consideration of stimulated emissions; E, is the velocity of 
ight; k is the Boltzmann const; h* is the Planck constant; r* is the direction 
if radiation transfer; R is the volume of gas. 
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The equations of motion, continuity, and State (5.1), ( 5 . 2 ) ,  and (5.6) ,reta 
the same form as in the case of flow without radiation. The equation of energy 
( 5 . 3 )  contains an additional term qR which takes into account the heat gain of 
the gas owing to radiation and is equal to the difference of the radiant energy 
( 5 . 5 )  is a new equation. A s  we see from equation (5.3), when accounting for 
radiation we must deal with nonadiabatic and nonisentropic gas flows. 

The known boundary conditions of gasdynamics for the given problem must 
be supplemented by special boundary conditions for radiation: in the case of 
radiating surfaces in the flow the magnitude of the intensity of radiation 1" 
must be given. 

The equations of gasdynamics with consideration of radiation (5.1)-(5.6) 
are an integro-differential system of equations, which appreciably complicates 
the solution of any problem in this region. However, in a number of cases of 
practical interest we must deal with a certain "limiting" state of the gas when 
disregarding absorption, we can take into account only radiation (case of 
volume luminescence). 
question changes to a system of ordinary differential equations, and there is 
no need to solve the equation of transfer of radiant energy. The expression 

Then the integro-differential system of equations in 

for qR in this case takes the form 

- m 

q = E = 4 n  $ k i B v d v ,  
0 

R 

- 
where E is the quantity of radiant energy emitted 
time. The quantity e is often represented as 

E = ~ E , ( s T  4 . 

Comparing (5.8) and (5.7), we find that 

(5.7) 

by a unit volume in unit 

b 

(5 8) 

The coefficient T. characterizes the amount of radiation per unit length and is 
equal to the frequency-averaged doubled coefficient of absorption (coefficient 

The case where we can disregard absorption corresponds to an optically thin 

medium, i.e., 
example, thickness of the shock layer). 

2 in the expression for E characterizes the radiation yield to both sides). 
w 

2( I = %1<<1, where R is a characteristic dimension (for v 2  

Another "limiting" case of flows with radiation corresponds to the condi- 
tion tvl >> 1 and leads to "blocking" of radiation [56]. Therefore, the 
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system in question also becomes differential. It is obvious that when solving 
different problems both of these cases and the intermediate case Lvl  = 1 
be encountered. 

can 

The coefficients k;, I”, E , characterizing the radiative properties of 
the gas medium are determined either experimentally or are calculated theoreti- 
cally; the determination of these coefficients is quite difficult for complex 
gas mixtures. 

2. Statement of Problem and Scheme of Calculation 

A s  is known, behind the front of a detached shock wave formed near the 
surface of a blunt body during passage of a hypersonic gas flow, different 
physicochemical transformations, including radiation and absorption of radiant 
energy, occur. Depending upon the parameters of the medium (p,, pm, T,) in 
which motion occurs and upon the parameters of the medium of the body and 
flow velocity w,, flows differing from those named above can develop during 
flow of a radiating gas around a body. The case of flow around a blunt body 
will be examined below on the assumption of volume luminescence. 

Let us examine a hypersonic flow of gas encountering, at a constant 
velocity w,, a flat or axisymmetric blunt body. The gas behind the front of 
the detached shock wave will be considered equilibrium dissociated and ionized. 
We will calculate flow in the region bounded by the shock wave, axis of symmetry, 
surface of the body, and boundary characteristic cutting off the region of 
influence of blunting. 
independent variables here. 

The coordinates s and 5 = n/E(s) will be considered 

The equation of continuity and motion (in projections on the coordinate 
axes s and <) are written out in (1.20). After appropriate approximations they 
are given in section 3 of the first chapter and for N = 2 in [21]. 1216 

The equation of energy in the coordinate system s, 5 in a dimensionless 
form can be written as 

a -- a as - ( f  E ~ ~ ) + - ( N H ) + ~ E A ~ E = O ,  ae ( 5 .  l o )  

2 where E = h + w . 
The equation of energy along the streamline can be written in the form 

2E 
P dh - $ dp + -dt = 0. (5.11) 

In equations (5.10) and (5.11) we will also use the designations: h, the 
specific enthalpy referred to w:ax; E, quantity of radiant energy emitted by 

-2 
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z a unit volume in unit time referred to 
P w  Wmax/Ro 

The equation of state in a dimensionless form is 

p = PKL(P,  T )IT# (5.1: 

where T is temperature referred to w2 
the gas at the examined point of the flow referred to the molecular weight of 
gas in the oncoming flow pw; R is the universal gas constant. 

pw/R; p(p,T) is the molecular weight 0: max 

Along the streamlines the well-known differential relation, which does no 
have its own form in a radiating gas, holds true 

pwdw + dp = 0. (5.1 

Along the characteristics in the radiating gas the ratio 

(5.1 

holds true. 

In the case of volume luminescence the boundary conditions relating the 
gas parameters on the shock wave have the same form as without consideration 
of radiation. This means that luminescence does not affect the flow para- 
meters immediately upon passing through the front of the shock wave, but 
does have an effect on its state only as the gas particles advance from the 
shock wave toward the body. 

The boundary condition on the body is the condition of nonflow 

u E 0. (5.1 

In the case of volume luminescence there is no need to assign the boundai 
conditions on the body for radiation. 

On the axis of symmetry s = 0 the condition 

wo E 0 .  

must be fulfilled. 

(5.1 

Relation (5 .14)  must be fulfilled on the boundary characteristic s1 = s ( i  
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Since it is assumed that the gas behind the shock-wave front is in a 
state of equilibrium, we must have at our disposal tables of the thermodynamic 
functions of the corresponding gas at high temperatures. For example, for 
calculations of air flows we can use the tables in [37]. When conducting our 
calculations, we used the approximate analytic representations of the thermo- 
dymanic functions proposed by V. V. Mikhailov [57 and 581. The function E 
characterizing the radiative properties of the gas depends, of course, on the 
type of gas, its temperature, and density. For air the values of E are cal- 
zulated, for example, by B. Kibel [59] and are presented there in the form 
3f graphs. The dependencies of on p and T, borrowed from [59] , were approxi- 
liated in the form 

E = 105(+.y*3 t10  0,55( T/1000) - lo 1,1] 

(5.17) 

m d  in this form were used in the calculations. Here p o  is the density of air 
mder normal conditions (p = 1 atm, T = 388OK). The range of applicability of 
zpproximations (5.17) is 

2000°K 5 T 5 12 OOO°K, p / p o ~  1. 

A s  was already noted, the method of integral relations underlies the 
4olution of this problem. It is known that when examining problems of flow 
:round blunt bodies without consideration of radiation by this method, the 
.quation of energy is used as a finite relationship h + w2 = 1, and the equations 
if motion and continuity are approximated by ordinary differential equations. 
;ince when considering radiation the equation of energy cannot be represented 
is a finite relation, but has the form (5.10) or (5.11), we can, in this case, 1218 
-ither replace equation (5.10) by its approximating ordinary differential 
,quation, or write equation (5.11) approximately along the boundaries of the 
-.ones. The second way, which is described below, was used in the calculations. 

The equation of energy along the axis of symmetry is written as 

(5.18) 

rhich follows from (5.11). Furthermore, along s = 0 the relation 

iolds true, which follows from (5.13). 

To write the equation of energy along the boundaries of the zones we will 
JrOCeed in the following manner. Equation (5.11) is represented as 

(5.20) 
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or, having designated V' = hTT' + (h - 2 / p ) p ' ,  we obtain (5.11) in 
P 

2AE c 

Vi.,: -7 ~ L . F .  

Then the value of V' at the boundary of zone s = si(s) can be I 

I 

the form 

etermined 
in terms of the value of V' on the line of flow. 
equalities 

Actually, from the obvious 

it follows that 

(5.2- 

This means that the equation of energy (5.11) along the boundary of the zone 
s = si can be written in the form 

where 

(5.2. 

The values of the derivatives aT/as and ap/as entering (5.22) can be found 
from approximations of p and T by the known values of these functions on the 
boundaries of the zones. To increase the accuracy of determining aT/as and 
ap/as we may introdue additional lines dividing the zones into a number of 
narrower zones. 

Equations (5.12), (5.14), (5.18), (5.19), and (5.22), the equations of 
the line of flow, characteristics, and the equations obtained on approximating 
the equations of motion, represent a closed approximating system of ordinary 
differential equations for the problem in question. 
relative to derivatives of the unknown functions uiy vi, pi, Ti, pi, and s 
(i = 0, 1, 2, ..., N), we obtain a system of equations used for numerical 
integration. 

Having solved the system 

1 

In the second approximation (N = 2) this system will have the 
form E 

S' - ,; xltan( f a ) - t E S  

204 



(5.23) 

To determine p o, pl, p2' the equation of state (5.12) is used. /220 

Most coefficients entering system (5.23) are the same as in [21] ,  except 
for some coefficients which appear here as 

where r is taken from the relation along the characteristic (5.14). 1 
Integration of equations (5.23) is performed from the shock wave ( 5  = 1) 

up to the body ( 5  = 0), the conditions on the.shock wave serving as the initial 
conditions for the system. 
three parameters on the shock wave E ~ ,  E ~ ,  

The unknown quantities in integration are the 
which are determined from the 
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boundary cond i t ions  on t h e  body (5.15).  
o, sl and E e l e c t r o n i c  computer t h e  va lues  of t h e  q u a n t i t i e s  E 

means of t h e  gene ra l i zed  Newton method. 

When performing c a l c u l a t i o n s  on a n  
are found by 2 

3. Resu l t s  of Ca lcu la t ions  

Flow of equi l ibr ium a i r  around b l u n t  bodies  w a s  c a l c u l a t e d  i n  t h e  second 
approximation according t o  t h e  scheme proposed i n  s e c t i o n  2 of t h i s  chapter  
w i t h  (E # 0) and wi thout  cons ide ra t ion  of r a d i a t i o n  (E = 0) under d i f f e r e n t  
cond i t ions  i n  t h e  oncoming flow. Some of t h e  c a l c u l a t i o n s  w e r e  made t o  
e v a l u a t e  t h e  accuracy of t h e  computations.  
a lgor i thm of scheme I1 shows i n  t h e  case where r a d i a t i o n  is d is regarded  and 
t h e  equat ion  of energy i s  used i n  t h e  exac t  form h + w2 = 1, t h e  e r r o r  of t h e  
second approximation does no t  exceed 1 percent .  S ince  i n  t h i s  book w e  used 
a n  approximate w r i t i n g  of t h e  equat ion  of energy (5.21),  t h e  e r r o r  of t h e  
computations can be es t imated  by comparing t h e  r e s u l t s  of c a l c u l a t i o n s  
performed by t h e  g iven  scheme when E = 0 wi th  t h e  r e s u l t s  of t h e  computations 
i n  which t h e  equat ions  of energy is used i n  an  exac t  form (without  E ) .  Such 
a comparison i s  g iven  i n  Table  5.1. From t h i s  i t  fo l lows  t h a t  w i t h i n  t h e  
range of i n t e g r a t i o n  t h e  e r r o r  of t h e  computations i s  no t  more than  0.5 
percent  and i n c r e a s e s  somewhat only i n  t h e  r eg ion  of i n t e r s e c t i o n  of t h e  
boundary c h a r a c t e r i s t i c  w i th  t h e  shock wave. 
accuracy of t h e  c a l c u l a t i o n  i s  achieved when a minimal r eg ion  of i n f l u e n c e  of 
b lun t ing  i s  examined. S ince  q u a n t i t y  E c h a r a c t e r i z i n g  t h e  r a d i a t i v e  p r o p e r t i e s  
of a i r  i s  p r e s e n t l y  determined wi th  a n  e r r o r  much l a r g e r  than  t h e  e r r o r  of 
computations when N = 2, i t  proved t o  be expedient  t o  perform t h e  c a l c u l a t i o n s  
wi th  cons ide ra t ion  of r a d i a t i o n  only wi th  r e s p e c t  t o  t h e  second approximation, 
without  i nc reas ing  t h e  number of t h e  approximation. 

As a n  i n v e s t i g a t i o n  of t h e  

W e  n o t e  t h a t  t h e  h i g h e s t  

To exp la in  t h e  b a s i c  r e g u l a r i t i e s  c h a r a c t e r i z i n g  f low around b l u n t  
bodies  w i t h  cons ide ra t ion  of r a d i a t i o n ,  t h e  c a l c u l a t i o n s  w e r e  performed a t  
d i f f e r e n t  parameters of t h e  oncoming f low (M, = 10-35, p, = 0.01-0.00001 a t m ,  

Tm = 220-300°K). 

r a d i a t i o n  s u b s t a n t i a l l y  depends upon M,, p,, Ro, and , in  a number of cases ,  i s  

q u i t e  apprec iab le .  

It w a s  found t h a t  i n  a q u a n t i t a t i v e  r e s p e c t  t h e  e f f e c t  of 

A s  a n  example of t h e  n o t i c e a b l e  e f f e c t  of r a d i a t i o n ,  F igures  5.1-5.20 
and Tables  5.2-5.5 g i v e  c e r t a i n  r e s u l t s  of t h e  c a l c u l a t i o n s  of an a i r  f low 
around a sphe re  of r a d i u s  R = 1 i n  t h e  cases  E = 0 and E # 0 a t  d i f f e r e n t  0 
M, and p,. 

A s  w e  see from an  examination of t h e  t a b l e s  and graphs,  cons ide ra t ion  of 
r a d i a t i o n  l eads  t o  a n  apprec i ab le  decrease  of temperature  T and i n c r e a s e  of 
d e n s i t y  p i n  t h e  shock l a y e r  and on t h e  s u r f a c e  of t h e  s t r eaml ine  body. The 
change of T and p is  e s p e c i a l l y  no t i ceab le  near  t h e  s t a g n a t i o n  p o i n t  (5 + 0 ) .  
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The e f f e c t  of r a d i a t i o n  on t h e  p r o f i l e s  T and p decreases  wi th  d i s t a n c e  from 
t h e  s t a g n a t i o n  po in t  toward t h e  c h a r a c t e r i s t i c  (s + s ) (F igures  5.1, 5.2, 
5.6, 5.7, 5.11, 5.12, 5.15, and 5.16).  1 

Pressu re  p i n  t h e  shock l a y e r  and on t h e  s u r f a c e  of t h e  body remains 
The s l i g h t  change of p re s su re  on v i r t u a l l y  unchanged owing t o  r a d i a t i o n .  

t h e  boundary c h a r a c t e r i s t i c  s (Figures  5.3, 5.8,  5 .13 ,  and 5.18) i s  explained 

bo th  by t h e  change i n  t h e  angle  of i n c l i n a t i o n  of t h e  shock wave and by t h e  
change i n  t h e  p o s i t i o n  of t h e  C h a r a c t e r i s t i c  i t s e l f .  Changes of t h e  t a n g e n t i a l  
component of v e l o c i t y  v i n  t h e  shock l a y e r  owing t o  r a d i a t i o n  a l s o  do no t  
occur ,  except  f o r  a s m a l l  r eg ion  near  t h e  s u r f a c e  of t h e  body ( E  = 0) where 
v no t i ceab ly  drops (Figures  5.5, 5.10, 5.15, and 5.20). The normal component 
of v e l o c i t y  u remains v i r t u a l l y  unchanged along t h e  a x i s  of symmetry and t h e  

1 

I /  \ 

Figure  5.1. Change of temperature  
a long a x i s  of symmetry s = 0,  
boundary c h a r a c t e r i s t i c  s = 

1 and in t e rmed ia t e  l i n e  s = -s f o r  
f low p a s t  sphere  (R = 1 mf 

of equi l ibr ium d i s s o c i a t e d  a i r  
(M, = 33, p, = 0.0029 atm, and 

T, = 257OK) wi th  r a d i a t i o n  E # 0 

(dashed l i n e )  and without  consid- 
e r a t i o n  of r a d i a t i o n  E = 0 
( s o l i d  l i n e ) .  

s1 , 
1 

0 

1222 

Figure  5.2. Change of d e n s i t y  a long 
a x i s  of symmetry s = 0, boundary 
c h a r a c t e r i s t i c  s = sly and i n t e r -  

1 mediate  l i n e  s = -s f o r  f low around 2 1  
(Ro = 1 m) of equi l ibr ium d i s s o c i a t e d  

a i r  (M, = 33,  p, = 0.0029 atm, and 

Tm = 257'K) wi th  r a d i a t i o n  E # 0 

(dashed l i n e )  and without  cons ide ra t ion  
of r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  
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Figure  5.3. Change of p re s su re  
along a x i s  of symmetry s = 0, 
boundary c h a r a c t e r i s t i c  s = 

1 and in t e rmed ia t e  l i n e  s = -s 2 1  
f o r  f low p a s t  sphere  (R = 1 m) 

of equi l ibr ium d i s s o c i a t e d  a i r  
(M, = 33, p, = 0.0029 atm, and 

T, = 257OK) w i t h  r a d i a t i o n  E # 0 
(dashed l i n e )  and without  con- 
s i d e r a t i o n  of r a d i a t i o n  E = 0 
( s o l i d  l i n e ) .  

0 

Figure  5.4. Change of normal com- 
ponent of v e l o c i t y  u a long a x i s  
of symmetry s = 0 ,  boundary char- 
acter is t ic  s = s and in t e rmed ia t e  1' 
l i n e  s = -s with  f low p a s t  sphere  

(Ro = 1 m )  of equi l ibr ium d i s s o c i a t e d  

a i r  (M, = 33, p, = 0.0029 a t m ,  and 

T, = 257OK) wi th  r a d i a t i o n  E # 0 

(dashed l i n e )  and without  considera-  
t i o n  of r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1 
2 1  

F igure  5.5. Change of  t a n g e n t i a l  
c h a r a c t e r i s t i c  s = s and interme- 

d i a t e  s = -s f o r  f low p a s t  sphere  

(Ro = 1 m) of equi l ibr ium d i s s o c i a t e d  

a i r  (M, = 33, p, = 0.0029 a t m ,  and 

T, = 257OK) wi th  r a d i a t i o n  E # 0 

(dashed l i n e )  and without  considera-  
t i o n  of r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1 1 
2 1  
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Figure  5.6. Change of temperature  
along a x i s  of symmetry s = 0, 
boundary c h a r a c t e r i s t i c  s = s 

and in t e rmed ia t e  s = T~ f o r  f low 

p a s t  sphere  (R = 1 m) of equ i l ib -  

rim d i s s o c i a t e d  a i r  (M, = 33.5, 

p, = 0.00047 a t m ,  Tm = 270°K) 

wi th  r a d i a t i o n  E # 0 (dashed 
l i n e )  and wi thout  cons ide ra t ion  
of r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1' 1 

0 

Figure  5.7. Change of d e n s i t y  a long 
a x i s  of symmetry s = 0, boundary 
c h a r a c t e r i s t i c  s = sly and i n t e r -  

mediate  l i n e  s = -s f o r  f low p a s t  

sphere  (R = 1 m) of equi l ibr ium 

d i s s o c i a t e d  a i r  (M, = 33.5, p, = 

0.00047 a t m ,  

r a d i a t i o n  E # 0 (dashed l i n e )  and 
without  cons ide ra t ion  of r a d i a t i o n  
E = 0 ( s o l i d  l i n e ) .  

1 
2 1  

0 

T, = 270°K) wi th  

F igure  5.8. Change o f  pres su re  along 
a x i s  of symmetry s = 0, boundary 
c h a r a c t e r i s t i c  s = s and in t e rmed ia t e  

l i n e  s = -s f o r  f low p a s t  sphere 

(R = 1 m) of equi l ibr ium d i s s o c i a t e d  

a i r  (M, = 33.5, p, = 0.00047 a t m ,  T, = 

270" K) wi th  r a d i a t i o n  E # 0 (dashed 
l i n e )  and without  cons ide ra t ion  of 
r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1' 1 
2 1  

0 
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Figure  5.9. Change of normal com- 
ponent of v e l o c i t y  u a long axis 
of symmetry s = 0, boundary 
c h a r a c t e r i s t i c  s = s and i n t e r -  

1 mediate  l i n e  s = yl f o r  f low p a s t  

a sphere  (Ro = 1 m) of equi l ibr ium 
d i s s o c i a t e d  air  (M, = 33.5, 

p, = 0.00047 a t m ,  Tco = 270°K) 

w i t h  r a d i a t i o n  E # 0 (dashed 
l i n e )  and wi thout  considera-  
t i o n  of r a d i a t i o n  E = 0 ( s o l i d  
l i n e ) .  

1’ 

Figure  5.10. Change of t h e  t a n g e n t i a l  
component of v e l o c i t y  u a long boundary 
c h a r a c t e r i s t i c  s = s1 and in t e rmed ia t e  

l i n e  s = - s  f o r  f low p a s t  sphere  

(Ro = 1 m) of equi l ibr ium d i s s o c i a t e d  

a i r  (M, = 33.5, p, = 0.00047 a t m ,  T, = 

270’K) wi th  r a d i a t i o n  E # 0 (dashed 
l i n e )  and wi thout  cons ide ra t ion  of 
r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1 
2 1  

Figure  5.11. Change of temperature  
a long axis of symmetry s = 0, 
boundary c h a r a c t e r i s t i c  s = sly and 

in t e rmed ia t e  l i n e  s = - s  f o r  f low 

p a s t  sphe re  (R 0 = 1 m) of equi l ibr ium 

d i s s o c i a t e d  a i r  (M, = 32, p, = 0.01 

a t m ,  Tm = 250°K) wi th  r a d i a t i o n  E # 0 

(dashed l i n e )  and without  cons ide ra t ion  
of r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1 
2 1  
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Figure 5.12. Change of density 
along axis of symmetry s = 0 ,  
boundary characteristic s = s 

and intermediate s = T~ for 
flow past a sphere (Ro = 1 m) 
of equilibrium dissociated air 
(M, = 32, p, = 0.01 atm, T, = 

250°K) with radiation E # 0 
(dashed line) and without 
consideration of radiation 
E = 0 (solid line). 

1, 1 

Figure 5.13. Change of pressure along 
axis of symmetry s = 0 ,  boundary 
characteristic s = s and intermediate 

line s = -s for flow past sphere 

(Ro = 1 m) of equilibrium air (MOD = 

32, p, = 0.01 atm, T, = 250°K) 

with radiation E # 0 (dashed line) 
and without consideration of radiation 
E = 0 (solid line). 

1' 1 
2 1  

Figure 5.14. Change of normal 
component of velocity u along axis 
of symmetry s = 0 ,  boundary charac- 
teristic s = s and intermediate 1' 
line s = -s for flow past sphere 
(Ro = 1 m) of equilibrium air (M, = 

32, p, = 0.01 atm, T, = 250°K) 

with radiation E # 0 (dashed line) 
and without consideration of radia- 
tion E = 0 (solid line). 

1 
2 1  
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F igure  5.15. Change of t a n g e n t i a l  
component of v e l o c i t y  v along 
boundary c h a r a c t e r i s t i c  s = 

1 and in t e rmed ia t e  l i n e  s = -s 2 1  
f o r  f low p a s t  sphere  (R = 1 m) 

of equ i l ib r ium d i s s o c i a t e d  a i r  
(M, = 32, p, = 0.01 a t m ,  T, = 

250°K) wi th  r a d i a t i o n  E # 0 
(dashed l i n e )  and without  
cons ide ra t ion  o f  r a d i a t i o n  
E = 0 ( s o l i d  l i n e ) .  

s1 

0 

Figure  5.16. Change of temperature  
a long  a x i s  of symmetry s = 0, boundary 
c h a r a c t e r i s t i c  s = s and in t e rmed ia t e  

l i n e  s = -s f o r  f low p a s t  sphere  

(Ro = 1 m) of equi l ibr ium d i s s o c i a t e d  

a i r  (M, = 34.5, p, = 0.000249 atm, 

TC4 = 250°K) w i t h  r a d i a t i o n  E # 0 

(dashed l i n e )  and without  considera-  
t i o n  E = 0 ( s o l i d  l i n e ) .  

1' 1 
2 1  

Figure  5.17. Change of d e n s i t y  a long I 

a x i s  of symmetry s = 0, boundary 
characteristic s = s and in te rmedia t :  

l i n e  s = -s 

(Ro = 1 m) of equi l ibr ium d i s s o c i a t e d  

a i r  (M, = 34.5, p, = 0.000249 a t m ,  

T, = 250°K) wi th  r a d i a t i o n  E # 0 

(dashed l i n e )  and without  c o n s i d e r a t i o  
of r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1' 1 
2 1  f o r  f low p a s t  sphere  
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Figure  5.18. Change of p re s su re  
along a x i s  of symmetry s = 0, 
boundary c h a r a c t e r i s t i c  s = 

1 and in t e rmed ia t e  l i n e  s = -s 
2 1  

f o r  f low p a s t  sphere  (R = 1 h) 

of equi l ibr ium d i s s o c i a t e d  a i r  
(M, = 34.5, p, = 0.000249 a t m ,  

T, = 250°K) wi th  r a d i a t i o n  

E # 0 (dashed l i n e )  and with- 
ou t  cons ide ra t ion  of r a d i a t i o n  
E = 0 ( s o l i d  l i n e ) .  

0 

Figure  5.19. Change of normal 
component of v e l o c i t y  u along a x i s  
of symmetry s = 0, boundary 
c h a r a c t e r i s t i c  s = s in t e rmed ia t e  

l i n e  s = $sl f o r  flow p a s t  sphere  

(Ro = 1 m) of equi l ibr ium d i s s o c i a t e d  

a i r  (M, = 34.5, p, = 0.000249 a t m ,  

T, = 250°K) wi th  r a d i a t i o n  E p 0 

(dashed l i n e )  and without  considera- 
t i o n  of r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1’ 

Figure  5.20. Change of t a n g e n t i a l  
component of v e l o c i t y  v along boundary 
c h a r a c t e r i s t i c  s = s1 and in t e rmed ia t e  

l i n e  s = - s  f o r  f low p a s t  sphere 

(R = 1 m) of equ i l ib r ium d i s s o c i a t e d  0 
a i r  (M, = 34.5, p, = 0.000249 a t m ,  

T, = 250°K) wi th  r a d i a t i o n  E # 0 

(dashed l i n e )  and without  considera- 
t i o n  of r a d i a t i o n  E = 0 ( s o l i d  l i n e ) .  

1 
2 1  
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i n t e rmed ia t e  l i n e ,  whereas i t  s u b s t a n t i a l l y  changes along t h e  boundary 
c h a r a c t e r i s t i c  (F igures  5.4,  5.9, 5.14, and 5.19). However, c l o s e  t o  t h e  
c h a r a c t e r i s t i c , u  is  much s m a l l e r  than  v i n  a b s o l u t e  va lue ,  consequent ly  t h e  
v a l u e  of t o t a l  v e l o c i t y  w no t i ceab ly  dec reases  owing t o  r a d i a t i o n  only on 
t h e  s u r f a c e  of t h e  body, without  changing i n  t h e  shock l aye r .  

F igure  5.21. Change of t h e  
magnitude of s e p a r a t i o n  of 
t h e  shock wave i n  r e l a t i o n  
t o  s f o r  f low of a d i s s o c i a t e d  
a i r  stream p a s t  sphere  with- 
ou t  cons ide ra t ion  of r a d i a t i o n  
E = 0 (dot ted  l i n e )  and wi th  
r a d i a t i o n  E # 0 f o r  d i f f e r e n t  
Ro (Ro = 0.1 m ,  dashed l i n e ;  

Ro = l m ,  s o l i d  l i n e ) .  

A s  w e  see from Figure  5.21, t h e  
magnitude of s e p a r a t i o n  of t h e  shock 
wave from t h e  s u r f a c e  of t h e  stream- 
l i n e  body decreases  when r a d i a t i o n  
i s  taken  i n t o  account ,  which i s  
e s p e c i a l l y  no t i ceab le  i n  t h e  r eg ion  
of t h e  s t a g n a t i o n  po in t .  Th i s  l eads ,  
i n  t u r n ,  t o  an  i n c r e a s e  of cu rva tu re  
of t h e  detached shock wave i n  t h e  
zone of in f luence  of r a d i a t i o n .  

Tables  5.2-5.5 g i v e  t h e  r e s u l t s  
of c a l c u l a t i n g  f low of an  equi l ibr ium 
d i s s o c i a t e d  a i r  stream p a s t  a sphere  
wi th  r a d i a t i o n  (E  # 0) and without  
cons ide ra t ion  of r a d i a t i o n  (E = 0) 
along t h e  a x i s  of symmetry (s = O ) ,  
boundary c h a r a c t e r i s t i c  (s = s ), 1 1 and in t e rmed ia t e  l i n e  (s =-s ). 2 1  
The fol lowing d a t a  are given:  u, v ,  
t h e  normal and t a n g e n t i a l  components 
of v e l o c i t y  w; p, p ressure ;  T,  tempera 
t u r e ;  p ,  dens i ty ;  E ,  q u a n t i t y  of 
r a d i e n t  energy emit ted by a u n i t  volum- 
of gas  i n  u n i t  time. A l l  q u a n t i t i e s  
are given i n  a dimensionless  form. 

The program developed i n  t h i s  chapter  permi ts  u s  t o  perform c a l c u l a t i o n s  
no t  on ly  f o r  a i r  bu t  a l s o  f o r  o the r  gas  mixtures .  
of  f low p a s t  a b l u n t  body wi th  cons ide ra t ion  of r a d i a t i o n  can be  extended t o  
t h e  supersonic  r e g i o n  by t h e  method of c h a r a c t e r i s t i c s .  

The s o l u t i o n  of t h e  problem 
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TABLE 5.1 

FLOWS W I T H  RADIATION 

-0.103 
-0.0890 
-0.0741 
-0.0601 
-0.0469 

-0.0345 
-0.0229 

M, = 10; p, = 0.01 a t m ;  T, = 3 0 0 ° K ;  

RO = 1 m; p, = 0.01178 k g / m 3 ;  wmax - - 3555 m/sec. 

-0.103 
-0.0892 
-0.0742 
-0.0602 
-0.0470 

-0.0346 
-0.0228 

~ -.. 

5 

I. 0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.412 
0.372 
0.332 
0.297 
0.268 

0.242 
0.219 
0.198 
0.178 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.413 
0.373 
0.334 
0.299 
0.269 

0.243 
0.219 
0.199 
0.179 

S 

+ 0.0622 
t0 .0393 
+0.0202 
+0.00771 
+0.000316 

-0.00329 
-0.00410 
-0.00284 
0.00000 

E = 0 b$kE ~ 

+ 0.0619 
+ 0.0388 
+ 0.0199 
+ 0.00747 
+ 0.0000570 

-0.00358 
-0,00442 
-0,00318 
0.00000 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.500 
0.474 
0.450 
0.432 
0.417 

d.405 
0.395 
0.387 
0.380 

0.3906 
0.2656 
0.1406 
0.0000 

1.000 
0.948 
0.901 
0.864 
0.834 

0.810 
0.790 
0.775 
0.761 

.- 

0.500 
0.474 
0.450 
0.432 
0.417 

0.404 
0.395 
0.387 
0.380 

I. 000 
0.948 
0.901 
0.864 
0.834 

0.809 
0.790 
0.775 
0.761 

U 

-0.0727 
-0.0666 
-0.0581 
-0.0489 
-0.0393 

-0.0296 
-0.0200 
-0.0105 
0.0000 

S I S l  

-0.0733 
-0.C670 
-0.0585 
-0,0492 
-0.0395 

-0.0298 
-0.0201 
-0.0105 
0.0000 

v 

0 
0 
0 
0 

0.677 
0.646 
0.599 
0.550 
0.502 

0.460 
0.422 
0.389 
0.356 

0.678 
0.644 
0.599 
0.551 
0.504 

0.461 
0.423 
0.390 
0.359 
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SCHEME 11. 

9.465 
9.586 
9.696 
9.702 
9.846 

9.893 
9.924 
9.942 
9..351 

N = 2. 6 = 1; Ro = 1 m; 0.1 m 

9.465 
9.585 
9.695 
9.781 
9.846 

9.893 
9.924 
9.942 
9.948 

TABLE 5.1 

0.858 
0.871 
0.883 
0.892 
0.899 

0.904 
0.907 
0.909 
0.910 

EO = 0.08626; E = 0.1030; E = 0.1865 (E = 0 )  
2 1 

0.0827 
0.0828 

, 0.0830 
0.0831 
0.0831 

0,0832 
0,0832 
0.0833 
0.0833 

= 0.08665; = 0.1028; = 0.1854 

-. .- 

D I T P 

s =  0 
0.858 
0.871 
0.883 
0.892 
0.899 

0.904 
0.907 
0.909 
0.910 

0.703 
0.71 7 
0.729 
0.740 
0.740 

0.754 
0.758 
0.761 
0.763 

0.435 
0.432 
0.431 
0.432 
0.433 

0.435 
0.435 
0.435 
0.433 

0.702 
0.715 
0.728 
0.738 
0.747 

0.743 
0.757 
0.760 
0.761 

0.434 
0.431 
0.430 
0.431 
0.432 

0 .414 
0.434 
0.434 
0.431 

0.0760 
0.0773 
0.0784 
0.0733 
0.0799 

0.0805 
0.0809 
0.0812 
0.0815 

0.0610 
0.0645 
0.0677 
0.0702 
0.0721 

0.0736 

0.0757 
0.0766 

0.0748 

0.0827 
0.0828 
0.0830 
0.0831 
0.0831 

0.0832 
0.0852 
0.0833 
0.0833 

S 

0.0760 
0.0772 
0.0784 
0.0793 
0.0799 

0.0805 
0,0809 
0.0812 
0.0815 

SI I 2  

8.729 
8.687 
8.662 
8.649 
8.639 

8.627 
8.611 
8.590 
8.561 

1 s = s  

8.723 
8.679 
8.652 
6.636 
8.625 

8.612 
8.597 
8.577 
8.548 

(without E) 

0.989 
0.992 
0.994 
0.996 
0.997 

0.998 
0.999 
0.999 
I .  000 

0.824 
0.856 
0.885 
0.907 
0.925 

0.939 
0.950 
0.959 
0.967 

7.059 0.536 
6.646 0.592 
6.262 0.653 
5.973 0.707 
5.760 0.754 

5.600 0.793 
5.472 0.824 
5.364 0.850 

-- 5.26k "_ ! 0.859 

0.989 
0.992 
0.994 
0.996 
0.997 

0.998 
0.999 
0.999 
0.999 

0.823 
0.855 
0.884 
0.907 
0.925 

0.939 
0.951 
0.960 
0.967 

0.536 
0.582 
0.64C 
0.696 
0.745 

0.786 
0.820 
0.847 
0.868 -- 
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TABLE 5.2 

0 
0 
0 
0 
0 

0 
0 
0 
0 

M, = 33;  p, = 0.0029 atm; T, = 257OK; 

Ro = 1 m; pm = 0.003988 kg/m3; wmax = 10 623 m/sec. 

0 
0 
0 
0 
0 

0 
0 
0 
0 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

~ 1.0000 
0.8906 
0.7656 
0.6406 
0.51 56 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

-. 

0.3906 
0.2656 
0.1406 
0.0000 

0.800 
0.772 
0.748 
0.729 
0.714 

0.702 
0.692 
0.685 
0.679 

0.800 
0.770 
0.745 
0.726 
0.710 

0.698 
0.688 
0.680 
0.675 

0.641 
0.592 
0.533 
0.478 
0.430 

0.386 
0.344 
0.301 
0.239 

.- 
I I I i 

0.649 
0.593 
0.529 
0.475 
0.428 

0.387 
0.349 
0.313 
0.278 

S 

+0.0173 
+ 0.00882 
+ 0.00251 
-0.00110 
-0.00295 

-0.00358 
-0.00323 
-0.00208 
0.00000 

U 

+0.0117 
+0.00303 
-0.00277 
-0.00558 
-0.00650 

-0.00615 
-0.00488 
-0.00288 
0.00000 

v 

S I  0 1 

0.400 
0.386 
0.374 
0.364 
0.357 

0.351 
0.346 
0.342 
0.339 

0.400 
0.385 
0.372 
0.363 
0.355 

0.349 
0.344 
0.340 
0.337 

-0.0697 
-0.0588 
-0.0475 
-0.0374 
-0.0281 

-0.0198 
-0.0125 
-0.00603 
0.00000 

-0.0697 
-0.0593 
-0.0484 
-0.0383 
-0.0292 

-0.0209 

-0.00670 
0.00000 

-0.0134 

s -  s,/2 

-0.0532 
-0.0468 

-0.03 18 
-0.0245 

-0.0393 

-0.01 76 
-0.0112 
-0.00552 
0.00000 

-0.0533 

-0.0394 
-0,0320 
-0.0250 

-KO469 

-0.0182 
-0.0119 
-0.00606 
0.00000 

0.364 
0.329 
0.296 
0.266 
0.238 

~ E:: 
0.158 
0.121 

0.364 
0.328 
0.292 
0.261 
0.233 

0.207 
0.183 
0.160 
0.137 
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TABLE 5.2 

P T 
E f o l E = o  E C o  I E = o  

218 

- E  P 
E f o l  E = o  1 

14.306 
14.430 
14.539 
14.620 
14.678 

14.717 
14.741 
14.754 
14.758 

0.926 
0.936 
0.945 
0.952 
0.957 

0.960 
0.962 
0.963 
0.963 

0.805 
0.812 
0.818 
0.822 
0.825 

0.828 
0.82 9 
0.830 
0.829 

0.549 
0.538 
0.533 
0.530 
0.529 

0.528 
0.526 
0.525 
0.522 - 

1.704 
1.471 
1.218 
0.988 
0.781 

0.598 
0.437 
0.291 
0.135 

0.926 
0.936 
0.944 
0.951 
0.955 

0.958 
0.960 
0.961 
0.961 

0.0283 
0.0287 
0.0291 

0.02 95 
0.0297 
0.0300 
0.0302 

0.805 
0.812 
0.817 
0.822 
0.825 

14.433 
14.481 
14.634 

.I 4.89 6 
15.290 
15.906 
17.916 

0.828 
0.829 
0.830 
0.830 

0.0201 
0.0215 
0.0230 
0.0240 
0.0247 

0.0250 
0.0249 
0.0244 
0.0223 

. 

0.539 
0.528 
0,522 
0.520 
0.519 

0.519 
0.518 
0.51 7 
0.51 4 

0.0199 
0.0215 
0.0229 
0.0241 
0.0251 

0.0260 
0.0269 
0.0276 
0.0283 
- 

0.0306 
0.0303 
0.0298 
0.0293 
0.0288 

0.0281 
0.0274 
0.0265 
0.0242 

0.0270 
0.0275 
0.02 77 
0.0278 
0.0276 

0.0273 
0.0268 
0.0260 
0.0237 

s = o  
0.0306 
0.0307 
0.0307 
0.0307 
0.0308 

0.0308 
0.0308 
0.0308 
0.0308 

14.306 
14.726 
15.197 
15.668 
16.154 

16.676 
17.276 
18.061 
20.327 

s = S J 2  

14.684 
14.362 
f4.074 
13.839 
13.640 

13.469 
13.321 
13. I 9 1  
13.059 

S I S l  

15.531 
13.220 
11.865 
11.142 
10.737 

10.552 
10.564 
10.816 
11.725 

. - . ~  

15.488 
13.037 
11.666 
10.869 
10.300 

9.842 
9.453 
9.114 
5.812 1 

0.291 
0.358 
0.406 
0.417 
0.394 

0.343 
0.273 
0. I 9 1  
0.0904 

0.00973 
0.01 65 
0.0293 
0.0452 
0.0599 

0.0681 
0.0656 
0.0518 
0.02 67 

I I 111 I 1 1 1  I11111III I II 



TABLE 5.3 

0.647 
0.592 
0.529 
0.475 
0.429 

0.387 
0.348 
0.311 
0.266 

/232 

0.649 
0.593 
0.529 
0.475 
0.428 

0.387 
0.349 
0.313 
0.278 

M, = 33; p, = 0.0029 atm; T, = 257'K; 

Ro = 0.1 m; pm = 0.003988 kg/m3; wmax = 10 623 m/sec. 

~ -. 
I I I 

I * 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

I .oooo 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

0.400 
0.385 
0.373 
0.363 
0.355 

0.349 
0.344 
0.340 
0.338 

0.800 
0.771 
0.746 
0.726 
0.71 I 

0.699 
0.689 
0.681 
0.676 

0.400 
0.385 
0.372 
0.363 
0.355 

0.349 
0.344 
0.340 
0.337 

0.800 
0.770 
0.745 
0.726 
0.710 

0.698 
0.688 
0.680 
0.675 

-0.0697 
-0.0593 
-0.0484 
-0.0384 
-0.0292 

-0.0209 
-0.0134 
-0,00669 

0.00000 

-0.0697 
-0.0593 
-0.0484 
-0.0383 
-0.0292 

-0.0209 
-0.0134 
-0.00670 
0.00000 

s=s , /2  

-0.0533 
-0.0469 
-0.0394 
-0.0321 
-0.0250 

-0.0183 
-0.0119 
-0.00606 
0.00000 

s - s  

+0.0129 
+ 0.00426 
-0.00162 
-0.00456 
-0.00563 

-0.00546 
-0.0043 7 
-0.00259 

0.00000 

-0.0533 

-0.0394 
-0.0320 
-0.0250 

-0.0182 
-0.0119 
-0.00606 
0.00000 

-0.0469 

t 0.0117 
tO.00303 

-0.00558 
-0.00650 

-0.0061 5 

-0.002 77 

-0.00488 
-0.00288 

0.00000 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.364 
0.328 
0.293 
0.262 
0.234 

0.208 
0.184 
0.160 
0.133 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.364 
0.328 
0.292 
0.261 
0.233 

0.207 
0.183 
0.160 
0.137 
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TABLE 5.3 

14.306 
14.430 
14.539 
14.620 
14.678 

14.717 
14.741 
14.754 
14.758 

E ~ =  0.05397; E ~ =  0.05902; €1 = 0.08335 (E f 0) 
.eO= 0.05496; E ~ = =  0.05999; e l =  0.08390 (E = 0) 

1.704 
1.471 
1.218 
0.988 
0.781 

0.598 
0.437 
0.291 
0.135 

S= 0 

0.0270 
0.0276 
0.0282 
0.0286 
0.0289 

0.0291 
0.0292 
0.0292 
0.0281 

0.926 
0.936 
0.944 
0,951 
0.955 

0.958 
0.960 
0.961 
0.962 

0.805 
0.812 
0.818 
0.822 
0.825 

0.828 
0.829 
0.830 
0.830 

0.54-1 
0.530 
0.525 
0.522 
0.521 

0.521 
0.520 
0.519 
0.516 

0.0270 
0.0277 
0.0283 
0.0287 
0.0291 

0.0295 
0.0297 
0.0300 
0.0302 

0.926 
0.936 
0.944 
0.951 
0.955 

0.0199 
0.0215 
0.0229 
0.0241 
0.0251 

0.0259 
0.0266 
0.0270 
0.0263 

0.958 
0.960 
0.961 
0.961 

0.0199 
0.0215 
0.0229 
0.0241 
0.0251 

0.0260 
0.0269 
0.0276 
0.0283 

0.805 
0.812 
0.817 
0.822 
0.825 

0.828 
0.829 
0.830 
0.830 

0,539 
0.528 
0.522 
0.520 
0.519 

0.519 
0.518 
0.51 7 
0.514 

0.0306 
0.0306 
0.0306 
0.0305 
0.0305 

0.0303 
0.0302 
0.0299 
0.0287 

0.0306 
0.0307 
0.0307 
0.0307 
0.0308 

0.0308 
0.0308 
0.0308 
0.0308 

S 4 J 2  

14.306 
14.462 
14.618 
-14.756 
14.887 

15.021 
15.179 
15.408 
16.266 

14.683 
14.380 
14.120 
13.924 
13.780 

13.686 
13.651’ 
13.712 
14.369 

14.684 
14.362 
14.074 
13.839 
13.640 

13,469 
13.321 
13.191 
13.059 

15.497 15.488 
13.077 13.037 
11.710 11.666 
10.919 10.869 
10.368 10.300 

9.947 9.842 
9.626 9.453 
9.419 9.114 

~ 9.684 I -- 8.812 

0.291 
0.358 
0.406 
0.417 
0.394 

0.343 
0.2 73 
0.191 
0.0904 

0.00973 
0.01 65 
0.0293 
0.0452 
0.0599 

0.0681 
0.0656 
0.0518 
0.0267 
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TABLE 5.4 

J E + O I E = O  

/234 

~ + o  I E = O  E + O l E = O  

M, = 33.5; p, = 0.0047 a t m ;  T, = 270°K; 

Ro = 1 m; p, = 0.0006153 kg/m3; wmax = 11 053 m/sec. 

1.0000 0 0 -0.0647 
0.8906 0 0 -0.0548 
0.7656 0 0 -0.0448 
0.6406 0 0 -0.0355 
0.5156 0 0 -0.0270 

0.3906 0 0 -0.0192 
0.2656 0 0 -0.0122 
0.1406 0 0 -0.00596 
0.0000 0 0 0.00000 

-0.0647 0 0 
-0.0548 0 0 
-0.0448 0 0 
-0.0356 0 0 
-0.0271 0 0 

-0.0193 0 0 
-0.0123 0 0 
-0.00612 0 0 
0.00000 0 0 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

-0.00319 
-0.00295 
-0- 00194 
0.00000 

0.3906 
0.2656 
0.1406 
0.0000 

-0.00526 
-0.00434 
-0.00264 
0.00000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.51 56 

0.3906 
0.2656 
0.1406 
0.0000 

0.400 
0.385 
0.374 
0.364 
0.357 

0.351 
0.346 
0.342 
0.339 

0.800 
0.771 
0.748 
0.729 
0.714 

0.702 
0.692 
0.685 
0.679 

' 0.400 
0.385 
0.373 
0.363 
0.356 

0.349 
0.344 
0.341 
0.338 

1 0.800 
0.770 
0.746 
0.727 
0.712 

0.699 
0.689 
0.682 
0.676 

-0.0490 
-0.0435 
-0.03 66 
-0.0298 
-0.0232 

-0.01 69 
-0.0109 
-0.00546 
0.00000 

I s= s 
+0.0182 
+0.00980 
+ 0.00324 
-0.000520 
-0.00248 

-0.0484 
-0.0429 
-0.0361 

-0.0229 
-0.0294 

-0.01 68 
-0.0109 
-0.00556 
0.00000 

+ 0.0138 
+ 0.00533 

-0.00384 
-0.0051 9 

-0.000686 

0.360 
0.322 
0.289 
0.260 
0.234 

0.208 
0.184 
0.159 
0.124 

0.645 
0.597 
0.522 
0.463 
0.416 

0.376 
0.338 
0.299 
0.244 

0.358 
~ 0.320 

' 0.257 
0.230 

1 0.286, 

0.204 
0.180 
0.157 
0.132 

0.651 
0.595 
0.518 
0.461 
0.416 

0.377 
0.341 
0.306 
0.267 
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TABLE 5.4 

16.942 
13.114 
11.796 
11.064 
10.559 

10.174 
9.863 
9.600 
9.362 

eo== 0.04908; = 0.05535; = 0.08162 (E f 0) 
eo = 0.05104; e2 - 0.05793; el = 0.08349 (E = 0) 

0.00294 
0.00950 
0:0203 
0.0327 
0.0449 

0.0549 
0.0603 
0.0578 
0.0347 

0.931 
0.940 
0.948 
0.954 
0.958 

0.961 
0.963 
0.964 
0.965 

0.811 
0.817 
0.822 
0.826 
0.829 

0.831 
0.832 
0.833 
0.833 

0.546 
0.533 
0.529 
0.528 
0.528 

0.527 
0.527 
0.526 
0.523 

0.0172 
0.0201 
0.0218 
0.0229 
0.0237 

0.0243 
0.0248 
0.0253 
0.0256 

0.931 
0.940 
0.948 
0.954 
0.958 

0.961 
0.963 
0.964 
0.964 

16.954 
13.316 
1 f .998  
11.294 
10.854 

10.575 
10.432 
10.463 
11.103 

0.812 
0.818 
0.823 
0.827 
0.830 

0.832 
0.834 
0.835 
0.835 

0.539 
0.526 
0.521 
0.521 
0.521 

0.521 
0.521 
0.520 
0.518 

0.0273 
0.0272 
0.0271 
0.02 70 
0.0269 

0.0267 
0.0264 
0.0259 
0.024.1 

0.0251 
0.0255 
0.0257 
0.0259 
0.0260 

0.0259 
0.0258 
0.0254 
0.0237 

0.01 74 
0.0201 
0.0218 
0.0228 
0.0235 

0.0239 
0.0241 
0.0240 
0.0224 

0.0273 
0.0273 
0.0274 
0.0274 
0.0274 

0.0274 
0.0274 
0.0274 
0.0274 

'0.0251 
0.0255 
0.0259 
0.0262 
0.0264 

0.0266 
0.0267 
0.0269 
0.0270 

15.400 
15.620 
15.852 
16.084 
16.328 

16.604 
16.951 
17.468 
19.372 

s 4 , / 2  
15.332 
15.115 
14.967 
14.891 
14.879 

14.939 
15.096 
15.436 
17.060 

15.400 
15.530 
15.639 
15.721 
15.780 

15.820 
15.845 
15.858 
15.862 

15.331 
15.056 
14.824 
14.635 
14.483 

14.350 
14.236 
14.134 
14.029 

0.555 
0.548 
0.532 
0.507 
0.474 

0.432 
0.378 
0.305 
0.170 

0.167 
0.199 
0.228 
0.247 
0.257 

0.255 
0.239 
0.203 
0.116 
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TABLE 5.5 

U 

E = O  
I s  I I E C O I E = O I  E C O  I 4 

/236 

v 
E L O  I E - O  

M, = 34.5; p, = 0.000249 a t m ;  T, = 250°K; 

R = 1 m ;  p, = 0.000353 kg/m 3 ; wmax = 10 952 m / s e c .  0 

I I I I '  1 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

1.0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

I. 0000 
0.8906 
0.7656 
0.6406 
0.5156 

0.3906 
0.2656 
0.1406 
0.0000 

0.400 
0.385 
0.374 
0.364 
0.357 

0.351 
0.346 
-0.342 
0.339 

0.800 
0.771 
0.748 
0.729 
0.714 

0.702 
0.692 
0.684 
0.679 

0.400 
0.385 
0.373 
0.364 
0.356 

0.350 
0.345 
0.341 
0.338 

0.800 
0.771 
0.747 
0.728 
0.812 

0.700 
0.690 
0.682 
0.677 

s = o  
-0.0634 
-0.0536 
-0.0438 
-0.0348 
-0.0264 

-0.0188 
-0.0120 
-0.00589 
0.00000 

s3s1/2 
-0.0476 
-0.042; 
-0.035' 
-0.0289 
-0.0225 

-0.01 64 
-0.0107 
-0.00538 
0.00000 

s = s 1  
+0.0171 
+O. 00870 
+0.00229 
-0.00128 
-0.00307 

-0.00361 
-0.00320 
-0.00204 
0.00000 

-0.0634 
-0.0536 
-0.0438 
-0.0347 
-0.0264 

-0.0188 
-0.0120 
-0.00595 
0.00000 

-0.0472 

-0.0352 
-0.0287 

-0.0419 

-0.0224 

-0.0163 
-0.01 06 
-0.00541 
0.00000 

+0.0143 
+O. 00583 

-0.003 42 
-0.0002 1 8  

-0.00464 

-0.00498 
-0.00415 
-0.00254 
0.00000 

0.359 
0.321 
0.288 
0.259 
0.232 

0.206 
0.182 
0.157 
0.126 

0.648 
0.597 
0.519 
0,461 
0.415 

0.375 
0.337 
0.300 
0.250 

0 
0 
0 
0 
0 

0 
0 
0 
0 

0.358 
0.319 
0.286 
0.256 
0.229 

0.204 
0.180 
0.156 
0.131 

0.652 
0.596 
0.517 
0.459 
0.414 

0.375 
0.339 
0.304 
0.265 
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15.644 
15.362 
15.125 
14,934 
14.775 

0.0937 
0.112 
0.130 
0.143 
0.153 

0.0261 
0.0263 
0.0264 
0.0265 

14.976 
15.022 
15.197 
16.308 

0.543 
0.530 
0.526 
0.525 
0.524 

0.524 
0.524 
0.523 
0.521 

0.539 
0.525 
0.521 
0.520 
0.520 

0.520 
0.520 
0.520 
0.518 

0.0240 

0.0248 
0.0252 

0.0245 
10.586 

10.282 
10.627 

-1 0.369 

TABLE 5.5 

E~ - 0.04883; e2= 0.05533; E~ = 0.08116 (E + 0) 

E,,= 3.04997; E ~ =  0.05687; el = 0.08226 (E 0) - 
D T 

E 

0.294 
0.295 
0.294 
0.289 
0.280 

0.267 
0.248 
0.218 
0.148 

= 

E = O  E +  0 

15q.732 
15.910 
16.087 
16.252 
16.416 

16.595 
16.815 
17.151 
18.516 

E=O 
S =  0 

0.0268 
0.0268 
0.0269 
0.0269 
0.0269 

0.0269 
0.0269 
0.0269 
0.0269 

0.0268 
0.0268 
0.0268 
0.0267 
0.0266 

0.0265 
0.0263 
0.0260 
0.0248 

15.732 
15.862 
15.972 
16.054 
16.113 

16.153 
16.178 
16.191 
16.195 

0.933 
0.942 
0.949 
0.955 
0.959 

0.962 
0.964 
0.965 
0.965 

0.812 
0.818 
0.824 
0.827 
0.830 

0.832 
0.834 
0.834 
0.834 

0,933 
0.942 
0.949 
0.955 
0.959 

0.962 
0.964 
0.964 
0.965 

0.813 
0.819 
0.824 
0.828 
0.831 

0 833 
0.835 
0.835 
0.835 

s=-s J2 

0.0247 
0.0251 
0.0254 
0.W56 
0.0257 

0.0247 
0.0251 
0.0255 
0.0257 
0.0260 

15.644 
15.396 
15.206 
15.077 
14.999 

0.0258 
0.0257 
0.0256 
0.0244 

14.640 

14.420 
14.523 

14.313 

0.158 
0.157 
0.146 
0,103 

S = S 1  

0.01 69 

0.0215 
0.0225 
0.0233 

0.0198 
0.01 70 
0.0198 
0.0214 
0.0225 
0.0232 

17.336 
13.456 
12.1>4 
11.390 
10.915 

17.324 
13.318 
11.984 
11.244 
IO. 733 

10.344 
10.029 

9.763 
9.524 

0.00182 
0.00579 
0.0121 
0.0194 
0.0270 

0.0339 
0.0393 
0.0412 
0.0313 

0.0237 
0.0240 
0.0241 
0.0232 
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CHAPTER 6 

VISCOUS FLOWS 

1. S p e c i a l  Fea tu re  of Ca lcu la t ing  Viscous Flows 

A t  s m a l l  Reynolds numbers t h e  e f f e c t  of v i s c o s i t y  i n  a number of cases can 1238 
be  s o  s u b s t a n t i a l  t h a t  i t  is  impossible  t o  i s o l a t e  t h e  regions of flow corres-  
ponding t o  t h e  "external"  i n v i s c i d  flow and t h e  boundary l a y e r .  H e r e  i s  becomes 
necessary t o  consider  t he  flow as being completely v i scous  and t o  i n v e s t i g a t e  i t  
by means of t h e  Navier-Stokes equat ions.  
i n  t h e  case  of flows of a supersonic  gas s t r e a m  of low d e n s i t y  around b l u n t  
bodies.  

Such a s i t u a t i o n  can b e  c r e a t e d ,  e.g. 

The change t o  Navier-Stokes equat ions (henceforth t h e  v a l i d i t y  of t h e  
equat ions of continuum mechanics w i l l  be  everywhere assumed) i s  a s soc ia t ed  w i t h  
a number of d i f f i c u l t i e s .  I n  p a r t i c u l a r ,  as a consequence of t h e  e l l i p t i c i t y  
of t h i s  system a l o c a l  i n v e s t i g a t i o n  of flow ( f o r  example, i n  t h e  neighborhood 
of t h e  s t a g n a t i o n  p o i n t )  i s  impossible  without  knowledge of i t s  subsequent 
h i s t o r y .  Furthermore, owing t o  t h e  high o rde r  of t h e  equat ions the  fou r  r e l a t i o n s  
obtained on t h e  b a s i s  of t h e  l a w s  of conservat ion on passing through t h e  shock 
(which can no longer  be considered i n f i n i t e l y  t h i n )  and t h e  t h r e e  n a t u r a l  
cond i t ions  on t h e  s u r f a c e  of t h e  body ( t h e  cond i t ions  of attachment o r  s l i p p a g e  
and t h e  cond i t ions  € o r  temperature)prove t o  b e  inadequate  f o r  c a l c u l a t i n g  flow 
i n  t h e  r eg ion  between t h e  shock and t h e  body. I n  a number of works [60-61, and 
o t h e r s ]  an a d d i t i o n a l  cond i t ion  of equat ing t o  zero on t h e  body s u r f a c e  t h e  
normal d e r i v a t i v e  of t h e  normal v e l o c i t y  component (au/an = 0 when n = 0) 
obtained from t h e  equat ion of c o n t i n u i t y  on t h e  b a s i s  of r e q u i r i n g  t h e  f i n i t e -  
ness  of t h e  d e n s i t y  g r a d i e n t  on the  w a l l  (ap/an < m when n = O) , i s  used. This 
cond i t ion  does not  c o n t a i n ,  however, new information and is  a simple consequence 
of t he  equat ions themselves and of t h e  o rd ina ry  boundary cond i t ions  on the  body. 
By combining t h e  equa t ion  of c o n t i n u i t y  wi th  the  equat ions of motion and energy 
w e  can show, f o r  example, i n  t h e  case  of an i n s u l a t e d  s u r f a c e ,  t h a t  i n  t h e  1239 
presence of attachment t h e  q u a n t i t y  (aplan), = 0 can never become i n f i n i t e ,  
and t h e  e q u a l i t y  (au/an)n = = 0 is  i d e n t i c a l l y  f u l f i l l e d .  

To t h e  d i f f i c u l t i e s  of i n v e s t i g a t i n g  t h i s  problem w e  must a l s o  add t h e  
a d d i t i o n a l  computational d i f f i c u l t i e s  a s s o c i a t e d  with t h i s  cumbersome system 
and t h e  complex c h a r a c t e r  of behavior  of i t s  s o l u t i o n s .  

There are a number of s i m p l i f i e d  approaches t o  c a l c u l a t e  t h e  cha rac t e r -  
i s t i c s  of a viscous flow i n  t h e  neighborhood of t h e  s t a g n a t i o n  p o i n t  of a b l u n t  
body a t  hypersonic  v e l o c i t i e s  [60-651. 
t h inness  of t h e  viscous l a y e r ,  i .e . ,  smallness  of t h e  r a t i o n  E / R .  For t h e  p l ane  
case such an assymption i s  q u i t e  rough: 
Reynolds numbers, E / R  = O(1). On t h e  b a s i s  of t he  th in - l aye r  concept,  f u r t h e r  
s impl i fy ing  assumptions (about c e r t a i n  types  of f u n c t i o n a l  r e l a t i o n s ,  concentr i -  
c i t y  of t h e  shock and body, e t c . )  are made i n  [60-631 when i n v e s t i g a t i n g  flow 
a t  t h e  s t a g n a t i o n  p o i n t ,  as a r e s u l t  of which t h e  problem i s  reduced t o  i n t e -  
g r a t i o n  of a system of ordinary d i f f e r e n t i a l  equat ions.  Unlike t h e s e  works 

They are based on t h e  assumption of 

f o r  example, when x = 1.4 and a t  s m a l l  
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H. Cheng [64] determined the flow characteristics in the entire region of 
blunting. The principal equations obtained from the Navier-Stokes equations 
with an accuracy up to terms of the order of E I R  are equations of the boundary- 
layer type. In view of their low order the number of boundary conditions on thg 
body and shock becomes excessive, as a result of which the normal velocity 
component and temperature experience a discontinuity on the outer boundary of 
the viscous layer. Another direction developed by M. Van Dyke [65] consists of 
refining the "boundary layer-inv3scid flow" system by means of terms of double 
asymptotic expansions. Such an approach apparently is worthwhile at sufficient 
ly large Reynolds numbers when two different regions actually exist. 

The results of the calculations of supersonic flow of a viscous gas stream 
around blunt bodies obtained by the method of integral relations [14] are given 
later. The assumptions of the hypersonic nature of the flow, thinness of the 
viscous layer, etc. prove to be superfluous here. The proposed algorithm for 
calculations of viscous flows can be treated as a generalization of the method 
developed in [l, 2 ,  and 71 and in other works for the case of an ideal gas. 
Owing to the complexity of the problem at the first steps of its investigation 
we did not set out to obtain a final solution. The results presented here were 
obtained by scheme I of the method of integral relations in the second 
approximation. It is possible that the numerical data are in need of refine- 
ment by improving individual details of the scheme. 

2.  Statement of Problem 

Let us examine flow at a zero angle of attack around a plane symmetric 
blunt body with a contour having a continuous curvature (flows around axisymmet 
bodies are investigated in like manner). We will introduce an orthogonal coor- 
dinate system s ,  n (n = 0 - body contour, Fig. 6.1). 

Figure 6.1. Corrdinate system and separation: a) Integration 
ranges in physical plane (flow around circular cylinder with 
insulated surface; M, = 5 . 2 ;  Re = 2 5 ;  Pr = 0 . 7 2 ; a  = 1.4); 
b) integration ranges in fictitious plane s ,  t. 
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L e t  us cons ider  t h e  formula t ion  of t h e  problem [14] .  W e  assume t h a t  t h e  
v iscous  flow i n  t h e  reg ion  n > 0 i s  descr ibed  by Navier-Stokes equat ions ,  and 
a unique s o l u t i o n  of t hese  equat ions  e x i s t s  so  t h a t  when n = m t h e  unknown 
func t ions  u,  v ,  p ,  and h t ake  given va lues  of t h e  parameters of an undis turbed 

flow u,, v,, p,, and hm ( moreover, Mm = wco 

when n = 0 t h e  t h r e e  condi t ions  on t h e  s u r f a c e  of t h e  body ( u = 0 ,  v = 0 ,  and 
h = ho(s)  o r  ah/an = 0) are f u l f i l l e d .  

A t  a f i n i t e  d i s t a n c e  from t h e  body w e  w i l l  draw a c e r t a i n  s u f f i c i e n t l y  
smooth l i n e  r ,  t h e  equat ion  of which i s  set  as n = n*(s) E E(S) (Fig.  6.1). I f  
w e  w e r e  a b l e  t o  cons t ruc t  t h e  s o l u t i o n  of t h e  Navier-Stokes equat ions  i n  an 
i n f i n i t e  reg ion  n 2 n*(s) ( s a t i s f y i n g  t h e  cond i t ions  a t  i n f i n i t y ) ,  then such a 
s o l u t i o n ,  depending on t h r e e  a r b i t r a r y  func t ions  ( f o r  example, on t h r e e  
a r b i t r a r y  given condi t ions  when n = n*), would determine on l i n e  r t h e  necessary 
boundary condi t ions  f o r  a zone of f i n i t e  width 0 5 n f. n*. 
case  when n = n*(s) w e  w i l l  have seven cond i t ions ,  u ( s ) ,  v ( s ) ,  p ( s ) ,  h ( s ) ,  

a s  ( s )  , a- (s) and - (s) is  reckoned along t h e  normal 

t o  r ) ,  which are obtained wi th  an accuracy up t o  t h r e e  a r b i t r a r y  func t ions  of 
s. Now so lv ing  t h e  problem i n  t h e  zone 0 5 n 5 n* ( t h e  boundary n = n*(s) i s  
known), w e  e l imina te  t h e  t h r e e  a r b i t r a r y  func t ions  by means of t h e  t h r e e  cond i t ions  
on t h e  body. I n  t h e  genera l  ca se  t h e  p o s i t i o n  of t h e  l i n e  r can be determined 
not  i n  an i m p l i c i t  form but  by means of t h e  r e l a t i o n  

2 where w2 = u + v: ) and 2 2  
m m r-"1 

1241 

Ac tua l ly ,  i n  t h i s  

- a u  ah av 

n a, 
(here  t h e  coord ina te  

which a l s o  se rves  a s  an a d d i t i o n a l  cond i t ion  f o r  cons t ruc t ing  t h e  boundary of 
t h e  reg ions  (he re  5 i s  normal t o  t h e  l i n e  n = n*(s ) ) .  

I n  view of t h e  cons iderable  d i f f i c u l t i e s  of determining t h e  s o l u t i o n  when 
n 1. n* i t  is expedient  t o  s i m p l i f y  t h e  Navier-Stokes ope ra to r  i n  t h i s  region.  
H e r e ,  however, t h e  method of cons t ruc t ing  t h e  boundary condi t ions  f o r  t h e  zone 
0 < n 2 n* must be f u l l y  r e t a i n e d .  It is  necessary only t o  r e q u i r e  t h a t  on 
t h e  b a s i s  of t h e  laws of conserva t ion  both t h e  unknown func t ions  themselves 
and t h e  d e r i v a t i v e s  of enthalpy and the  v e l o c i t y  components along t h e  normal 
remain continuous on l i n e  '?. The cond i t ions  obtained w i l l  now have, of course ,  
an approximate cha rac t e r .  

The method of s impl i fy ing  t h e  Navier-Stokes system i s  l a r g e l y  determined 
by t h e  choice  of l i n e  r .  I n  p a r t i c u l a r ,  by r e l a t i n g  t h i s  l i n e  t o  t h e  reg ion  
of t h e  "diffused" shock w a v e  w e  can seek t h e  s o l u t i o n  when n n* i n  t h e  form 
of an expansion i n  a s m a l l  parameter p ropor t iona l  t o  tkie cu rva tu re  of t h e  
l i n e  r o r  i n v e r s e l y  p ropor t iona l  t o  t h e  Reynolds number ( t h e  c h a r a c t e r i s t i c  
scale of v i s c o s i t y  i n  t h i s  ca se  remains f ixed ) .  I n  t h e  c a l c u l a t i o n s  c a r r i e d  
ou t  w e  used only t h e  zero  terms of t h i s  expansion. The o rde r  of t h e  fol lowing 

227 

1242 



terms is  equa l  t o  0 ( l /Re)  and h ighe r :  moreover t h e  r a d i u s  of cu rva tu re  of t h e  
body a t  t h e  s t a g n a t i o n  p o i n t  can be t r e a t e d  i n  p l a c e  of t h e  r ad ius  of cu rva tu re  
of t h e  l i n e  as a c h a r a c t e r i s t i c  s c a l e  of t h e  l eng th  upon a change of t h e  
func t ions  along t h e  shock wave. Af t e r  s i n g l e  i n t e g r a t i o n  of t h e  equat ions  of 
zero  approximation, t h e  boundary cond i t ions  when n = n*(s)  are w r i t t e n  as 

H e r e  and hencefor th  i n  t h i s  chapter  i t  i s  assumed t h a t  t h e  gasdyiiamic 
q u a n t i t i e s  a r e  reduced i n  t h e  fol lowing manner t o  a dimensionless  form: 

v e l o c i t i e s  are r e f e r r e d  t o  wm, p re s su re  t o  paw2, d e n s i t y  t o  p, enthalpy t o  woo, 
c o e f f i c i e n t  of v i s c o s i t y  t o  t h e  c o e f f i c i e n t  of v i s c o s i t y  1-1" when h = 1; 

Re = P , W , R ~ / P * ~  . 

of func t ions ,  c h a r a c t e r i s t i c  f o r  t h e  s t r u c t u r e  of a shock wave, w e r e  o u t s i d e  
t h e  zone 0 

2 
m 

r 

The l i n e  r w a s  selected s o  t h a t  reg ions  wi th  comparatively abrupt  changes 

n 5 n*(s) and w e r e  de f ined  a s  a l i n e  on which 

This e q u a l i t y ,  which i s  f u l f i l l e d  a t  c e r t a i n  p o i n t s  of t h e  i n t e g r a l  curves 
of systems (6.1) having a phys i ca l  meaning, s e r v e  as a s i g n  of t h e  " t r a i l i n g "  
f r o n t  of t h e  shock wave (Fig.  6 .1) .  Here w e  must remember t h a t  system (6.1) i s  
a more accu ra t e  approach t o  t h e  Navier-Stokes system " ins ide"  t h e  shock wave 
and not  on i t s  ''boundary." 
i n t e g r a t i o n  "intoll  t he  shock wave would apprec i ab ly  complicate  t h e  u s e  of t h e  
method of i n t e g r a l  r e l a t i o n s .  Now r e l a t i o n s  (6.1) - (6.2) , t oge the r  wi th  t h e  
condi t ions  on t h e  body, g ive  a s u f f i c i e n t  number of boundary cond i t ions ,  when 
n = 0 and n = n*, f o r  s o l v i n g  t h e  complete Navier-Stokes equat ions  i n  reg ion  
0 - < n 5 n* wi th  t h e  unknown boundary 

However, an expansion of t h e  range of numerical  

n*(s) = E ( s ) .  

From t h e  po in t  of view of t he  given formula t ion  of t he  problem i t  is __ /2/  
expedient  t h a t  t h e  accuracy of t h e  obta ined  s o l u t i o n s  i n  zone 0 _I n 5 n* b e  
determined wi th  t h e  accuracy wi th  which t h e  boundary condi t ions  w e r e  found when 
n = n*. Therefore ,  t o  s impl i fy  t h e  problem w e  w i l l  examine, when n 5 n*, t h e  
equat ions  obta ined  from t h e  complete Navier-Stokes equat ions  wi th  an o rde r  of 
accuracy no less than  t h e  boundary cond i t ions  (6.1) :  
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Here k i s  t h e  cu rva tu re  of t h e  body r e f e r r e d  t o  1 / R  
0'  

System ( 6 . 3 )  conta ins  a l l  terms of t h e  gasdynamic equat ions  and boundary- 
l a y e r  equat ions .  I t  d i f f e r s  from the  Navier-Stokes system by t h e  absence of 

which i n  comparison wi th  terms i n  the  l e f t  s i d e  of t h e  equat ions i s  equal  t o  

0 ( l /Re ) .  A s  an except ion ,  the  "extra-order" term &*VI i s  r e t a i n e d  i n  
t h e  t h i r d  equat ion  of system ( 6 . 3 )  which, obviously,  'does not  l e s s e n  the 
accuracy of t h i s  system. A s  c a l c u l a t i o n s  showed, u n l i k e  t h e  o t h e r  "extra-  
order ' '  terms i t  can make no less a c o n t r i b u t i o n  t o  t h e  s o l u t i o n  than the terms 
w r i t t e n  i n  t h e  r i g h t  s i d e s  of ( 6 . 3 )  when t h e  Reynolds numbers are s u f f i c i e n t l y  
smal l  (Re < 10) .  This i s  explained by t h e  presence of the c o e f f i c i e n t  7/3 
exceeding by a f a c t o r  of 7 t h e  c o e f f i c i e n t  obtained by mutual compensation of 
the  two preceding t e r m s .  

terms wi th  d e r i v a t i v e s  a2v/as2, a 2 U / a s 2 ,  a 2 u/asan,  a2h/as2,  e t c . ,  t h e  order  of 

7 k  a 

Although system ( 6 . 3 )  i s  no t  e l l i p t i c ,  t h e  d i s tu rbances  i t  desc r ibes  can 
propagate  upstream; however, u n l i k e  t h e  complete equat ions  this propagat ion i s  
determined n o t  by secondary d e r i v a t i v e s  wi th  r e s p e c t  t o  s ,  bu t  by d e r i v a t i v e s  
of pressure .  Thus, t h e  number of boundary cond i t ions  a t  the  s t a g n a t i o n  po in t  /244 
and on t h e  a x i s  of symmetry i s  i n s u f f i c i e n t  f o r  s o l v i n g  the problem w i t h  i n i t i a l  
d a t a  on t h e  l i n e  s = 0. By v i r t u e  of t h e  f a c t  t h a t  t h e  h ighe r  d e r i v a t i v e s  w i t h  
r e spec t  t o  n i n  ( 6 . 3 )  a r e  t h e  same a s  i n  t h e  complete Navier-Stokes equat ions ,  
t h e  necessary boundary condi t ions  of t h e  problem, when n = 0 and n = n*, are 
determined by t h e  cond i t ions  on t h e  body and by r e l a t i o n s  (6.1) - C 6 . 2 ) .  

3 .  Const ruc t ion  of  So lu t ion  

To cons t ruc t  t h e  s o l u t i o n  of t h e  system ( 6 . 3 )  w e  used scheme I o f  the 
method of i n t e g r a l  r e l a t i o n s .  A f t e r  i n t roduc ing  new func t ions  the equiva len t  

'p = au/an; \V = a u l a ;  q = ahIan ( 6  4 )  
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system of  f i r s t - o r d e r  equat ions ,  which inc ludes  e q u a l i t i e s  ( 6 . 4 ) ,  i s  reduced t o  
a d ivergent  form and i s  i n t e g r a t e d  over t h e  coord ina te  from t h e  s u r f a c e  of t h e  
body t o  t h e  boundary of each of t h e  zones n = n . ( s )  i n t o  which t h e  i n t e g r a t i o n  

range 0 5 n 5 n* is  sepa ra t ed  (Fig.  6 .1) :  
J 

no < n j i n s n j + l  j n N ,  nO=o,  n N = n * ,  j -  0, 1, .-,N - 1 .  

For example, t h e  second equat ion  of system (6.3) is w r i t t e n  as 

H e r e  and hencefor th  t h e  va lues  of t h e  func t ions  o r  t h e i r  products  on t h e  
corresponding zones are designated by an index.  The in t eg rands  pv2, puv, pv 

+ 2  , p, cp, ,+,, ,,, and a l s o  t h e  v i s c o s i t y  p* are rep laced  by i n t e r -  
( h  u2+v2) 
p o l a t i o n  polynomials w i th  t h e  i n t e r p o l a t i o n  p o i n t s  on t h e  boundaries of t h e  zones. 
A l l  o t h e r  complexes of t h e  func t ions  (such as u*$, e t c . )  are represented  as t h e  
product  of corresponding i n t e r p o l a t i o n  polynomials f o r  co fac to r s .  

S ince  w i t h i n  t h e  i n t e g r a t i o n  range t h e r e  i s  a s u f f i c i e n t l y  abrupt  change 
of t h e  p r o f i l e s  of t h e  gasdynamic func t ions  a c r o s s  t h e  ''shock'' l a y e r  (correspond- 
i n g  t o  t h e  "ex terna l"  flow and "boundary layer" )  , i n t e r p o l a t i o n  of t h e  func t ions  

v a r i a b l e ,  t (n,s)  , which approximately desc r ibes  t h e  p r o f i l e s  of t h e  t a n g e n t i a l  
v e l o c i t y  component a t  a f i x e d  va lue  of t h e  coord ina te  s. With a s u c c e s s f u l  
s e l e c t i o n  of t h e  f u n c t i o n  t ( r e g a r d l e s s  of t h e  r e l a t i v e  dimensions of  t h e  
' 'boundary-layer"), i n  t h e  e n t i r e  i n t e g r a t i o n  range 0 2 n 5 n* t h e  dependence 

I n  
t h i s  case  t ransformat ion  of t ( s ,  n) w i l l  produce such ex tens ion  of t h e  "boundary- 
l aye r "  and compression of t h e  "ex terna l"  f low t h a t  t h e  c h a r a c t e r  of change of t h e  
i n t e r p o l a t e d  func t ions  w i l l  be s u f f i c i e n t l y  smooth and i d e n t i c a l  i n  t h e  e n t i r e  
examined region.  

i s  performed no t  wi th  r e s p e c t  t o  t h e  coord ina te  n ,  bu t  f o r  a c e r t a i n  new 1 - 2  

v ( t )  ( o r  p v ( t ) )  w i l l  be  c l o s e  t o  l i n e a r ,  pv 2 ( t )  c l o s e  t o  quadra t i c ,  etc. 

Function t w a s  def ined  as the  s o l u t i o n  of t h e  equat ion  

d2t + d t  
d e 2  d t  

a- - - c =  0 

wi th  boundary cond i t ions  

t ( O )  = 0; t ( 1 )  = 1; 5 = - n 
n* 
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This equation is a rough one-dimensional analog of the investigated flow: when 
a 0 we obtain, by double asymptotic expansion, the "external flow" with a 
constant "vorticity" dt/d< and the "boundary layer" with an exponential 
"velocity" profile t . 

The solution of equation (6.6), satisfying the boundary conditions (6.7), 
has the form 

where parameter a plays the role of the effective thickness of the ''boundary 
layer"; c is a constant. 

After changing to variables s, t, the region 0 2 n 5 n* is transformed 
to a zone of constant width 0 5 t 5 1, and separation of the integration range 
into N zones is accomplished by the lines 

The rectilinear calculated network in the fictitious plane ( s ,  t) (Fig. 6.1, b) 
corresponds to a certain uneven separation in the physical plane s, n 
(Fig. 6.1, a). 

Setting in (6.8) c = 1/N (1 = 0 ,  1, ..., N - l), we derive that in plane 
t) the regions of flow corresponding to the "external" flow and to the 1246 

N - R zones. This means that if a + 0 together with the thickness of the 
.ternall' flow and to the "boundary layer" are "mapped" respectively onto R 

+ 0 ,  and the quantity 5 is not zero. Thus, N - R  boundary layer , then 5 N - R - 1  
the flow pattern in the plane ( s ,  t) should not greatly change with a change of 
the Reynolds number, provided that parameter a always has the order of relative 
thickness of the boundary layer. Therefore, the introduction of the variable 
t permits, generally speaking, performing calculations in a sufficiently wide 
range of Re numbers at a comparatively low number of the approximation. In the 
calculations, the results of which are given below, constant c in the solution 
of (6.8) was assumed to be equal to zero. This corresponds to small Reynolds 
numbers when the entire flow can be considered viscous. 

The degrees of the approximating polynomials are determined by the character 
of behavior of the functions near the surface of the body and also by the number 
of the approximation. For example, 

When setting up these polynomials we also took into account, in addition to the 
boundary conditions of the body, that when n + 0 ,  v = O(n) , u = O(n2) , p = po + 
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O(n), etc. The sum of the highest powers of all polynomials is by one unit 
less than the corresponding sum with the usual approximation in the physical 
plane. This is related to the introduction of the parameter a which is treater 
here as an unknown function. 

Coefficients %, Bk, P etc., are determined from the corresponding k 
conditions at the interpolation nodes in the form 

( k )  A,= z ai  P . v . ;  B k =  z b y ) ( p u u ) i ;  Pk= z d i  pi 
N ( k )  2 N 

L D  i = l  i - 1  i= 1 etc., 

where a(:! b(:! d';) are numerical coefficients . After this the corresponding 

integrals are written as linear combinations of the values of the functions at 
the interpolation points with coefficients depending on a: 

(6.9) 

etc., where 

When c = 0 ,  5 = -a In {l - [l - exp(-l/a)]t], the quadratures in (6.9) are 
calculated in a finite form and the integral relations change to a system of 
ordinary quasilinear first-order differential equations. To this system are 
added the boundary conditions on the surface of the body and line r (6.0) - (6 
written in a differential form in a coordinate system s ,  n. The approximating 
system is closed by means of the obvious geometric relation 

d ~ / d ~ = ( I + k ~ ) t g ~ ,  

where E = n*(s), and T is the angle of inclination of line r to the contour of 
the body. 

After eliminating the functions characterizing friction on the body surfa 
4N + 4 equations, in the case of an insulated wall, form a closed approximatin 
system with unknown functions ui, vi, pi, 

The magnitude of pressure on the surface of the body is determined from the 
relation 

h. (i = 1, 2, ..., N), a, E, T. ho' 1 
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For conciseness we write the obtained system of the N-th approximation in 
the form 

(6.10) 

+ 
where S is the matrix; z is a vector, the components of which are the unknown 

functions; b is a vector of the right-hand side. In view of its awkwardness 
we will introduce only simple equations obtained, for example, from the 
equation of continuity 

+ 

x Pi 
p i =  -- ' x - 1  hi 

r here aij (a) are functions determined in accord with (6.91, 

Since parameter a enters the equations as an unknown function, trans- 
formation of (6.8) itself depends upon the solution of system (6.10) and changes 
along the surface of the body. In this case the width of the zones n.(s) will 
change in the physical plane s ,  n together with the effective thickness of the 
"boundary layer. " 

J 

Let us examine the singularities of the approximating system. On the axis 
of symmetry system (6.10) has a singularity as a consequence of degeneration of 
matrix S, when s = 0 ,  therefore to start integration of the approximating system 
from the axis of symmetry all functions entering the system were represented as 
expansions which, by virtue of the conditions of symmetry (T = 0 ,  v = 0 ,  

du./ds = 0 when s = 0) have the form 
i 

1 

1248 

or (6.11) 
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The system of algebraic equations obtained after substitution of series 
(6.11) into (6.10) are closed, but to determine the coefficients of these 
expansions N relations are insufficient. Thus, on integration of symmetry, N 
boundary conditions remain unknown. This is a consequence of the “elliptic” 
properties of the initial system (6.3), which are determined by the presence 
of partial derivatives of pressure in it. However, it turned out that N 
unknown parameters, when s = 0, are uniquely determined from the conditions 
of regularity at N singular points; moreover, N - 1 singularities have the sal 
form as in the case of an inviscid flow and are singular points of the saddle 
type. We can show that their origin is related torthe absence of a term with 

a higher derivative a v/as2 in equations (6.3), so that the coefficients of 
dv./ds in approximating system (6.10), which are determinable only by the 
gasdynamic terms of system (6.3), reduce, with appropriate transformations, ti 
a form characteristic for the case of an ideal gas. 

2 

1 

For the passage of the singular points the equations containing the 
derivatives dv./ds were represented in the form 

1 

Mi(? .s )dui lds  = N i ( Z , s ) .  j = l , 2  ,..., N - I ,  

In so doing the integral curves of the solution were 
singular point the equalities M = 0 and N = 0 were 

In addition to the singularities of the saddle-point 
system has one node. We can show that determination 
reduces the solution of the equation 

j j 

P( 2. S) &/ds  -Q( 2,s). 

selected so that at the 
fulfilled simultaneously 

type, the approximating 
of the derivative da/ds 

where P and Q vanish simultaneously at a certain value of the coordinate s. 
The change of functions P and Q in the neighborhood of P = 0 ,  Q = 0 ,  derived 
in the process of integration of system (6.10), has the character shown in 
Fig. 6.2, and is typical for a node. Among the integral curves (6.10) we 
selected those which had a holomorphic direction when P = 0 ,  Q = 0 .  

4 .  Some Results of Calculations 

When performing the calculations on a computer we used a general-purpose 
program suitable for computing the arbitrary approximation (N>2) with prelimi 
adjustment for the parameter N. Prior to programming, the approximating syst 
(6.10) was not solved relative to the derivatives of the unknown functions -- 
reduction to a normal form was accomplished directly during integration. For 
this purpose we calculated the functions M N P, and Q, which are necessar 
for satisfying the conditions of regularity at the singular points. 

j’ j’ 

Before starting the calculation we assigned the parameters a ( 0 )  and 
E ( 0 )  when N = 2,( and the parameters a(O), E ( O ) ,  u.(O) (j = 2, ..., N - 1) 
when n > 2. To calculate the coefficients of expansions (6.11) z ( 0 )  ( 2 )  ( 

J 
i 3 2  i ’  
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Figure 6 . 2 . .  Pattern of behavior of 
functions P and Q in neighborhood of 
iiode P = 0 ,  Q = 0 .  

Figure 6 . 3 .  Boundaries of zones in 
physical plane at different numbers 
(flow around circular cylinder; 

M, = 5 . 2 ;  Pr = 0 . 7 2 ;  X = 1.4). 

S = O  Re =6,25; 72.5;25;50 

/ 

'igure 6 . 4 .  Distribution along axis 
_if symmetry of tangential velocity 
-.omponent referred to value on line 
i = n2 

:flow around a circular cylinder; 
-1- = 5 . 2 ;  Pr = 0 . 7 2 ;  x = 1.4). 

E ( S )  at different Re numbers 

Figure 6 . 5 .  
tangential velocity component on axis of 
symmetry in physical plane at different 
Re numbers (flow around circular cylinder; 
M, = 5 . 2 ;  Pr = 0 . 7 2 ;  x = 1.4). 

Profiles of gradient of 
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Re =25 s -0 

Figure 6.6. Profiles of tangential Figure 6.7. Profiles of normal vel 
velocity component at different values 
of coordinate s (flow around circular different Re numbers (flow around c 

component on axis of symmetry at 

cylinder; M, = 5.2; Pr = 0.72; x = 1.4). lar cylinder; M, = 5.2; Pr = 0.72; 
x = 1.4). 

q75 

45 

0,25 
1- 

0 0.5 S 

Figure 6.8. 
surface of circular cylinder at different Re numbers 
(Mm = 5.2; Pr = 0.72; x = 1.4). 

Distribution of pressure and enthalpy along 
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d 3 )  t h e  systems of a l g e b r a i c  equat ions  w e r e  solved by t h e  i t e r a t i v e  method. 

A f t e r  depa r tu re  from t h e  axis of symmetry i n t e g r a t i o n  w a s  performed by t h e  
Runge-Kutta method wi th  t h e  use  of t h e  f i r s t  two t e r m s  of t h e  corresponding 
series. For t h e  passage of t h e  node t h e  i n i t i a l  parameters w e r e  s e l e c t e d  
so  t h a t  a t  t h e i r  s u f f i c i e n t l y  s m a l l  change t h e  dependence Q(P) passed from 
one bundle of branches t o  another  (bundles 1 and 2, Fig.  6.2).  The  p r i n c i p a l  
c r i t e r i o n  of t h e  co r rec tness  of t h e  s e l e c t i o n  of t h e  holomorphic d i r e c t i o n  
w a s  t h e  c loseness  of t h e  va lues  of t h e  d e r i v a t i v e  da/ds  be fo re  and a f t e r  t h e  
s i n g u l a r  po in t .  The sadd le  p o i n t s  passed j u s t  as i n  t h e  case of an  i d e a l  
gas.  The s e l e c t i o n  of t h e  necessary  va lues  of t h e  parameters  when s = 0 
w a s  achieved as a r e s u l t  of m u l t i p l e  s o l u t i o n  of t h e  Cauchy problem. 

i 
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Cer t a in  r e s u l t s  of c a l c u l a t i o n s  i n  t h e  second approximation (N = 2) 
of v i scous  gas flow around p l a n e  b l u n t  bodies  are given i n  [14] and i n  t h i s  
chapter .  I n  [14] bodies  wi th  a contour ,  t h e  cu rva tu re  of which v a r i e d  

according t o  t h e  l a w  k = 1-bs2, w e r e  examined a t  numbers M, = 10,  P r  = 0.72, 
and R e  = 50. F igures  6.3 - 6.10 and t h e  t a b l e s  presented h e r e  g ive  t h e  
c h a r a c t e r i s t i c s  of flow around a c i r c u l a r  cy l inde r  obtained a t  M, = 5.2; 
P r  = 0.72, and s e v e r a l  va lues  of t h e  R e  numbers (Re = 6.25; 12.5;  25; and 50) .  
It w a s  assumed t h a t  t h e  s u r f a c e  of t h e  body w a s  i n s u l a t e d ,  and v i s c o s i t y  var iec  

according t o  t h e  l a w  u* % h1I2; t h e  a d i a b a t i c  exponent i s  7- = 1.4.  

The p o s i t i o n  of t h e  boundaries  of zones n and n = E(S)  ( l i n e  r )  i n  t h e  

phys ica l  p lane  n ,  s i s  shown i n  Fig.  6.3. F igure  6.4 shows, when s = 0 ,  t h e  
v e l o c i t y  p r o f i l e s  of v / v  i n  t h e  f i c t i t i o u s  p l ane  t ,  s which were obtained by 

means of i n t e r p o l a t i o n  polynomials,  and Fig.  6.5 shows t h e  s a m e  p r o f i l e s  i n  
t h e  phys ica l  p lane  cons t ruc ted  as t h e  dependences (dv/ds)s  = 

from a comparison of t h e  curves t h a t  t h e  func t ion  v ( t ) ,  un l ike  v ( n ) ,  i s  c l o s e  
t o  l i n e a r  and i n  t h e  examined range of R e  numbers has  an  almost u n i v e r s a l  
c h a r a c t e r .  

1 2 

2 

on n. W e  see 

Figure  6.6 shows t h e  v e l o c i t y  p r o f i l e s  v ( s )  a t  d i f f e r e n t  va lues  of t h e  
coord ina te  s (Re = 25) .  From he re  w e  see t h a t  w i th  an i n c r e a s e  of d i s t a n c e  
from t h e  s t a g n a t i o n  p o i n t  t hese  p r o f i l e s  become more " f i l l e d . "  
of t h e  change of t h e  normal v e l o c i t y  components (with r e s p e c t  t o  t h e  normal 
t o  t h e  s u r f a c e  of t h e  body),  Fig.  6.7 shows t h e  v e l o c i t y  p r o f i l e s  u on t h e  
a x i s  of symmetry ( j u s t  as t h e  v e l o c i t y  p r o f i l e s  v ,  they w e r e  obtained by 
i n t e r p o l a t i o n  polynomials f o r  corresponding complexes). 

A s  an  example 

The d i s t r i b u t i o n  of p re s su re  and en tha lpy  along t h e  s u r f a c e  of t h e  body 
is  shown i n  Fig.  6.8. The same f i g u r e  a l s o  shows t h e  curve f o r  t h e  case of 1253 
an  i d e a l  gas p l o t t e d  according t o  t h e  d a t a  of [17] (Mm = 5, x = 1.4)  and 

a l s o  t h e  curve corresponding t o  t h e  experimental  d a t a  of 0.  Tewfik and 
W. Giedt  ob ta ined  f o r  an  i n s u l a t e d  cy l inde r  a t  numbers M, = 5.73 and Rem = 2050 

[66].  A s  w e  see from t h e  curves,  t h e  d i s t r i b u t i o n  of t h e  r a t i o  of p re s su res  
po(s) /po(0)  changes l i t t l e  w i t h  a change of t h e  R e  number ( t h e  curves f o r  
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Re = 6.25, 12.5, and 25 relatively coincide and, comparatively, do not differ 
much from the corresponding distribution for an ideal gas (Re = a). However, 
the change of the friction coefficient along the surface of the body, shown il 
Fig. 6.9, depends largely on the Re number. For comparison with friction und: 

o oe (4 6.6 de 's 

Figure 6.9. Distribution of 
coefficient of friction along 
surface of circular cylinder 
at different Re numbers (Mm=5.2; 
Pr = 0.72; x = 1.4); Cf fr,m is 
value of friction coefficient in 
Lree molecular flow (diffuse 
reflection, accommodation 
coefficient equal to 1). 

conditions of a free molecular flow 
) the same figure shows the cur' ('f fr.m 

(dashed line) corresponding to diffuse 
reflection at an accommodation coeffici: 
equal to 1. The dependences on Re numb: 
of pressure p ( 0 )  and the ratio C /C 0 f f f  
taken at the stagnation point are prese- 
in Fig. 6.10. A s  the Re number decreas 
the value of p ( 0 ) ,  which can be identi 

with the usually measured quantity p' 0 
(stagnation pressure at the stagnation 
point), increases, although this increa 
becomes substantial only at sufficient1 
small Re numbers (Re < 10).  
this quantity practically reaches the 
asymptote and differs from a correspond 
value of p' in an inviscid flow only at 0 
the third decimal point. The indicated 
difference can be treated to some exten 
as an estimate of the accuracy of the 
calculations of the method when N = 2. 
The ratio (Cf/Cf fr.m ) increases with a 

decrease of the Re number and has a ten 

0 

When Re ," 

ency, when Re + 0 ,  to approach its value in a free molecular flow, however, i 
is impossible to make definite conclusions here by virtue of the fact that th 
region of values of very small Re numbers is outside the limits of applicabil 
of both the method and of the Navier-Stokes equations. Furthermore, Fig. 6.1 
shows the change of the coordinates sdc of the singular points as a function o 

the value of Re numbers (with a decrease of Re the singular points recede frc 
the stagnation point). 

Tables 6.1 - 6.4 give the values of the flow parameters (u, v are the 
normal tangential velocity components, respectively; p is pressure; h is 
enthalpy) on the surface of a circular cylinder (t = 0 ,  n = n = 0 ) ,  on the 

intermediate line (t = 1/2, n = n,(s)), and on the external boundary of the 

integration range (line r ,  t = 1, n = n = E ( s ) )  at various values of s. Thr 

0 

2 
Cartesian coordinates of the boundaries of zones n (s) E 0 ,  n ( s )  and n ( s )  i 

the physical plane are denoted, respectively, by (xo, yo), (xl, y,), (x2, y,) 

(the direction of the x axis coincides with the direction of the oncoming 
flow, the origin of the Cartesian coordinate system is placed at the center 

0 1 2 
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‘f fr.m. s = 0 ,  s, 

Figure 6.10. 
of pressure po(0) at stagnation point, 

Dependence on Re number 
4 3 -  0,8 

1.2. 46.. 

I,?.. 94.. 

l,O .. 02.. 

\ 

the ratio (Cf/Cf fr.m ) = o y  and 
coordinates of position of singular 
points s* (flow around a circular 

cylinder; M, = 5.2; Pr = 0.72; X = 1.4). 

of the cylinder); the angle of the oncoming flow is designated by 0 .  The 
2 tables also give the values of the coefficient of friction Cf = T W /pmwm 

(where T = ’: wm is friction on the surface of the body) and the values 
po+o 

w -  
Ro 

of the parameters 
fictitious plane s ,  t. 

a in transformation (6.8) which realizes transition to the 

We must  bear in mind that here the velocities are referred to w,, the 
2 pressure to pmw2 , density to p,, enthalpy to wm , and all linear dimensions 

in the physical plane are referred to the radius of the circular cylinder R 
m 

0 ’  
A l l  quantities on the body are designated by the subscript 0 ,  on the line i?. 
(n = E ( s ) )  by the subscript 2, and on the intermediate line (n = 

subscript 1. 
E ( s ) )  by the 2 
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CALCULATION OF VISCOUS n O W S .  FLOW AROUND A CIRCULAR CYLINDER. 

M, - 5.2; Re- 6.25; 125; 25; 50, Pr- 0.72; x =  L4 

TABLE 6.1 

Re- 50; t -  0 (uo - 0; vo = 0; no = 0) p 
0.6993 0.625 
0.7281 0.600 

0.7713 0.560 
0.8049 0.527 

1 I I I 

S "1 "1 P 1  h l  

0.0000 0.0000 -0,0228 0.920 0.591 
0.1089 0.0344 -0.0226 0.913 0.590 
0.2337 0.0753 -0.0220 0.886 0.586 
0.3057 0.100 -0.0212 0.862 0.585 
0.3921 0.131 -0.0196 0.826 0.581 

0.4785 0.164 -0.0171 0.783 P.576 
0.5647 0.200 -0.0137 0.733 0.569 
0.6129 0.221 -0.0115 0.703 0.565 
0,6993 0.261 -0.0072 0.642 0.557 
0,7281 0.275 -0.0059 0.619 0.551 

0.7713 0.296 -0.0044 0,584 0.544 
0.8049 0.314 -0.0037 0.555 0.539 

I 
0.0000 0.000c 
0.1089 0.0747 
0.2337 0.158 
0.3057 0.205 
0.3921 0.259 

0.4785 0.309 
0.5647 0.35i 
0.6129 0.379 
0.6993 0.416 
0.7281 0.426 

0:77i3 I 0:438 
0 8049 0 445 .- 

u 2  
-0.197 
-0.194 
-0.182 
-0.171 
-0.155 

-0.134 

-0.0944 
-0.0635 
-0.0523 

-0.0347 
-0.0204 

-0.109. 

0.828 
0.825 
0.812 
0.800 
0.783 

0.764 
0.742 
D.730 
6.709 
0.703 

0.695 
0.690 

0.573 
0.571 
0.563 
0.557 
0.547 

0.536 
0.523 
0.516 
0.504 
0.501 

0.49.6 
0.491, 

- 
E 

0.682 
0.684 
0.692 
0.700 
0.712 

0.726 
0.747 
0.759 
0.784 
0.794 

0.810 
0.823 

- 
Yo - 

0.000 
0.104 
0.231 
0.300 
0.342 

0.460 
0.535 
0.575 
0.643 
0.665 

0.697 
0.720 - 
- 

Y 1  - 
0.000 
0.125 
0.264 
0.350 
0.444 

0.545 
0.641 
0.694 
0.747 
0.817 

0.860 
0,892 - 

0.000 
0.143 
0.392 
0.51 1 
0.654 

0.794 
0.935 
1.012 
:.144 
1.194 

'.261 
1.314 
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TABLE 6.2 

Re = 25, t = 0 (u0 = 0; v0 = 0; no = 0) 

/ 2 5 6  

U XO Yo h0 

0.588 
0.588 
0.587 
0.586 
0.585 

0.582 
0.580 
0.578 
0.573 
0.569 

0.564 
0.558 
0.552 
0.544 
0.532 

0.525 

S 

0.0000 
0.1062 
0.1494 
0.1926 
0.2550 

0.3318 
0.3798 
0.4278 
0.5142 
0.5622 

0.6198 
3.6678 
3.71 58 
3.7638 
3.8214 

1.8550 

Po 
0.931 
0.924 
0.916 
0.907 
0.889 

0.861 
0.840 
0.817 
0.770 
0.741 

0.703 
0.669 
0.632 
0.593 
0.542 

0.511 

0.365 
0.368 
0.372 
0.377 
0.386 

0.402 
0.414 
0.430 
0.464 
0.488 

0.522 
0.553 
0.587 
0,622 
0.660 

0:676 

-1.000 
-0.994 
-0.988 
-0.981 
-0.967 

-0.945 
-0.928 
-0.909 

0.870 
-0.846 

-0.813 
-0.785 
-0.754 
-0.722 
-0.681 

-0.656 

0.0000 
0.0221 
0.0311 
0.0399 
0.0526 

0.0678 
0.0772 
0.0967 
0.104 
0.114 

0.128 
0.140 
0.152 
0.165 
0.179 

0.182 

0.000 
0.106 
0.144 
0.191 
0.252 

0.325 

0.414 
0.491 
0.533 

0.540 
0.619 
0.656 
0.691 
0.732 

0.754 

0.370 

Re = 25; t - 1/2 (n = n,) 

S "1  P1 h l  Y 1  

0.0000 
0.1062 
0.1494 
0.1926 
0.2550 

0.3318 

0.4278 

0.5622 

0.61 98  
0,6678 
0.7158 
0.7638 
0.8214 

0.8550 

0.3798 

0.51 42 

0.0000 
0.0330 
0.0466 
0.0605 
0.0809 

0.107 

0.141 
0.174 
0.193 

0.218 
0.239 
0.261 
0.284 
0.313 

0.330 

0.124 

-0.0240 
-0.0239 
-0.023 7 
-0.0234 
-0.0228 

-0.02 I 6 
-0.0205 
-0.0191 
-0.0157 
-0.0132 

-0.0095 
-0.0060 
-0.0021 
+0.0019 
+O. 0068 

+0.0094 

0.922 
0.915 
0.908 
0.899 
0.882 

0.856 
0.837 
0.815 
0.772 
0.746 

0.71 I 
0.681 
0.649 
0.614 
0.570 

0.543 

0.590 
0.590 
0.589 
0.588 
0.586 

0.584 
0.582 
0.579 
0.573 
0.570 

0.564 
0.560 
0.554 
0.549 
0.539 

0.534 

0.164 
0.166 
0.167 
0.170 
0.174 

0.181 
0.187 
0.193 
0.208 
0.217 

0.230 
0.242 
0.254 
0.266 
0.281 

0.288 

-1.164 
-1.159 
-1.154 
-1 148 
-1.136 

-1.117 
-1,102 
-1.086 
-1 052 
-1 030 

-1.001 
-0.975 
-0.946 
-0.914 
-0.872 

-0.845 

0.000 
0.123 
0.173 
0.223 
0.296 

0.344 
0.440 
0.495 
0.594 
0.649 

0.714 
0.769 
0.823 
0.876 
0.937 

0.972 
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TABLE 6.2  Continued 

PO 

0.941 
0.936 
0.926 
0.916 
0.898 

0.865 
0.844 
0.815 
0.789 
0.736 

0.704 
0.670 
0.651 
0.613 
0.531 

0.480 

/25 

h0 

0.588 
0.587 
0.587 
0.586 
0.584 

0.582 
0.580 
0.578 
0.575 
0.570 

0.566 
0,561 
0.556 
0.552 
0.536 

0.526 

S 

0.0000 
0.1062 
0.149b 
0.1926 
0.2550 

0.3318 
0.3798 
0.4278 
0.5142 
0.5622 

0.6198 
0.6678 
0.71 58 
0.7638 
0.8214 

0.0550 

- 

- 

S 

0.0000 
0.0912 
0.1536 
0.1968 
0.2592 

0.3456 

0.4512 
0.4992 
0.5856 

0.6336 
0.6816 
0.7080 
0.7560 
0.8520 

0.9000 

0.3936 

u2 

0.0000 
0.0717 
0. I00  
0.129 
0.169 

0.218 
0.240 
0.277 
0.326 
0.353 

0.383 
0.406 

0.446 
0.465 

0.474 

0.427 

- 

-0.197 
-0.194 
-0.191 
-0.187 
-0.179 

-0. I 6 7  
-0,157 
-0.147 
-0.125 
-0.111 

-0.0928 
-0.0763 
-0.0587 
-0.0399 
-0.0159 

-0.001 I 

0.820 
0.825 
0.021 
0.817 
0.809 

0.796 
0.787 
0.777 
0.755 
0.743 

0.727 

0.700 
0.687 
0.673 

0.666 

0.714 

0.573 
0.571 
0.569 
0.567 
0.562 

0.555 
0.550 
0.544 
0.532 
0.525 

0.51 6 
0.508 
0.500 
0.493 
0.485 

0.481 

E 

0.714 
0.71 6 
0.718 

0.727 
0.721 

0.736 
0.743 
0.751 
0.768 
0.779 

0.794 
0.808 
0.823 
0.839 
0.861 

0.874 

U 

TABLE 6.3 

Re = 12.5; t = 0 (u0 - 0; u0 = 0; t 

I .  570 
I. 507 
1.481 
1.455 
1.419 

1.374 
1.347 
1.320 
1.272 
1.246 

1.216 
1.191 
1.168 
1.147 
1.125 

1.115 - 

cf 
0.0000 
0.0244 
0.0409 
0,0522 
0.0681 

0.0895 
0.101 
0.114 
0.126 
0.147 

0.159 
0.171 
0.178 
0.192 
0.217 

0.222 
~ 

a 

0.388 

0.395 
0.401 
0.410 

0.390 

0.430 
0.444 
0.465 

0.532 

0.564 
0.601 
0.623 
0.666 

0.485 

p. 755 

0.759 

-1.714 
-1.706 
-1.699 
-1.689 
-1 671 

-1.641 
-1.619 
-1.593 
-1.540 
-1.505 

-1.460 
-1.419 
-1.375 
-1 - 3 2 4  
-1.267 

-1.230 

-1 .ooo 
-0.9951 
-0.984 
-0.980 
-0.966 

-0.940 
-0.923 
-0.899 
-0.877 
-0.833 

-0.005 
-0.776 
-0.759 
-0.727 
-0.658 

-0.621 

- 
y2 - 

0.000 
0.141 
0.255 
0.329 
0.435 

0.565 
0.646 
0.726 
0.869 
0.944 

1.042 
1.119 
1.196 
1.272 
1.362 

1.414 - 

YO 

0.0000 
0.0910 
0.152 
0.195 
0.256 

0.334 
0.343 
0.436 
0.474 
0.552 

0.592 

0.650 
0.646 

0.630 

0.752 

0 743 
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TABLE 6 . 3  Continued 

04180 
0.181 
0.184 
0.186 
0.191 

0.200 
0.206 

0.223 
0.241 

0.215 

Re = 12.5; t = l /2  (n = n l )  

-1.180 0.000 
-1,176 0.107 
-1.170 0.141 
-1.163 0.232 
-1.151 0.305 

-1.129 0.406 
-1.113 0.462 

-1.074 0.545 
-1.034 0.646 

-1.093 0.529 

S 

-~ 

0.574 
0.573 
0.570 
0.568 
0.563 

0.553 
0.550 
0.542 
0.536 
0.523 

0.515 
0.507 
0.503 
0.494 
0.479 

0.472 

0.0000 
0.0912 
0.1536 
0.1968 
0.2592 

0.3456 
0.3936 
0.4512 
0.4992 
0.5856 

0.6336 
0.681 6 
0.7080 
0.7560 
0.8520 

0.9000 
_ID- 

-- -. 

S 

0.0000 
o.os12 
0.1536 
0.1968 
0.2592 

0.3456 
0.3936 
0.4512 
0.4992 
0.5856 

0.6336 
0.6816 
0.7080 
0.7560 
0.8520 

0.9000 

- - 

0.750 
0.751 
0.755 
0.758 
0.764 

0.774 
0.782 
0.792 
0.802 
0.822 

0.835 
0.849 
0.858 
G.874 
0.909 

0.930 
c 

*1 

0.0000 
0.0279 
0.0472 
0.0608 
0.0809 

0.109 
0.126 
0.147 
0.164 
0.196 

0.217 
0.237 
0.249 
0.270 
0.316 

0.340 ___ 

-_ 
02 

0.0000 
0.0607 
0.101 
0,130 
0.170 

0.224 
0.253 
0.287 
0.314 
0.361 

0.386 
0.410 
0.422 
0.443 
0.479 

0.492 
__- 

.. ~~ 

u1 
--__ 
-0.0256 
-0.0255 
-0.02 52 
-0.0248 
-0 0241 

-0.0225 
-0.02 13 
-0- 01 93 
-0- 0 1 72 
-0.0121 

-0.0086 
-0.0046 
-0.002 I 
4-0.0026 
+0.0130 

40.0180 

~- . .  

PI 

0.924 
0.919 
0.910 
0.901 
0.884 

0.854 
0.834 
0,808 
0.785 
0.738 

0.710 
0.681 
0.664 
0.632 
0.563 

0.526 
___ 

.- 
h l  

0.589 
0.589 
0.588 
0.587 
0.585 

0.582 
0.580 
0.576 
0.573 
0.567 

0.562 
0.557 
0.555 
0.549 
0.535 

0.527 
__- 

0.252 

0.272 
0.286 
0.314 

0.265 

0.326 I -0.824 I 1.039 

-- -_- 

- 
u2 

-0,198 
-0.195 
-0.191 
-0.187 
-0.179 

-0.165 
-0.155 
-0.142 
-0.129 
-0.104 

-0.0894 
-0.0730 
-0.063 5 
-0.0455 
-0.0064 

+O. Ot47 

p 2  

0.828 
0.825 
0.821 
0.817 
0.809 

0.794 
0.785 
0.772 
0.760 
0.737 

0.723 
0.709 
0.701 
0.686 
0.657 

0.645 

-1.009 
-0.982 
-0.966 
-0.935 
-0.865 

Re = 12.5; t = 1 (n = n 2  = E )  

0.741 
0.797 
0.827 
0.842 
0.949 

IJ 

_____ 
1.570 
1.516 
1. IC80 
1.455 
1.418 

1.369 
1.342 
1.310 
I .283 
1.236 

1.210 
1.184 
1.171 
1.147 
1.103 

1.085 
-~ 

x 2  

-1.250 
-1.744 
-1.734 
-1.724 
-1.705 

-1 669 
-1 -646 
-1.613 
-1.542 
-1.519 

-1.479 
-1.436 
-1.411 
-1.363 
-1 - 2 5 7  

-1. I 9 9  

YZ - 
3.000 
5.159 
3.264 
0.343 
3.452 

3.601 
3.643 
0.741 
0.862 
1,007 

1.046 
1.165 
1.204 
1.245 
1.437 

1.511 
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s 

0.962 
0.955 
0.948 
0,939 
0.909 

0.891 
0.874 
0.851 
0.825 
0.791 

0.761 
0.729 
0.695 
0.659 
0.621 

0.556 
0.475 

0.0000 
0.0972 
0.1404 
0.1836 
0.2796 

0.3276 
0.3660 
0.4140 

0.5196 
0.4620 

0.5676 
0.61 56 
0.6636 
0.7116 
0.7596 

0.8364 
0.9228 

0.587 
0.586 
0.586 
0.585 
0 rl583 

0.582 
0.581 
0.579 
0.577 
0.574 

0.571 
0.568 
0.564 
0.559 
0.555 

0.545 
0.531 

S 
.. -. 

-1.204 
-1.199 
-1.195 
-1.189 
-1.172 

-1.157 
-1.145 
-1.129 
-1.111 
-1.046 

-1.063 
-1.038 
-1.011 
-0.983 
-0.949 

-0,892 
-0,816 

~~ 

0.0000 
0.0972 
0.1404 
0,1836 
0.2796 

0.3276 
0.3660 
0.4140 
0.4620 
0.5196 

0.5676 
0.6156 
0.6636 
0.7116 
0.7596 

0.8364 
0.9228 

____ 
0.000 
0.116 
0.168 
0.220 
0.336 

0.393 
0.439 
0.496 
0.553 
0.621 

0.674 
0.734 
0.790 
0.846 
0.901 

0.988 
1.178 

TABLE 6 . 4  

Re = 6.25; t - 0 (uo = 0; uo = 0; no = 0) 

"1 

0.0000 
0.0292 
0.0424 
0.0557 
0.0859 

0.101 
0.114 
0.130 
0.147 
0.167 

0.185 
0.203 
0.222 
0.241 
0.260 

0.293 
0.331 

0.0000 
0.0357 
0.0513 
0.0668 
0.100 

0.116 
0.128 

0.158 
0.176 

0.190 
0.204 
0.218 
0.232 
0.246 

0.269 
0.294 

0.144 

- 

a 

0.422 
- 

6.425 
0.429 

0.450 

0.462 

0.488 

0,434 

0.472 

0.506 
0.533 

0.558 
0.588 
0.621 
0.658 
0.698 

0.764 
0.821 
~. - 

Re = 6.25; t = 1/2 (n = n 1) 
- 

u1 

-0.0280 
-0.0278 
-0.02 75 
-0.0272 
-0.0259 

-0.0249 
-0.0239 
-0.0224 
-0.0205 
-0.01 76 

-0.0147 
-0.01 13 
-0.0073 
-0.0029 
-0.0020 

+0.0106 
+0.0201 
-~ 

~~. . - 

P1 

0.927 
0.921 
0.915 
0.907 
0.881 

0.865 
0.850 
0.830 
0.808 
0.779 

0.754 
0.727 
0.699 
0.669 
0.638 

0.586 
0.521 

. _ _ _  

h l  

0.588 
0.587 
0.587 
0.586 
0.583 

0.581 

0.577 
0.574 
0.570 

0.566 
0.562 
0.557 
0.552 
0.547 

0.537 
0.524 

0.579 

XO 
- - .  

-1 . 000 
-0.995 
-0.990 
-0.983 
-0.961 

-0.946 
-0.933 
-0.91 5 
-0.895 
-0.868 

-0.843 
-0.816 
-0.787 
-0.757 
-0.725 

-0.670 
-0.603 

~ - .  

n l  

0.204 
0.205 
0.207 
0.209 
0.219 

0.222 
0.226 
0.233 
0.241 
0.251 

0.261 
0.272 
0.284 

0.309 

0.331 
0.352 

0.296 

4 .- - 

0.0000 
0.0970 
0.139 
0.142 
0.275 

0.321 
0.357 
0.402 
0.445 
0.496 

0.537 
0.577 
0.615 
0.653 
0.644 

0.742 
0.797 

.- 
1 
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TABLE 6 . 4  Continued 

S 

0.0000 
0.0972 
0.1404 
0.1836 
0.2796 

0.3276 
0.3660 
0.4140 
0.4620 
0.5196 

0.5676 
0.6156 
0.6636 
0.7116 
0.7596 

0.8364 
0.9228 

---- ~ 

- 
~ 

- 

vz 
0.0000 
0.0635 
0.0915 
0.119 
0.179 

0.209 
0.232 
0.260 
0.288 
0.320 

0.346 
3.371 
3.395 
3.418 
1.440 

1.471 
1.498 
~~ 

Re - 6.25; t - 1 (n = n2  = E ) 

-0.197 
-0.196 
-0.193 
-0.189 
-0.177 

-0.169 
-0.161 
-0.151 

-0.125 

-0. I 1 2  
-0.0974 
-0.081 8 
-0.065 3 

-0.140 

-0 .0478 

-0.0181 
+0.0180. 

p2 

0.827 
0.825 
0.822 
0.818 
0.805 

0.798 
0.791 
0.781 
0.770 
0.755 

0.742 
0.729 
0.714 
0.698 
0.682 

0.657 
0.629 
- .. . - 

0.575 
0.574 
0.572 
0.570 
0.563 

0.558 
0.554 
0.549 
0.543 
0.535 

0.528 
0.520 
0.512 
0.504 
0.496 

0.482 
0.469 

E 

0.800 
0.802 
0.804 
0.807 
0.816 

0.822 
0.828 
0.836 
0.845 
0.857 

0.869 
0.881 
0.895 
0.910 
0.926 

0.954 
0.990 

U 

1.570 
1.514 
I. 489 
I. 464 
1.406 

1.381 
1.360 
1.333 
1.306 
1.274 

1.247 
1.221 
1.195 
1.169 
1.143 

1.104 
1.066 

x 2  

-1.800 
-1.793 
-1.786 
-1 776 
-1.745 

-1 725 
-1 707 
-1.681 
-1.652 
-1.612 

-1,576 
-1.536 
-1.493 
-1.446 
-1.396 

-1 -309  
-1.201 

/260 

y2 

0.000 
0.174 
0.252 
0.329 
0.501 

0.586 
0.654 
0.734 
0.822 
0.922 

1.004 
1.086 
1.167 
1.247 
1.326 

1.450 
1.586 
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CHAPTER 7 

THREE-DIMENSIONAL FLOWS 

The problem of c a l c u l a t i n g  flow of a supersonic  gas  stream around axisym- r2 
m e t r i c  b l u n t  bodies  a t  an angle  of a t t a c k  i s  q u i t e  urgent  and has  been 
examined by a number of au thors .  

I n  t h e  work of A. N. Minaylos [18] t h e  method of i n t e g r a l  r e l a t i o n s  was 
used t o  s o l v e  t h i s  problem, t h e  func t ions  having been approximated by poly- 
nomials both over t h e  p e r i p h e r a l  coord ina te  and ac ross  t h e  boundary l a y e r  (scheme 
I ,  N = 1). The unquest ionable  v i r t u e  of t h i s  scheme i s  t h a t  i t  g ives  s u f f i c i e n t  
l y  complete informat ion  about t h e  behavior  of t h e  i n i t i a l  parameters of t h e  
body. However, dur ing  t h e  c a l c u l a t i o n  c e r t a i n  computational d i f f i c u l t i e s  a r i s e  
which are as soc ia t ed  wi th  t h e  s o l u t i o n  of t h e  mul t iparamet r ic  boundary-value 
problem and t h e  cons t ruc t ion  of t h e  numerical  s o l u t i o n  i n  t h e  neighborhood of 
t h e  s i n g u l a r  po in t s .  
hampered i n  p r a c t i c e .  G.  F. Te len in  and G. P .  Tinyakov [ 6 7 ]  used t h e  method of 
s t r a i g h t  l i n e s  t o  c a l c u l a t e  three-dimensional f lows. 

A f u r t h e r  advance wi th  r e s p e c t  t o  approximations h e r e  i s  

W e  w i l l  examine below scheme I1 of t h e  method of i n t e g r a l  r e l a t i o n s  [25] 
which permi ts  determining t h e  flow f i e l d  i n  t h e  reg ion  of i n f luence  of b lun t ing  
f o r  t h e  case  of t h e  flow of a p e r f e c t  and e q u i l i b r a t o r y  d i s s o c i a t i n g  gas around 
axisymmetric bodies  a t  an angle  of a t t a c k .  

The func t ions ,  j u s t  as i n  work [ 6 7 ] ,  a r e  represented  approximately over 
t h e  p e r i p h e r a l  coord ina te  ( t r igonometr ic  approximation) and along t h e  shock 
l a y e r  (polynomial approximation) ,  bu t  i n  t h e  supersonic  reg ion  a c h a r a c t e r i s t i c  
l i m i t i n g  t h e  reg ion  of t h e  in f luence  of mixed flow is used i n  p l ace  of t h e  ray .  
To c l o s e  t h e  approximating system t h e  cond i t ion  of compa t ib i l i t y  i s  used along 
t h e  boundary c h a r a c t e r i s t i c ,  which permits  i n  any approximation an exac t  
s a t i s f a c t i o n  of t h e  boundary cond i t ions  of t h e  problem. 

1. Statement of Problem. L e t  us  examine supersonic  flow around an 
axisymmetric b lun t  body a t  an ang le  of a t t a c k .  
coord ina tes  S,n, 0, where s i s  t h e  l eng th  of arc along t h e  s u r f a c e  of t h e  
body; n i s  a normal t o  t h e  body ; ,@ is  an angle  read o f f  from t h e  upper h a l f -  
p l ane  of symmetry of t h e  flow (Figs .  7 . 1 ,  7 . 2 ) .  

As independent v a r i a b l e s  w e  used 

L e t  US w r i t e  ou t  i n  t h e s e  coord ina tes  t h e  dimensionless  equat ions  of gas- 
dynamics i n  t h e  d ive rgen t  form 
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Figure 7 . 1 .  Separa t ion  of i n t e -  Figure 7 .2 .  Separa t ion  of i n t e g r a t i o n  
g r a t i o n  range i n  t r ansve r se  plane.  range i n  p lane  8 = cons t .  

Before s t a r t i n g  t o  approximate these  equat ions with r e spec t  t o  coord ina tes  
S ,  0, , w e  must compress t h e  reg ion  i n  which t h e  s o l u t i o n  i s  resent SO t h a t  
becomes r ec t angu la r .  
from coord ina tes  s ,  n ,  0 , t o  coord ina tes  TI, 5, 8 ,  which are r e l a t e d  i n  t h e  f o l l o w -  
i ng  manner: 

For t h i s  purpose w e  r ep lace  t h e  var iabyes .  W e  w i l l  change 

A q=s/s(4,d); t = n / E ( S , @ ) ;  L s =  0 ,  

A 
where s=s(5 ,9)  i s  t h e  equat ion  of t h e  boundary c h a r a c t e r i s t i c  of t h e  s u r f a c e  and 
n =  E ( S ,  0 )  i s  t h e  equat ion  of t h e  shock wave. 

I n  t h e  new coord ina tes  TI = 0 i s  t h e  a x i s  of symmetry of t he  body, TI = 1 
i s  t h e  c h a r a c t e r i s t i c ,  €, = 0 is  t h e  body, €, = 1 i s  t h e  shock wave. The i n t e -  
g r a t i o n  range w i l l  now look l i k e  0 _< 5 5 1, 0 5 TI 5 1, 0 5 8 5 T I .  

The equat ions  of gasdynamics are transformed i n  t h e  fol lowing manner: 
a ( K , r )  a($rM,)  d & N k )  ,, 

+ -= s(Yk r + X, ) , 
dr; a d  + 

all 
where k = 1 is  t h e  f i r s t  equa t ion  of motion, 

MI= uM4 + Ap; N ,  = uN,; X, 0; 

K , - u K ,  - q A $ p ;  Y, = (Lc+6+ii- ”> 
k = 2 i s  t h e  second equat ion  of motion, 

247 



k = 3 i s  the t h i r d  equa t ion  of motion, 
, 

M 3 =  wM, - 4 A P p ;  N , = L E ;  X3=-N4Vsin6;  
A 

cos 6 K 3 = w K , - F A p ( ~ $ i -  rl s ' ~ E ; ) ;  Y 3 = N 4 u 7 ;  

h i , = = A h - ~ ~ ~ t - ~ ~ N ;  # E@ N , =  N E ;  X , = O ;  

5 

k = 4 is  the equa t ion  of c o n t i n u i t y ,  
I 

K ,  t ( E + ~ E ; ) ~ - ~ I \ S ~ A ~ - ~ N ( E S ~ ~ - - S ~ ~ E ~ ) ;  A t  A #  8 Y4 =o. 

2. The q u e s t i o n  arises now of s e l e c t i n g  t h e  p o i n t s  f o r  approximating t h e  
func t ions  wi th  r e s p e c t  t o  n and 8. 
p r i n c i p a l  p o i n t s  of approximation w i t h  r e s p e c t  t o  0 t h e  a x i s  of symmetry of  t h e  
body and t h e  c h a r a c t e r i s t i c  ( f i r s t  approximation wi th  r e s p e c t  t o  n ) .  
approximations are obtained by s e p a r a t i n g  a given zone i n t o  N zones (N-th 
approximation with r e s p e c t  t o  n ) .  

A t  a f i x e d  half-plane w e  s e l e c t  f o r  t h e  

Fur the r  

As t h e  p r i n c i p a l  half-planes f o r  approximation with r e s p e c t  t o  8 w e  
must t ake  t h e  ha l f -p l anes  8 = 0 ,  TT ( f i r s t  approximation with r e s p e c t  t o  8 ) .  
Higher approximations can be  obtained i n  two ways (P-th approximation with respc 
t o  a ) :  

( i  = 0, ..., 2P - I);  

( i  = 0, ..., 2(P-  1). 

i n  1) a=--- 
2 P -  1' 

2) 9 - k  
2(P - 1) 

/; Figure 7 . 1  i l l u s t r a t e s  both forms of s e p a r a t i o n  f o r  N = 2, P = 2. - 
W e  w i l l  p r e s e n t  h e r e  t h e  approximating system (N = 2,  P = 2) f o r  t h e  f i r s t  

case. Using t h e  c o n d i t i o n  of symmetry of flow r e l a t i v e  t o  p l ane  8 = 0 ;  71 and 
t h e  cond i t ion  of c o n t i n u i t y  on t h e  a x i s  of symmetry i n  any p l ane  6 ;  8 + TT, w e  
can w r i t e  o u t  t h e  formula of through approximation t o  func t ions  i n  t h e  p l ane  8; 
a +  71. 

For func t ions  M 2 ,  N 2 ,  Y 2 ,  X3, r ,  r e s p e c t i v e l y ,  
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For func t ions  even wi th  r e s p e c t  t o  9 : 

For func t ions  odd with r e s p e c t  t o  9 : 

The s u p e r s c r i p t  0 p e r t a i n s  t o  t h e  plane 9 = 0 ,  71 and t h e  s u p e r s c r i p t  1 
p e r t a i n s  t o  t h e  p l ane  8 = 7 / 3 ;  2 ~ 1 3 .  For func t ions  M 

approximated I$ wi th  r e s p e c t  t o  9 as (p 

2 y  N 2 ,  Y 2 ,  X 3 ,  f are 0 

1, 2 3 ,  4' 
W e  w i l l  i n t e g r a t e  t h e  equa t ions  of gasdynamics from n = 0 t o  n = i: 

i 
ds^J Nkdq 

i 
K k i t i  + - d i  s" J Mkrdq + 0 = K,, ti +S - d  - .J M, t d  q + 

d.5 0 dd 9.5 0 

Now approximating t h e  func t ions  wi th  r e s p e c t  t o  rl and 9 w e  o b t a i n  a system of 
8NP ordinary d i f f e r e n t i a l  equat ions of t h e  form 

f 265 

- a k o i d g M k o ,  j d - 1  i =  1 , 2 , 3 , 4 ;  k =  1 , 2 , 3 , 4 ;  j = O , I .  
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The index % denotes  t h a t  w e  must t ake  n o t  t h e  func t ions  themselves,  bu t  t h e i r  
half-sum of ha l f -d i f f e rence .  For example, 

TO c l o s e  t h e  system w e  must determine t h e  q u a n t i t i e s  

i n  terms of t h e  d e r i v a t i v e s  -, -, -, i . e . ,  t h r e e  more cond i t ions  are 

requi red .  
i s t i c s  w r i t t e n  i n  t h r e e  ha l f -p lanes .  
t hese  cond i t ions  of compatabi l i ty  and t h e  equat ions  of t h e  boundary charac te r -  
i s t i c  

M j  
d<  kOy 

which are expressed 
duo dP0 dvo 

dS dE dS 
These a d d i t i o n a l  cond i t ions  are t h e  r e l a t i o n s  along t h e  charac te r -  

H e r e  w e  w i l l  g ive  t h e  gene ra l  form of 

where 
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The approximating system of  ord inary  d i f f e r e n t i a l  equat ions  has t h e  form 

The known cond i t ions  on t h e  shock wave and t h e  non-flow cond i t ion  on t h e  body 
are t h e  boundary cond i t ions .  

The problem i s  solved i n  t h e  fol lowing manner: w e  a s s i g n  the  shape of t h e  
shock wave, and n ine  parameters ( E ~ ,  €1, i = 1, 2 ,  3 ,  4 ,  j = 0 ,  1 )  a r e  s e l e c t e d  

so as t o  s a t i s f y  n ine  cond i t ions  of nonflow u? = 0 on che body (i = 0 ,  . . . , 
j = 0,  1 ) .  I t e r a t i o n s  are performed by t h e  Newton method. 1267 

4 ,  1 

Figure 7 . 3  and Table 7 . 1  p re sen t  t h e  r e s u l t s  of c a l c u l a t i n g  (scheme 11, 
N = 2, p = 2) flow of an i d e a l  gas ( x =  1.4) around an  e l l i p s o i d  of r evo lu t ion  
( 6  = 2) a t  an angle  of a t t a c k  when M, = 10,  c1 = 5'. The shape and p o s i t i o n  of 
t he  shock wave, coord ina tes  of t h e  boundary c h a r a c t e r i s t i c  s ,  and t h e  d i s t r i b u t i o n  
of t h e  normal and t a n g e n t i a l  v e l o c i t y  components (u ,  v ) ,  p re s su re  ( p ) ,  and 
temperature  (T) a long t h e  boundaries  of t h e  zones ac ross  t h e  shock l a y e r  are 
given f o r  d i f f e r e n t  mer id iona l  c r o s s  s e c t i o n s  (8 = 0 ,  7~13, 2~113, T) .  
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Figure 7.3.  
and d i s t r i b u t i o n  of p r e s s u r e  f o r  flow of p e r f e c t  gas I%,, = 10; x = 1 .4 )  
around a n  e l l i p s o i d  of r e v o l u t i o n  (6  = 2)  a t  ang le  of a t t a c k  ( a  = 5'). 

Shape of shock wave (---a = 0 ' ;  ooo c1 = 1'; - a = 5') 

The s u b s c r i p t  0 p e r t a i n s  t o  q u a n t i t i e s  on t h e  a x i s  of symmetry of t h e  
body, t h e  s u b s c r i p t s  1 and 3 on t h e  boundary c h a r a c t e r i s t i c ,  and subsc r i  

2 and 4 on t h e  in t e rmed ia t e  l i n e s ,  r e s p e c t i v e l y .  The s u p e r s c r i p t  0 
des igna te s  q u a n t i t i e s  i n  t h e  meridional  planes 6 = 0 ,  TI, t h e  s u p e r s c r i p t  
i n  p l anes  6 = ~ 1 1 3 ,  2 ~ 1 1 3 .  A l l  d a t a  are given i n  a dimensionless form. The 
va lues  of v e l o c i t i e s  are r e f e r r e d  t o  w , temperature 

t o  w i a x  /R,  and l i n e a r  dimensions t o  t h e  v e r t i c a l  semiaxis of t h e  e l l i p s o i d  

1 

, p r e s s u r e  t o  p,w2 max max 
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TABLE 7.1 

1268 - CALCULATION OF THREE-DIMENSIONAL FLOWS. M, = 10; x = 1.4; 6 = 2; C( = 5'.  

0.0408 
0.0324 
0.0258 
0.0216 

& =  0 

0.867 
0.874 
0.878 
0.879 

. 

I .OQO 
0.875 
0.750 
0.625 
0.500 

0.375 
0.250 
0.125 
0.000 

vO 

0.0924 
0.0829 
0.0721 
0.0611 
0.0505 

I 
0.785 
0.806 
0.826 
0.843 
0.857 

- 

0 
s3 

. -~ 

1.078 
1.035 
1.000 
0.972 
0.947 

0.924 
0.902 
0.883 
0.868 

0 
u 3  

+@.@665 
+O.C239 
-0.00385 
-0.0197 
-0.0261 

-0.0249 
-0.0183 
-0.00908 
0.00000 

. . .. ~ 

~ __ 
0.613 
0.565 
0.527 
0.495 
0.466 

0.440 
0.422 
0.416 
0.435 

0,651 
0.584 
0.531 
0.500 
0.487 

0.484 
0,480 
0.466 
0.436 

V I  x 
- . 

0.432 
0.402 
0 403 
0.412 
0.419 

0.423 
0.423 
0.419 
0.409 

0.0787 -0.149 
0.0927 -0.134 
0.101 -0.119 
0.106 -0.103 

1 0.108 -0.0856 

0.109 -0.0660 
0.109 -0.0448 
0.111 -0.0225 
0.112 0.0000 

~~ ____ 

-0.176 
-0.148 
-0.123 
-0.0997 
-0.0781 

-0.0580 
-0.0388 
-0.0199 
0.0000 

0.244 
0.221 
0.200 
0.182 
0.168 

0.160 
0.159 
0.163 
0.173 

0.739 
0.756 
0.769 
0.779 
0.788 

0.795 
0.801 
0.804 
0.805 

0.129 
0.132 
0.134 
0.136 
0.137 

0.138 
0.139 
0.138 
0.138 
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+0.133 0.644 
+ 0.0788 0.580 
+0.0420 0.530 

1 +0.0196 0.497 
+ 0.00622 0.479 

-0.00141 0.470 
-0.00451 0.464 
-0.00345 0.452 
0.00000 0.421 

1.000 
0.875 
0.750 
0.625 
0.500 

0.375 
0.250 
0.125 
0.000 

1.078 
1.038 
1.005 
0.978 
0.955 

0.938 
0.924 
0.913 
0.903 

0.136 
0.137 
0.137 
0.136 

-0.0549 
-0.0458 
-0.0356 
-0.0255 

TABLE 7.1 Continued 

w :  u: w :  
0.443 
0.417 
0.418 
0.424 
0.428 

0.428 
0.425 
0.419 
0.407 

0.0805 
0.0935 
0.102 
0.106 
0.109 

0.110 
0.111 
0.113 
0.117 

-0.157 
-0.135 
-0.120 
-0.102 
-0.0832 

-0.0633 
-0.0429 
-0.02 I 6 
0.0000 

~~ 

0.703 
0.714 
0.722 
0.728 
0.734 

0.123 
0.126 
0.127 
0.129 
0.130 

-0.0732 
-0.0755 
-0.0752 
-0.0720 
-0.0657 

-0.0567 
-0.0457 
-0.0339 
-0.0227 

-0.0475 
-0.0473 
-0.0504 
-0.0569 
-0.0642 

-0.0681 
-0.0644 
-0.0485 
-0.01 6 0  

71 /3 

w:  
-0.0494 
-0.0461 
-0.0468 
-0.0510 
-0.0572 

-0.0615 
-0.0638 
-0.0645 
-0.0683 

0.320 
0.302 
0.289 
0.279 
0.268 

0.257 
0.244 
0.231 
0.229 - 

v: - 
0.266 
0.242 
0.223 
0.207 
0.196 

0.188 
0.185 

0.192 
0.185 

0.739 
0.742 
0.743 
0.742 

0.132 
0.133 
0.134 
0.134 

~~ 

u : 
-0.169 
-0.144 
-0.121 
-0.0995 
-0.0793 

-0.0596 
-0.0402 
-0.0207 
0.0000 

4 - 
1.000 
0.875 
0.750 
0.625 
0.500 

0.375 
0.250 
0.125 
0.000 

- 
0.128 
0.130 
0.132 
0.134 
0.135 

- 
0.467 
0.450 
0.450 
0.452 
0.451 

0.446 
0.436 
0.422 
0.404 

- 
0.728 
0.743 
0.754 
0.763 
0.771 

0.777 
0.781 
0.784 
0.784 

-0.0673 
-0.0690 
-0.0690 
-0.0668 
-0.0621 

0.0844 
0.0952 
0.102 
0.107 
0.111 

0.114 
0.115 
0.116 
0.116 

0.573 
0.528 

0.464 

0.443 
0. $30 
0.427 
0.415 
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CHAPTER 8 

EXPERIMENTAL INVESTIGATION OF FLOW AROUND SOLIDS OF 
REVOLUTION IN A SUPERSONIC GAS FLOW 

The calculation of gas flow in supersonic flow around axisymmetric bodies 1270 
with a detached shock wave is a complex mathematical problem. 
with the use of electronic computers are presently employed to solve it. 

Numerical methods 

To study the actual pattern of flow of a supersonic real gas around solids 
of revolution and also to evaluate the existing theoretical methods of calculation 
of flow around such bodies, we experimentally investigated flow around a sphere, 
cylinder, and two ellipsoids of revolution with a ratio of semiaxes equal to 
b/a = 0.5 and 1.5. 

Experimental investigations set up to evaluate theoretical methods of 
calculating flow around bodies should have a quite high accuracy. Therefore, 
particular attention was devoted to the method of carrying out the experiments 
and to problems associated with ensuring a high accuracy of the measurements. 

The investigations into supersonic gas flow around solids of revolution 
were carried out in the range M, = 2.00-8.06. Curves of the distribution of 

pressure over the surface of the body and the shape and position of the nose 
shock wave were obtained. 

In this work we will compare the obtained experimental data with the 
results of calculating flows in the region of influence of blunting by the 
method of integral relations [ 3  and 681 and of the supersonic zone by the 
method of characteristics [69 and 701. 

Photographs of flow past a sphere and ellipsoids of revolution at different 
M, numbers are also given. 

Many of the results in this work were obtained in 1956. 

1. Investigated Bodies and Measuring Equipment. 

A sphere, cylinder, and three series of ellipsoids of revolution were 1271 
manufactured for the experimental investigation of flow past axisymmetric 
bodies with a detached shock wave. 

1. The sphere with a diameter of D = 40 mm is shown in Fig. 8.1. The fig- 
ure shows that the sphere is fastened by means of a bracket on the lateral de- 
tachable caps of the working section of the tube. 
holes 0.4 mm in diameter arranged in one meridional section at an angular distance 
B = 90" relative to one another. 

In the sphere are two pressure 

2. The cylinder, with a diameter D = 25 mm, length 1 = 150 mm, and with 
pressure holes, is shown in Fig. 8.2. The two 0.4-mm-diameter holes are 
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To manometer 

Figure 8.1. Sphere 
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arranged in the middle section of the cylinder at an angular distance f3 = 90" 
relative to one another. 

The second hole permits proper adjustment of the sphere or cylinder in the 
working section of the tunnel relative to the oncoming flow. 

Along with solving a number of other methodological problems, we evaluated 
the effect of the diameter of the cylinder on the experimentai results: two 
cylinders 10 and 15 mm in diameter and 150 mm long were additionally manufactur- 
ed. 

To carry out the experiments with the sphere and cylinder, a special device 
was designed and manufactured by means of which the test sphere or cylinder 
could be turned around the axis to any prescribed angle with an accuracy of 2 2 ' .  
This device consists of a removable cover on which is fastened a ring, a graudated 
circle calibrated in degrees. On the outside of this cover, on the cylindri- 
cal part of the holder of the sphere, or on the shank of the cylinder is rigidly 
fastened an indicator on the end of which is a vernier. The diagram of the 
attachment of the cylinder and of the device for measuring the angles are shown 
in Fig. 8.3. 

3 .  The ellipsoids of revolution were made in three series. 

The first series consisted of seven identical ellipsoids of revolution with 
a ratio of semiaxes b/a = 0.5. An ellipsoid of revolution of this series is 
shown in Fig. 8.4.  The second series included three identical ellipsoids of 
revolution with the same ratio of semiaxes, but with a different arrangement of 
the holder (Fig. 8.5). 

Eight identical ellipsoids of revolution with a ratio of semiaxes b/a = 1.5 
made up the third series. An ellipsoid of revolution of this series is shown in 
Fig. 8.6. 

The ellipsoid of revolution of a given series were manufactured from the / 2 7 3  
same pattern and differed from one another only by the arrangement of the 
pressure holes. This was done because it was impossible to place the necessary 
number of pressure holes on one ellipsoid. 

On all ellipsoids of revolution of the same series (of the same shape) there 
were two identically arranged pressure holes, by means of which the pressure 
measurements were checked. 

Some of the ellipsoids of revolution had two pressure holes which were 1277 
arranged at the top and bottom at an equal distance from the stagnation point. 
The pressure measured at these points enabled us to check the correctness of 
setting the model at a zero angle of attack. 

Each ellipsoid of revolution had from eight to twelve holes. 

All investigated bodies were manufactured with a tolerance of 2 0.03 mm. 
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Figure 8.2. Cylinder 
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Graduated circle . - 

Figure 8.3. Diagram of device for measuring angles. 



Figure 8 . 4 .  Ellipsoid of revolbtion, b/a  = 0.5 (first series). 

A 
f 

Ellipsoidofzevolution.. 
series; b/a  = 0 . 5 )  
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TO manometer ( 

Figure 8 . 5 .  Ellipsoid of revolution, b/a = 0.5  (second series). 
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Figure 8.6. Ellipsoid of revolution, b/a = 1.5 (third series). 

Figure 8.7. Diagram of determining angles d . 
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The main geometric dimensions of t h e  e l l i p s o i d s  of r e v o l u t i o n ,  coord ina tes  
of t h e  o u t s i d e  contour ,  and t h e  coord ina tes  of t h e  p re s su re  h o l e s  are given i n  
Tables  8.1 and 8.2.  

The p res su re  i n  t h e  forechamber of t h e  wind tunne l  w a s  determined from t h e  
ave'rage va lue  o f  t h e  readings  of two total-head tubes.  

was measured by a U-shaped mercury monometer. 
movable device  wi th  an o p t i c a l  s i g h t  ensured an accuracy of reading  t h e  measure 
p re s su re  of 2 0 .1  mm Hg 

Bourdon gauge which w a s  c a l c u l a t e d  f o r  a maximum m a l  p r e s su re  of 5 kg/cm . The 
i n s t a l l a t i o n  of a s p e c i a l  mechanism f o r  t u rn ing  t h e  scale i n  t h e  presence  of t h  
v e r n i e r  provided an accuracy of reading t h e  gauge p res su re  of f 0.0016 kg/cm2. 
The to ta l -head  tubes  a t  M, = 4 were connected wi th  a s tandard  tube-type manomet 

designed f o r  a maximal p re s su re  of 10 kg/cm . The scale d i v i s i o n  of t h i s  man- 
ometer was equal  t o  0.0333 kg/cm2. 
M, = 6.05 w a s  measured by a s tandard  manometer intended f o r  a maximal p re s su re  

of 40 kg/cm2, wi th  a s c a l e  d i v i s i o n  equal  t o  0.1333 kg/cm2. 

used a s tandard  manometer f o r  100 kg/cm2 wi th  a scale d i v i s i o n  equal  t o  0.333 E 

cm . 

A t  M, = 2 t h e  p re s su re  

The presence of a v e r n i e r  on a 

a t  M, = 3 t h e  total-head tubes  were connected wi th  a 
2 

2 

The gauge p res su re  i n  t h e  forechamber a t  

A t  M, = 8.06 w e  

2 

The temperature  i n  t h e  forechamber of t h e  tunnel  when M, = 2,  M, = 3 ,  and 

M, = 4 was measured by a s tandard  mercury thermometer w i t h  a scale d i v i s i o n  of 

0 . 1 " C .  

thermocouples wi th  a measurement range up t o  800°C. 
thermocouples w e r e  recorded by a EPP-9 poten t iometer .  
a t u r e  was measured wi th  an accuracy of -f5"C. 

When M, = 6.05 and 8.06 t h e  temperature  is measured by chromel-alumel 

The readings of t h e  
I n  t h i s  case  t h e  temper- 

The p res su re  on t h e  s u r f a c e  of t h e  sphere,  c y l i n d e r ,  and e l l i p s o i d s  of 
r evo lu t ion  a t  numbers M, = 2 ;  3 ,  and 4 w a s  measured by a U-shaped mercury 
manometer and a s l i d i n g  scale. S ince  t h e  p re s su re  on t h e  bodies  of r evo lu t ion  
wi th  M, = 6.05 and 8.06 va r i ed  wi th in  a wide range,  a p res su re  less than  1 6  mm 
Hg w a s  measured by a group record ing  manometer intended f o r  a maximal p re s su re  
up t o  16  mm Hg, and above 16  mm Hg t h e  p re s su re  w a s  measured by t h e  same type  
of ins t ruments  w i th  upper l i m i t s  up t o  70 mm Hg and t o  1 abso lu te  atmosphere. 
The class of accuracy of t h e  group record ing  manometers was & 0.35 percent  
of  t h e  upper l i m i t  of measurement. 

The p res su re  measured i n  t h e  group recording manometer w a s  sensed by a 
sylphon bellows mounted on a l e v e r .  The sylphon bellows t ransforms t h e  pressui  
i n t o  a f o r c e  a c t i n g  on t h e  l e v e r ,  which i s  ad jus t ed  by t h e  f o r c e  of deformatior 
of a h e l i c a l  measuring spr ing .  
sp r ing  se rves  as a measure of t h e  pressure .  The instrument  c o n s i s t s  of a groul 
of such elements connected by a common d r i v e  and by a common record ing  mechani: 
A l l  measuring elements have t h e  same p r i n c i p l e  of  ac t ion .  
p re s su re  of  d i f f e r e n t  ranges appropr i a t e  sylphon bellows and h e l i c a l  s p r i n g s  
are i n s t a l l e d  and t h e  s i z e  of t h e  lever arms adjus ted .  

The magnitude of deformation of t h e  measuring 

To measure t h e  
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To obtain shadowgraphs we used the collimator part of the IAB-451 optical 
instrument with the flash light source and film holder from the AFA-BA aerial 
camera which was installed directly at the window of the working section of the 
wind tunnel. 

The distance of the nose shock wave from the body was determined by means 
of a coordinatograph produced by the Swiss company Coradi, which was installed 
on a J.ZP-8M copying instrument. 

(Fig. 8.7)  with an accuracy of 2 0.02 mm. 

Angles 3 were measured with an accuracy of 
0.5', and the linear dimensions in the direction of rays A 1' AZ' * - . ,  An 

2. Conduction and Analysis of Results of Experiments 

The investigations of the solids of revolution were carried out in a super- 
sonic wind tunnel in the range M, = 2.00 - 8.06. 
indefinitely since the gas cylinders had a large volume in comparison with the 
air flow rate. 

The installation could work 

The values of total pressure, stagnation temperature in the forechamber of 
the tunnel, and the Re number calculated with respect to the linear dimension 
of the body in the direction of flow are given in Table 8.3 for various values 
of the numbers G. The following quantities were measured simultaneously during 
the experiments: pressure on the solids of revolution, static pressure on the 
wall of the working section, total pressure, and stagnation temperature in the /279 
forechamber of the tunnel. 

The sphere was investigated at numbers M, = 2, 3, 4, 6.05, and 8.06. The 
investigated sphere, at each value of M,, was installed in the working section 
so that the axis of one pressure hole coincided with the direction of the 
oncoming flow and the axis of the other hole formed an angle B = 90" with it. 
After installing the sphere the pressure p was measured when 0 = 0. Then the 
sphere was turned in the flow through angle A 0  relative to its own axis which 
was arranged normal to the direction of flow, and measurement of the pressure was 
repeated. In this manner pressure p was measured on the surface of the sphere 
for each value of Mm in the range 0 = 0-180". 

In the same manner we measured the pressure on the two cylinders with a 
diameter of 15 and 25 mm. The 15-mm-diameter cylinder was tested at % = 2, 4, 
and 8.06, and the 25-m-diameter cylinder was investigated at % = 3 and 6.05. 
Just as for the sphere, at each fixed value of the angle 8 the pressure p was 
measured on the surface of the cylinder. 

To elicit the effect of the diameter of the cylinder and the diameter of 
the pressure hole on the experimental results, additional tests were carried 
out at M, = 3.00. The 25-mm-diameter cylinder was at first tested with two 
equal pressure holes (d = 0.4 mm), then one of the holes was enlarged and the 
experiment was repeated, in which case the diameter of the other hole was left 
constant. This hole served for control measurements of pressure. The tests 
for the distribution of pressure at 
10 and 15 mm in diameter. 

= 3 were carried out also with cylinders 
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The e l l i p s o i d s  of r e v o l u t i o n  w e r e  t e s t e d  a t  M, = 3 ,  4 ,  6 .05 ,  and 8.06.  A 
zero ang le  w a s  e s t a b l i s h e d  by means of a l e v e l  w i t h  a subsequent check f o r  t h e  
e q u a l i t y  of  t h e  p re s su res  which w e r e  measured a t  t h e  p re s su re  p o i n t s  symmetri- 
c a l l y  arranged on t h e  bodies  r e l a t i v e  t o  t h e  flow a x i s .  A s  w a s  a l r eady  noted ,  
a s u f f i c i e n t  number of p re s su re  h o l e s  could n o t  b e  placed on one e l l i p s o i d  of 
r evo lu t ion .  To o b t a i n  a d e t a i l e d  p i c t u r e  of t h e  d i s t r i b u t i o n  of p re s su re  over 
t h e  body, w e  t e s t e d  i d e n t i c a l  e l l i p s o i d s  of r e v o l u t i o n  wi th  a r a t i o  of s e m i -  
axes  b / a  = 0.5 and e i g h t  i d e n t i c a l  e l l i p s o i d s  of r evo lu t ion  wi th  a r a t i o  of 
semiaxes b / a  = 1.5 wi th  a d i f f e r e n t  arrangement of t h e  p re s su re  ho le s .  The 
e l l i p s o i d s  of t h e  f i r s t  and t h i r d  series w e r e  t e s t e d  under t h e  same cond i t ions  
i n  two p o s i t i o n s ,  t h e  change from t h e  f i r s t  p o s i t i o n  t o  t h e  second being 
achieved by tu rn ing  t h e  e l l i p s o i d  through 180" around i t s  own a x i s  which coin- 
c ided wi th  t h e  d i r e c t i o n  of t h e  oncoming flow. The e l l i p s o i d s  of r evo lu t ion  
of t h e  second series w e r e  t e s t e d  by t h e  s a m e  program as those  of t h e  f i r s t  and 
t h i r d  series, bu t  t h e i r  r o t a t i o n  w a s  accomplished around an a x i s  normal t o  t h e  
d i r e c t i o n  of flow. I n  t h i s  case  w e  w e r e  c a r e f u l  t h a t  t h e  test cond i t ions  of 
t h e  e l l i p s o i d s  w e r e  i d e n t i c a l .  

To determine t h e  shape and p o s i t i o n  of t h e  nose shock wave r e l a t i v e  t o  t h  
body a t  d i f f e r e n t  va lues  of M,, w e  photographed t h e  p a t t e r n  of flow around a 
sphere  and two e l l i p s o i d s  of r e v o l u t i o n  i n  t h e  stream. 

P res su re  p measures on t h e  s u r f a c e  of t h e  s o l i d s  of r evo lu t ion  a t  a va lue  
M, = cons t  and d i f f e r e n t  va lues  of t h e  angle  8 w e r e  r e f e r r e d  t o  t h e  p re s su re  

For each va lue  of M, w e  obtained t h e  dependence p/p = 6 ( 0 )  wher 0 = 0  = 0' 
8 is  t h e  va lue  of t h e  angle  i n  r ad ians  

F igure  8.8 .  Diagram f o r  determining 
angles  0 :  

a )  b / a  = 0.5; b)  b / a  = 1.5 .  
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Figure  8.9. Diagram f o r  conver t ing  
angles  0 t o  angles  9. 



p r e s s u r e  p w a s  r e f e r r e q t o  t h e  t o t a l  p r e s s u r e  p i n  t h e  forechamber of t h e  

tunnel .  
fb 

0 
A s  a r e s u l t  w e  obtained t h e  dependencies p/po = p (8). 

The conversion from angles  9 t o  8 f o r  e l l i p s o i d s  of r e v o l u t i o n  w a s  accom- /28L 
p l i s h e d  by t h e  formula 

where 

For t h e  sphere and c y l i n d e r s  t h e  ang le s  9 t o  19 co inc ide  (Fig.  S.9>, and 
t h e  dimensionless d i s t a n c e s  from t h e  body t o  the  shock wave E '  and E ( E '  is t h e  
d i s t a n c e  from the  body t o  t h e  shock wave along r ay  9 = const  r e f e r r e d  t o  

L 
R = b / a )  a l s o  co inc ide .  For e l l i p s o i d s  of r e v o l u t i o n  t h e  formulas f o r  convert-  

i ng  from t h e  coord ina te s  of t h e  shock wave E' and 9 t o  coord ina te s  E and 8 have 
t h e  fol lowing form: 

0 

( A +  e8 )b2 cos e+a2-b2 . 9 = arcctn 
(A + d ) b 2  sin e 

I 

where A = is  t h e  d i s t a n c e  from t h e  c e n t e r  of cu rva tu re  ( f o r  p o i n t  

9 = 0) t o  t h e  e l l i p s e ,  r e f e r r e d  t o  t h e  a x i s  of cu rva tu re ,  when 9 = 0, 
C 

The d i s t a n c e  from t h e  body t o  t h e  shock w a s  def ined as t h e  d i s t a n c e  between 
t h e  p o i n t s  of i n t e r s e c t i o n  of t h e  r ay  w i t h  t h e  shock-wave contour and t h e  body 
contour .  

The r e l a t i v e  d i s t a n c e  E from t h e  body t o  t h e  shock wave w a s  def ined as n 
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r 
t i l L .  I - ~ I L ~ O  11 - Kn , where r is the distance between the center of symmetry of 

n 

'n 
~ 1 1 ~ .  I * I ~ ~ C I ~ ~ I  and the wave contour, and Rn is the distance between the center and 
~ . , ~ n i o u i -  of  the body. 

'l'lle number >Im in the working section of the tunnel was determined by the ,I 
fvri: iuI n 

where p is the total pressure measured in the forechamber of the tunnel; pb is 

the total pressure behind a direct shock wave, measured by a total-head tube in 

the working section of the tunnel; x = _ E  is the ratio of specific heat 

capacities, for air x = 1.40 .  

0 

C 

C 
V 

3 .  Experimental Results 

A s  the result of these experiments at various values of M, of the oncoming 

flow for a sphere, cylinder, and ellipsoids of revolution, we determined the 
dependences 5 ( e ) ,  $(a), and E (8). 

The dependence ( e )  for a sphere at different values of M, is presented 
in Figs. 8.10 - 8.14 and in Tables 8.4  and 8 . 5 .  In these figures the curves 
calculated by the method of integral relations [ 6 8 ]  and by the method of 
characteristics [ 6 9 ] *  are plotted by a solid line. We see from a comparison of 
the results of the experiment and theoretical calculation that the theory agrees 
nicely with the experiment. 

We also measured the distribution of pressure p over the surface of a 
cylinder in its middle section at equal angular intervals. The results of the 
experiments are given in Tables 8.6 and 8.7 and are shown in Figs. 8.15 - 8.23 
as the dependence I; (e). The results of the experiments are compared in Fig. 8 .  
with the results of theoretical calculations obtained in the first, second, and 

* 
when M, = 2 and 8.06 ,  cylinder when M, = 2, 6 . 0 5 ,  and 8.06,  and ellipsoid of 
revolution with a ratio of semiaxes b/a = 1.5 when M, = 3 ) ,  the data on the 
calculations by the method of integral relations and the method of character- 
istics were presented by 0 .  M. Belotserkovskiy. 

For the intermediate values of M, of the oncoming flow (flow around a sphere 
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Figure 8.10. 

I 

I. I, 
Distribution of pressure over surface of 
sphere when K = 2: 
ooo  experiment; - theory. 

/283 

Figure 8.11. Distribution of pressure over surface of 
sphere when M, = 3: 
ooo experiment; - theory. 
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Figure 8.12.  D i s t r i b u t i o n  of p r e s s u r e  over s u r f a c e  
of sphere when = 4 :  
o o o experiment; - theory.  

Figure 8.13. D i s t r i b u t i o n  of p r e s s u r e  over s u r f a c e  
of sphere when & = 6.05: 

0 0 0 experiment; - theory.  
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Figure 8.14. Distribution of pressure over surface of 
sphere when M, = 8.06: 

0 0 oexperiment; - theory. 

Figure 8.15. Distribution of pressure over surface 
of circular cylinder when M, = 3: 
o o o experiment; -.- approxima- 

tion 1; --- approximation 2; 
- approximation 3. 269 



Figure 8.16 .  Distribution of pressure over surface 
of circular cylinder of different 
diameters when M, = 3: 

0 o o D = l O m m ;  D = 1 5 m m ;  
A A A  D = 25 mm 

Figure 8.17. Distribution of pressure over surface of 
circular cylinder, D = 25 mm, when I& = 3: 

o o o experiment; a =0.016; 
a = 0.040;  A A A  a = 0.064. 
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Figure 8.18. Distribution of pressure over surface of circular 
cylinder when M, = 3: 

ooo experiment 1956; aea 1959; A A A  1965; -theory. 

Figure 8.19. Distribution of pressure over surface of circular 
cylinder when M, = 2: 

ooo experiment; -theory. 
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Figure  8.20. D i s t r i b u t i o n  of p r e s s u r e  over  s u r f a c e  of c i r c u l a r  
c y l i n d e r  when M, = 3:  

ooo experiment;- theory.  

F igure  8.21. D i s t r i b u t i o n  of p r e s s u r e  over  s u r f a c e  of  c i r c u l a r  
c y l i n d e r  when M, = 4 :  

ooo experiment;- theory.  
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Figure  8.22. D i s t r i b u t i o n  of p re s su re  over s u r f a c e  of c i r c u l a r  
cy l inde r  when M, = 6.05: ooo experiment; 

theory.  

F igure  8.23. D i s t r i b u t i o n  of p re s su re  over s u r f a c e  of c i r c u l a r  
cy l inde r  when M, = 8.06: ooo experiment;  

theory.  
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third approximations by scheme I of the method of integral relations. A s  we see 
from Fig. 8.15, in the entire range of angles 8 the theoretical curve of the sec- 
ond and third approximations agree well with the results of the experiments. 
The results of experiments carried out with cylinders of different diameters 
when M, = 3 are shown in Fig. 8.16. 
cylinder has almost no affect on the results of the experiment. 

We see that the size of the diameter of the 

The dependencep(0) for cylinder D = 25 nun with different sizes of the 
pressure hole is shown in Fig. 8.17. A change of diameter of the pressure hole 
with limits from 0.4 to 1.6 mm has no substantial effect on the results of the 
experiments. Control experiments carried out with the same cylinder D = 25 mm 
when M, = 3, as we see from Fig. 8.18, agree well with one another. 

/2! 

The curves calculated by the method of integral relations [3] and the 
method of characteristics E701 at corresponding values of M, are plotted in 

Figs. 8.19 - 8.23 as solid lines. The results of the theoretical calculations 
and experimental investigations agreewell with one another. 

The experimental dependence ( e )  for an ellipsoid of revolution with a 
ratio of semiaxes b/a = 0.5 at different values of M, is shown in Figs. 8.24 - 
8.27 and is given in Table 8.8. Figures 8.24 and 8.25 give the results of 
tests of this ellipsoid when M, = 3 and 4. 
dependence ( e ) .  A comparison of the calculation with the obtained results 
shows a good agreement between theory and experiment. Figures 8.26 and 8.27 
give the experimental points obtained at values M, = 6.05 and 8.06. 

the theory agrees sufficiently well with the results of the experiments. 

The same figures show the theoretical 

We see that 

The results of the experiments carried out with an ellipsoid of revolution 
(ratio of semiaxes b/a = 1.5) when M, = 3, 4, 6.05, and 8.06 are shown in 
Figs. 8.28 - 8.31 and are presented in Table 8.9. In Figs. 8.28 - 8.31 the 
dependence 6 ( e )  based on the data of the theoretical calculation is represented 
by a solid line. A comparison of the calculated curve with the experimental 
results shows a good agreement. 

The results of measuring pressures at control points (Table 8.10) of ten 
ellipsoids of revolution with a ratio of semiaxes b/a = 0.5 in the entire range 
of M, numbers agree well with each other. 

of testing eight ellipsoids of revolution with a ratio of semiaxes b/a = 1.5. 
This indicates that certain differences in geometric dimensions (within the 
tolerances) of manufactured models, the errors associated with installing the 
models in the working section of the tunnel, and the deviations in the 
operating conditions of the tunnel were comparatively small and did not have a 
substantial effect on the experimental results. 

The same can be said about the results 
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Figure  8.24. D i s t r i b u t i o n  of p re s su re  over s u r f a c e  of e l l i p s o i d  of 
r e v o l u t i o n  (b/a  = 0.5) when M, = 3 :  ooo experiment;  

theory.  

F igure  8.25. D i s t r i b u t i o n  of p re s su re  over s u r f a c e  of e l l i p s o i d  of 
r e v o l u t i o n  (b/a  = 0.5) when Mm = 4 :  ooo experiment;  

theory.  
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r ad .  

of e l l i p s o i d  of F igure  8.26. D i s t r i b u t i o n  of p r e s s u r e  over  s u r f a c e  
I 

r e v o l u t i o n  (b/a = 0.5) when M, = 6.05: 
ooo experiment;- theory.  

L 
@ r ad .  

F igure  8.27. D i s t r i b u t i o n  of p r e s s u r e  over  s u r f a c e  of e l l i p s o i d  of  
r e v o l u t i o n  (b/a  = 0.5) when M, = 8-06: 
ooo experiment;  - theory.  
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Figure 8.28. D i s t r i b u t i o n  of p r e s s u r e  over  s u r f a c e  of e l l i p s o i d  of 
r e v o l u t i o n  (b/a = 1 .5 )  when M, = 3: ooo experiment; 

theory.  

0 fcr?e rad.  

Figure 8.29. D i s t r i b u t i o n  of p r e s s u r e  over  s u r f a c e  of e l l i p s o i d  of  
r evoIu t ion  (b/a  = 1.5)  when M, = 4 :  ooo experiment; 
- theory.  
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Figure  8.30. D i s t r i b u t i o n  of p r e s s u r e  over  s u r f a c e  of e l l i p s o i d  of 
r evo lu t ion  (b /a  = 1.5) when M, = 6.05: 
ooo experiment;  - theory.  

rad. 

Figure  8.31. D i s t r i b u t i o n  of p r e s s u r e  over  s u r f a c e  of e l l i p s o i d  of 
r evo lu t ion  (b / a  = 1.5) when M, = 8.06: 
ooo experiment;  - theory.  
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We see from a comparison of the results of measuring pressure over the 
surface of a sphere, cylinder, and ellipsoids of revolution that the dispersion 
of the experimental points for ellipsoids at all values of M, is somewhat great- 

er than for the sphere and cylinder. This is apparently explained by the influ- 
ence of insignificant defects in the manufacture (within the body) of the lines 
connecting the receiving (pressure) holes with the recording apparatus. 

I 2 9 5  

It is also necessary to note that as M, increases, the dependence p ( B )  becomes 
rather weak with respect to the M, numbers. 
changes so little that it can be considered virtually independent of M,. 

At high values of M, this relation 

% The relation p (9) is shown in Figs. 8.32 - 8.36 for a sphere. In these 
figures the calculated curves are plotted by a solid line. A comparison shows 
good agreement between the theory and experiment. 

Figures 8.37 - 8.41 show the results of experiments on flow around a 
cylinder at various values of M,. A comparison of the experimental and calculat- 

ed relations p (a) at all M, numbers also shows their good agreement. 
% 

Figures 8.42 - 8.45 depict the experimental points for an ellipsoid of 
revolution with a ratio of semiaxes b/a = 0.5 and the curves reflecting the 
theoretical calculations. A s  we see from the figures, the results of the theory 
agree nicely with the experimental data. The same (Figs. 8.46 - 8.49) can be 
said about the experiments carried out for an ellipsoid of revolution with a 
ratio of semiaxes b/a = 1.5. 

We note that for all investigated solids of revolution (with a minor 
exception) the experimental data somewhat diverge from the theoretical in the 
initial section. The theoretical curves pass below or above the theoretical 
points. The maximal divergence between the theoretical and experimental values 
is about 4 percent. 

We must also note that in experiments at values M, = 6.05 and 8.06 the 

monotonic shape of the experimental relation (e) is disrupted for all solids 
of revolution at a certain value of the angle 8. Thus, for example, the ratio 
of pressure p increases from 0.125 to 0.138 for the cylinder when M, = 8.06 in 
the range 1.360 5 8 5 1.390. This phenomenon is apparently explained by the 
occurrence at this place of a weak shock wave and separation of flow. It is 
characteristic that disruption of the monotonicity of the shape of the experiment- 
al curve for all bodies occurs approximately at the same value of p. 

The shape and position of the shock wave relative to the body were deter- 1305 
mined for the sphere and ellipsoids of revolution at various M, values by the 

shadow method. The results of these experiments are shown in Figs. 8.50 - 8.55 
and are presented in Tables 8.11 - 8.13. 
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% 
Figure  8.32.  Dependence p(8)  f o r  sphere  when M, = 2: ooo experiment;  

theory.  

% 
Figure  8.33. Dependence p(.&) f o r  sphe re  when M, = 3 :  ooo experiment;  - theory.  
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'L 
Figure  8.34.  Dependence p(S) f o r  sphere  when M, = 4 :  ooo experiment;  

c_ theory.  

/297 

% 
Figure  8.35.  Dependence ped.) f o r  sphere  when M, = 6.05: ooo experiment;  

- theory.  
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Figure 8 . 3 6 .  Dependence $(.la) f o r  sphe re  when M, = 8.06: 
o o o experiment;  - t heo ry  

Figure 8.37.  Dependence @(& f o r  c i r c u l a r  c y l i n d e r  when M, = 2:  
o o o experiment; - theory.  
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Figure 8.38. Dependence G(a) f o r  c i r c u l a r  c y l i n d e r  when M, = 3 :  
experiment;  - theory.  

3-U riD - 4 deg, 

Figure 8.39. Dependence p(d) f o r  c i r c u l a r  c y l i n d e r  when M, = 4 :  
o o o experiment; - theory.  

I 2 9 9  
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Figure 8.40. Dependence p(& f o r  c i r c u l a r  c y l i n d e r  when M, = 6.05: 
experiment;  - theory.  

Figure 8.41. Dependence p(%) f o r  c i r c u l a r  c y l i n d e r  when Mw= 8.06 :  
o o o experiment; - theory.  
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Figure 8.42 .  Dependence e ( 8 )  f o r  e l l i p s o i d  of r e v o l u t i o n  (b/a = 0.5) 
when M, = 3:  o o experiment; - theory.  

/ 301 

Figure 8 . 4 3 .  Dependence $(A) f o r  e l l i p s o i d  of r evo lu t ion  (b/a = 0.5) 
when M, = 4 :  o o o experiment: - theory.  
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'L 
Figure 8.44. Dependence of pa) f o r  ellipsoid of revolution (b/a = 0.5) 

when M, = 6 . 0 5 :  ooo experiment; - theory. 

'L 
Figure 8.45.  Dependence p@) for ellipsoid of revolution (b/a = 0 . 5 )  

when M, = 8.06:  ooo experiment; - theory. 
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Figure  8 . 4 6 .  

f3 -7 Q deg. 

% 
Dependence p(9) f o r  e l l i p s o i d  of r e v o l u t i o n  (b/a = 1.5) 

when M, = 3 :  ooo experiment;  - theory.  
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'L 
Figure  8.47. Dependence p(%) f o r  e l l i p s o i d  of r e v o l u t i o n  (b/a = 1.5) 

when M, = 4 :  ooo experiment;  - theory.  
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% 
Figure  8.48. Dependence pC&) f o r  e l l i p s o i d  of r e v o l u t i o n  (b/a = 1.5) 

when M, = 6.05: ooo experiment; - theory.  
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-t ~ 

.L 
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% 
Figure  8.49 .  Dependence p(d)  f o r  e l l i p s o i d  of r e v o l u t i o n  (b/a = 1.5) 

when M, = 8.06: ooo experiment; - theory.  
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The dependence E (8) i s  shown i n  Fig.  8.50 and t h e  dependence y /a=f(x /a )  
i n  Fig.  8.51 f o r  t h e  sphere  i n  t h e  range M, = 2.00 - 8.06. 

t h e  t h e o r e t i c a l  curves  are p l o t t e d  by a s o l i d  l i n e .  A comparison of t h e  
experimental  d a t a  wi th  the t h e o r e t i c a l  shows t h a t  t h e  theory i n  t h e  e n t i r e  range 
of angles  9 a t  d i f f e r e n t  va lues  of M, agree  w e l l  w i th  t h e  experiment.  

I n  t h e s e  f i g u r e s  

Both f o r  t h e  e l l i p s o i d  of r evo lu t ion  wi th  a r a t i o  of semiaxes b / a  = 0.5 
(Figs .  8.52 - 8.53) and f o r  t h e  e l l i p s o i d  wi th  a r a t i o  of semiaxes b / a  = 1.5  
(Figs .  8.54 - 8.55) t h e  obtained experimental  r e s u l t s  on determining t h e  shape 
and p o s i t i o n  of t h e  shock wave relative t o  t h e  body ag ree  w e l l  w i th  t h e  
t h e o r e t i c a l  c a l c u l a t i o n s .  

The p o s i t i o n  of t h e  nose shock wave w a s  measured by shadow photography. 
The tes t  bodies  w e r e  depic ted  i n  n a t u r a l  s i z e .  The accuracy of t h e  obtained 
r e s u l t s  could be a f f e c t e d  by t h e  c l a r i t y  of t h e  image of t h e  shock wave and tes t  
body, d e v i a t i o n  from p a r a l l e l  of t h e  l i g h t  r ays  (normal t o  t h e  flow i n  t h e  work- 
ing  s e c t i o n  of t h e  tunne l ) ,  and p o s s i b l e  d i s t o r t i o n  of t h e  image owing t o  
d e f l e c t i o n  of t h e  r ays ,  which i s  caused by a l a r g e  d e n s i t y  g rad ien t  behind t h e  
shock wave and near t h e  test bodies .  Spec ia l  i n v e s t i g a t i o n s  w e r e  no t  c a r r i e d  o u t  
t o  determine t h e  q u a n t i t a t i v e  va lue  of t hese  e r r o r s  i n  determining t h e  shape and 
p o s i t i o n  of t h e  shock wave r e l a t i v e  t o  t h e  body. Apparently they have a 
n e g l i g i b l e  in f luence  on t h e  experimental  r e s u l t s .  

Figure 8.56 shows t h e  r e l a t i o n  E = f (M,), i . e . ,  t h e  dependence of t h e  0 
dimensionless  d i s t a n c e  E of t h e  shock wave on t h e  body, f o r  t h e  sphere  and 

e l l i p s o i d s  of r evo lu t ion  when 8 = 0 and d i f f e r e n t  va lues  of M,. The p o i n t s  

obtained from t h e  experiment are p l o t t e d  on these  curves.  A s  w e  see from t h e  
f i g u r e ,  t h e  r e s u l t s  of t h e  experiment ag ree  w e l l  w i th  t h e  c a l c u l a t i o n  by t h e  
method of i n t e g r a l  r e l a t i o n s .  

0 

Figures  8.57 - 8.59 show photographs of bodies  t e s t e d  a t  d i f f e r e n t  va lues  
of M,, which w e r e  obtained by means of t h e  Topler appara tus  and in t e r f e romete r .  
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Figure  8.50. Sphere. Dependence of relative 
d i s t ance  E of shock wave on angle  
a t  d i f f e r e n t  va lues  of M,: 

Figure  8.51. Sphere, Shape and p o s i t i o n  of 
shock wave relative t o  body a t  
d i f f e r e n t  va lues  of M,: 

0 0 - experimentM,- 2;OOO - M,= 3;O 0 O-M,= 4; 
0 0 O-M,-6.05;@ 0 O-Mm-8.06;- theory.  



Figure  8.52. E l l i p s o i d  of r e v o l u t i o n  (b /a  = 0.5). Dependence of 
r e l a t i v e  d i s t a n c e  E of shock w a v e  on ang le  a t  
d i f f e r e n t  va lues  of Ma: 

OOO-experiment$fM,= 3; 00 @-M,= 4; 0 0  .-Mm16.05; 
O O 0 - M m =  8.06; ~ theory 

F igure  8.53 .  E l l i p s o i d  of r e v o l u t i o n  (b/a  = 0.5). Shape and p o s i t i o n  
of shock wave  relative t o  body a t  d i f f e r e n t  va lues  
of M,: 

0 00 -exp er5ment M 3 ; 0 0 0 - M, = 4 ; 0 0 - M I 6.05 ; 
000-M,= 8.06;- theory  

/307 
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Figure 8.54. E l l ip so id  of revolu t ion  
(b/a = 1.5).  Dependence of 
relative d is tance  E of shock 
wave on angle .& a t  d i€ fe ren t  
values of M,: 

F igure  8.56. Sphere and e l l i p -  
s o i d s  of r evo lu t ion  
(b/a = 0.5 and b/a = 1.5) .  
Relative d i s t a n c e  E 
of shock wave from bodv ._ 

when;d’= 0 and a t  d i f f 2 r -  
ent va lues  of M,: Figure 8.55. E l l ip so id  of r evo lu t ion  

(b/a = 1.5). Shape and posi: 
t i o n  of shock wave r e l a t i v e  to 
body a t  d i f f e r e n t  values of 
M, : 

0 0 e- experiment ,sphere; ooo 
e l l i p s o i d  of r evo lu t ion  b/a=0,5@@@- 

e l l i p s o i d  of revolu t ion ,  b/a 1,5; 
theory.  o o O-experimentM,= 3; - 

@@~-114,-4;00o-M,~ 
.I 6.05 i 0 0 &, - M m  = 8.06; 

theory.  - 
I 
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C D 

Figure 8.57. Pattern of flow around sphere at different values of M,: 
a) M, = 2 (Topler method); b) M, = 3 (Topler method); 
c) M, = 3 (shadow photography); d) M, = 3 (interferogram). 
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E F 

Figure 8.57. Pattern of flow around sphere at different values of 
Ma: 
(Topler method). 

e) Ma = 4 (Topler method) ; f) M, = 8.06 

A 

Figure 8.58. Pattern of flow around ellipsoid of revolution (b/a = 0.5) 
at different values of M,: a) M, = 3 (Topler method) ; 
b) Ma = 3 (shadow photography). 
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E 

D 

Figure 8.58. Pattern of flow around ellipsoid of revolution (b/a = 0.5) 
at different values M,: c) M, = 3 (interferogram); d) M, = 4 
(Topler method) ; e) M, = 8.06 (Topler method). 
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C 

Figure 8.59. Pattern of flow around ellipsoid of revolution (b/a = 1.5) 
at different values of M,: a) M, = 3 (Topler method); b) M, = 4 
(Topler method; c) M, = 8.06 (Topler method). 
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Conclusions 

1. The results of experimental investigations into the distribu- 1313 
tion of pressure and determination of the shape of a shock wave and its 
position relative to the body during flow around a sphere when M, = 2.00, 
3.00, 4.00,  6 .05 ,  and 8 .06 ,  around a cylinder when M, = 2.00, 3.00, 4.00,  
6 .05 ,  and 8.06 ,  and also around ellipsoids of revolution with a ratio of 
semiaxes b/a = 0.5 and 1.5 when M, = 3.00, 4.00 ,  6 .05 ,  and 8.06 agree 
well in the entire range of angles with the results of the calculation 
of flows in the region of influence of blunting by the method of integral 
relations and of the supersonic zone by the method of characteristics. 

2. On the basis of comparing the experimental data with those cal- 
culated we can conclude that the method of integral relations and the 
methods of characteristics are a reliable basis for calculating the flow 
of a supersonic gas stream around the leading part of smooth axisymmetric 
bodies. 

3 .  A comparison of all experimental results shows that on flow 
around solids of revolution the dependence ;(e) 
of the shock wave relative to the body at large values of M, will depend 
little on M,. 

and the shape and position 
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TABLE 8.1 

COORDINATES OF OUTSIDE CONTOUR OF ELLIPSOIDS OF REVOLUTION WITH DIFFERENT 
RATIOS OF SEMIAXES 6 = b/a. 

28.2: 
2 7.9: 
2 7.41 
27.0( 
26.15 

25.72 
25.24 
24.7C 
24.36 
23.85 

23.24 
22.35 
22.1€ 
21.82 
21.36 

21.22 
20.96 
20.69 
20.48 
23.20 

0.00 
3.00 
6.00 
9.00 

12.00 

35.31 
36.23 
37.75 
39.13 
41.82 

43.43 
45.20 
47.35 
48.68 
50.91 

53.95 
57.66 
50.18 
62.43 
66.13 

67.30 

72.83 
75.70 
30.71 

69.85 

b/a = 0.5; a = 40" ; b = 20 
20.00 15.00 18.54 30.00 13.23 
19.94 18.00 17.86 32.00 12.00 
19.77 21.00 17.02 34.00 10.54 
19.49 24.00 16.00 35.00 9.68 
19.08 27.00 14.76, 36.00 8.72 

20.09 83.98 
20.00 89.32 
20.19 99.07 
20.60 106.10 
21.27 113.13 

22.06 119.17 
23.30 126.32 
24.65 132.47 
26.03 137.65 
27.72 143.08 

29.53 168.15 
31.45 153.04 
37.17 167.01 
38.74 171.44 
39.70 175.93 

1 ,, b / a l =  1.5,[ = j . 3 3  

w, b = 20m,,20.00 

0.00 13.33 8.00 12.22 15.00 8.82 18.50 5.07 19.60 
2.00 13.27 10.00 11.55 16.00 8.00 19.00 4.16 19.70 
4.00 13.06 12.00 10.67 17.00 7.03 19.20 3.73 19.80 
6.00 12.72 14.00 9.52 18.00 5.81 19.40 3.24 19.90 

10.10 
10.40 
10.79 
11.32 
11.97 

12.36 
12.91 
13.15 
13.55 
13.99 

14.07 
14.50 
14.95 
15.25 
15.57 

16.15 
16.80 
17.32 
17.83 
18.49 

2.30 
1.88 

0.00 

34.74 19.27 
34.37 20.11 
34.22 20.48 
33.98 21.19 
33.56 21.99 

33.40 22.37 
33.21 22.80 
33.02 23.25 
32.68 24.05 
32.35 24.82 

32.13 25.33 
31.78 26.07 
31.52 26.82 
31.15 27.71 
33.73 28.74 

30.34 29.71 
29.99 30.65 
29.21 32.12 
29.02 33.20 
28.92 33.47 

TABLE 8 . 2  

COORDINATES OF PRESSURE HOLES OF ELLIPSOID OF REVOLUTION WITH DIFFERENT 
RATIOS OF SEMIAXES 6 = b/a. 

40.0C 
39.9s 
39.9E 
39.96 
39.94 

39.89 
39.85 
39.78 
39.70 
39.58 

39.47 
39.33 
39.22 
39.04 
38.97 

38.76 
38.65 
38.57 
38.50 
j8.42 

0.00 
0.27 
0.72 
1.11 
1.90 

2.49 
2.88 
3.64 
4.21 
4.87 

5.49 
6.15 
6.67 
7.40 
7.85 

8.46 
8.87 
9.11 
9.43 
9.63 

38.28 
38. I 9  
38.06 
37.88 
37.65 

37.50 
37.26 
37.21 
3 7.07 
36.90 

36.88 
36.70 
36.51 
36.40 
36.28 

36.04 
35.77 
35.55 
35.35 
35.06 

2 9 8  



TABLE 8.2 Continued 

2.00 
3.00 
4.00 
6.05 
8.06 

1315 

1.94 
4.04 
7.43 

20.78 
88.06 

b/a - 1.5 

293 
293 
293 
513 
813 

13.33 
13.36 
13.44 
13.50 
13.62 

13.73 
13.85 
13.99 
14.14 
14.33 

14.48 
14.63 
14.89 
15.09 
15.34 

5 
5 
5 
5 

3.60-10 
7.60-10 
5.10-10 
4.02-10 
2.43-10 

0.00 
5.36 

10.09 
13.36 
15.83 

18.67 
21.36 
24.16 
26.69 
29.44 

31.58 
33.54 
36.65 
39.24 
41.58 

293 
293 
513 
813 

15.52 
13.71 
15.95 
16.15 
16.31 

16.54 
16.66 
16.86 
17.03 
17.22 

17.29 
17.40 
17.53 
17.66 
17.78 

1.22.106 
1.36-106 
6.43.106 
6.49.10 

43.35 
45.19 
47.51 
49.20 
50.57 

52.61 
53.53 
54.95 
55.55 
58.09 

58.66 
59.55 
6cJ. 55 
61.63 
62.53 

4.04 293 2.43*106 
7.43 293 12.72*10: 1 

20.78 513 1.29.106 
88.06 813 1.30-10 

17.90 
18.06 
18.20 
18.22 
18.35 

18.51 
18.62 
18.64 
18.82 
18.91 

19.03 
19.10 
19.24 
19.35 
19.48 

4.04 293 8.11-105 5 
7.43 293 9,07.105 

6.05 20,78 513 4.29.105 
8.06 88.06 813 4.33.10 

63.49 
64.82 
65.95 
66.12 
67.18 

68.48 
69.43 
69.70 
71.24 
72.08 

73.13 
73.85 
75.21 
76.41 
77.96 

19.56 
19.60 
19.62 
19.69 
19.75 

19.78 
19.84 
19.89 
19.93 
19.97 

13.99 
20.00 
20.00 
19.96 

78.93 
79.53 
79.79 
80.7.5 
81.81 

82.35 
83.39 
84.65 
85.87 
87.17 

88.12 
89.99 
90.62 
93.50 

TABLE 8.3 

VALUES OF PARAMETERS OF ONCOMING FLOW FOR THE INVESTIGATED BODIES 

2.00 
3.00 
4.00 
6.05 
8.06 

3.00 
4.00 
6.05 
8.06 

CY 
1.94 
4.04 
7.43 

20.78 
88.06 
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TABLE 8.4 

DISTRIBUTION OF PRESSURE OVER S W A C E  OF SPHERE AT DIFFERENT VALUES OF M, 

e,rad 

0.000 
0.035 
0.070 
0.105 
0.140 

0.175 
0.209 
0.244 
0.279 
0.314 

0.349 
0.384 
0.419 
0.454 
0.489 

0.524 
0.559 
0.593 
0,628 
0.663 

0.698 
0.733 
0.768 
0.785 
0.803 

1.536 
1.571 
1.606 
1.641 
1.676 

1.710 
1.745 
1.780 
1.815 
I .850 

1.885 
1.920 
1.955. 
1.990 
2.024 

2.059 
2.094 
2.129 
2.164 
2.199 

2.234 
2.269 
2.304 
2.339 
2.374 

300 

- 
2 

I .  000 
0.999 
0.996 
0.992 
0.983 

0.976 
0.966 
0.945 
0.932 
0.916 

0.898 
0.880 
0.859 
0.834 
0.810 

0.785 
0.760 
0.733 
0.705 
0.680 

0.653 
0.622 
0.597 
0.582 
0.564 

0.137 
0.126 
0.118' 
0.108 
0.100 

0.091 
0.081 
0.076 
0.068 
0.063 

0.057 
3.051 
3.047 
1.047 
3.046 

3.046 
1.046 
3.046 
I. 046 
1.046 

1.046 
1.046 
1.046 
1.046 
1.046 

- 

- 

- 

3 
1.000 
0.997 
0.993 
0.984 
0.977 

0.967 
0.955 
0.936 
0,919 
0.901 

0.881 
0.862 
0.837 
0.813 
0.787 

0.760 
0.733 
0.704 
0.678 
0.648 

0.618 
0.590 
0.559 
0.541 
0.522 

__ 

0.077 
0.069 
0.062 
0.054 
0.048 

0.042 
0.038 
0.032 
0.029 
0.026 

0.023 
0.021 
0.021 
0.022 
0.022 

0.022 
0.022 
0.022 
0.022 
0.022 

0.022 
0.022 
0.022 
0.022 
0.022 

Mea ~- . 
4 

1.000 
0.996 
0.989 
0.982 
0.973 

0.962 
0.949 
0.930 
0.908 
0.886 

0.864 
0.841 
0.811 
0.785 
0.758 

0.730 
0.700 
0.670 
0.641 
0.61 1 

0.578 
0.546 
0.514 
0.497 
0.482 

0.060 
0.053 
0.048 
0.041 
0.037 

0.033 
0.026 
0.023 
0.021 
0.019 

0.019 
0.018 
0.016 
0.016 
0.01 6 

0.012 
0.012 
0.009 
0.009 
0.009 

0.009 
0.009 
0.009 
0.009 
0.009 

1. ooc 
0.996 

0.981 
0.971 

0.958 
0.943 
0.923 
0.902 
0.880 

0.855 
0.831 
0.801 
0.773 
0.738 

0.713 
0.687 
0.656 
0.621 
0.587 

0.556 
0.521 
0.479 
0.467 
0.451 

0.058 
0.050 
0.043 
0.039 
0.035 

0.031 
0.030 
0.029 
0.027 
3.026 

0.025 
3.024 
3.022 
3,071 
3.019 

1,018 
1.016 
1.015 
1.013 
1.012 

1.011 
1.010 
1.010 
1.011 
1.011 

0.988 

- -  

8.06 
1.000 
0.996 
0.987 
0.980 
0.969 

0.956 
0.939 
0.920 
0.898 
0.875 

0.851 
0.827 
0.796 
0.767 
0.735 

0.71 0 
0.679 
0.650 
0.617 
0.579 

0.545 
0.511 
0.472 
0.456 
0.441 

0.054 
0.046 
0.041 
0.037 
0.032 

0.029 
0.027 
0.024 
0.022 
0.020 

0.019 
3.018 
0.017 
3.016 
3.015 

3.014 
3.013 
3.012 
3.012 
1.011 

1.011 
1.010 
).OIO 
1.010 
1.010 

- 

_. --- 

0 ,  rad 

0.838 
0.873 
0.908 
0.942 
0.977 

1.012 
1.047 
1.082 
1.117 
1.152 

1.187 
I .222 
1.257 
1.292 
1.326 

1.361 
1.396 
1.431 
1,466 
1,501 

- _  . 

2.409 
2.443 
2.478 
2.513 
2.548 

2.583 
2.618 
2.653 
2.688 
2.722 

2.757 
2.793 
2.827 
2 + 862 
2.897 

2.932 
2.967 
3,002 
3.037 
3.072 

3.107 
3.142 

- 
2 - 

0.535 
0.512 
0.484 
0.45s 
0.435 

0.409 
0.386 
0.362 
0.341 
0.320 

0.299 
0.280 
0.256 
0.244 
0.227 

0.210 
0.196 
0.180 
0.165 
0.150 

0.04( 
0.041 
0.041 
0.04( 
0.041 

0.04t 
0.04f 
0.04€ 
0.046 
0.04E 

0.047 
0.047 
0.047 
0.047 
0.047 

0.046 
0.046 
0.046 
0.046 
0.046 

0.046 
0.046 

3 - 
0.489 
0.459 
0.430 
0.400 
0.368 

0.344 
0.315 
0.285 
0.261 
0.238 

0.216 
0.197 
0.179 
0.161 
3.146 

3.129 
3.116 
3.104 
2.095 
3.034 

-- 
0.022 
0.022 
0.022 
0.022 
0.022 

0.022 
0.022 
0.022 
0.022 
0.022 

0.022 
0.022 
0.022 
0.022 
0.022 

0.022 
0.022 
0.022 
0.022 
0.022 

0.022 
0.022 

MLm 

4 

0.450 
0.421 
0.391 
0.362 
0.338 

0.312 
0.287 
0.262 
0.237 
0.216 

0.194 
0.174 
0.157 
0.141 
0.126 

0.111 
0.099 
3.088 
3.078 
3.068 

I_ 

0.009 
0.009 
0,009 
0.009 
0.009 

0.009 
0.010 
0.010 
0.010 
0.010 

0.010 
0.011 
0.011 
0.011 
0.011 

0,011 
0.011 
0.011 
0.011 
0.011 

0.011 
0.01i 

- 

-. _ _  
6.05 

0.423 
0.385 
0.355 
0.324 
0.305 

0.276 
0.247 
0.224 
0.204 
0.181 

0.161 
0.152 
0.144 
0.132 
0.121 

0.105 
0.097 
0.081 
0.076 
0.064 

0.011 
0.011 
0.011 
3.072 
0.01 I 

0.011 
0.011 
0.01 1 
0. O? 1 
0.011 

0.011 
0.011 
0.011 
0.011 
0.011 

0.011 
0.011 
0.01 I 
0.011 
0.011 

0.011 
0.011 

- ..- 

8.06 _ _  
0.412 
0.376 
0.347 
0.318 
0.297 

0.269 
0.243 
0.221 
0.199 
0.177 

0.157 
0.142 
0.153 
0. I 2 7  
0.117 

0.102 
0.093 
0.080 
0.071 
0.062 

0.010 
0.010 
0.011 
0.011 
0.011 

0.011 
0.011 
0.010 
0.010 
0.010 

0.010 
0.010 
0.010 
0.010 
0.010 

0.010 
0.010 
0.010 
0.010 
0.010 

0.010 
0.010 

- 

/ 
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TABLE 8.5 

DISTRIBUTION OF PRESSURE OVER SURFACE OF SPHERE WHEN M, = 3 
-- ~- I e) ral 
0.017 
0.052 
0.087 
0.122 
0.157 

0.191 
0.227 
0,262 
0,296 
0.332 

0.366 
0.401 
0.h36 
0.471 
0.506 

0.541 
0.576 
0.611 
0.646 
0.680 I .. . ~~ 

- 
P 
~11 

0.998 
0.994 
0.990 
0.980 
0.469 

0.958 
0.945 
0.928 
0.912 
0.891 

0.871 
0.848 

0.797 
0.773 

0.748 
0.720 
0.688 
0.661 
0.638 

0.~23 

- .  . 
exad .. . 
0.71 5 
0.750 
0.785 
0.820 
0.855 

0.890 
0.925 
0.961 
0.995 
1.030 

1.065 
1.100 
1.134 
1.169 
1.204 

1.239 
1.274 
1.309 
1.344 
1.378 

- 
P .. . -. 

0.605 
0.573 
0.541 
0.507 
0.473 

0.445 
0.415 
0.386 
0.357 
0.329 

0.300 
0.272 
0.251 
0.227 
0.207 

0.188 
0.170 
0.153 
0.137 
0.123 
.--- 

- _-  
Orad - _  
1.413 
1.41e8 
1.484 
1.518 
1.553 

1.590 
1.620 
1.660 
. I .  690 
1.730 

1.760 
1 .a00 
1.830 
1.868 
1.900 

1.937 
1.970 
2.010 
2.040 
2.076 
__ 

____ - 
P 

0.110 
0.099 
0.088 
0. os0 
0.07.1 

0.066 
0.058 
0.051 
0.045 
0.040 

0.035 
0.030 
0.027 
0.024 
0.022 

0.021 
0.022 
0.022 
0.022 
0.022 -- 

e, r - 
2.1 1 
2.14 
2.1E 
2.21 
2.2: 

2.25 
2.32 
2.35 
2.35 

- 
P -- 

0.022 
0.02% 
0.022 
0.022 
0.022 

0.022 
0.022 
0.022 
0.022 

301 



TABLE 8.6 

DISTRIBUTION OF PRESSURE E OVER SURFACE OF CIRCULAR CYLINDER 
AT DIFFERENT VALUES OF M, 

j 3 1  

8,  r a d  

0.000 
0.035 
0.070 
0.105 
0.140 

0.175 
0.209 
0.244 
0.279 
0.314 

0.349 
0.384 
0.419 
0.454 
0.488 

0.524 
0.559 
0.593 
0.628 
0.663 

0.000 
0.035 
0.070 
0.105 
0.140 

0.175 
0.209 
0.244 
0.279 
0.314 

0.349 
0.384 
o./t19 
0.454 
0.488 

0.524 
0.559 
0.593 
0.628 
0.663 

302 

- 
2 

1 .ooo 
0.999 
0.998 
0.996 
0.992 

- 

0.987 
0.979 
0.964 
0.954 
0.93 7 

0.923 
0.909 
0.891 
0.869 
0.854 

0.831 
0.810 
0.781 
0.759 
0.736 

1.000 
0.999 
0.998 
0.996 
0.992 

0.987 
0.979 
0.964 
0.954 
0.937 

0.923 
0.909 
0.891 
0.869 
0.854 

3.831 
3.810 
1.781 
1. 759 
1.736 

3 
1.000 
0.998 
0.997 
0.994 
0.988 

0.982 
0.971 
0.959 
0.944 
0.926 

0.907 
0.892 
0.864 
0.845 
0.816 

0.792 
0.766 
0.745 
0.718 
0.689 

1.000 
0.998 
0.997 
0.994 
0.988 

0.902 
0.971 
0.959 
0.944 
0.926 

0.907 
0.892 
0.864 
0.845 
0.816 

3.792 
I. 766 
1.745 
1.718 
1.689 

4 
1.000 
0.997 
0.996 
0.992 
0.985 

0.981 
0.963 
0.955 

0.917 

0.905 
0.877 
0.854 
0.829 
0.807 

0.780 
0.752 
0.730 
0.702 
0.671 

1.000 
0.997 
0.996 
0.992 
0.985 

0.901 
0.963 
0.955 
0.936 
0.917 

0.905 
0.877 
0.854 
0.829 
3.807 

3.780 
I. 752 
1. 730 
1.702 
1.671 

0.936 

- 
6.05 
I .  000 
0.996 
0.992 
0.984 
0.974 

0.962 
0.945 
0.933 
0.914 
0.893 

0.875 
0.857 
0.829 
0.814 
0.783 

0.760 
0.729 
0.706 
0.669 
0.650 

1.000 
0.996 
0.992 
0.984 
0.974 

0.962 
0.945 
0.933 
0.914 
0.893 

0.875 
0.857 
0.829 
0.814 
0.783 

3.7’60 
1- 729 
1. 706 
1.669 
1.650 

- 8.06 
I. 000 
0.995 
0.990 
0.981 
0.972 

0.960 
0.949 
0.932 
0.912 
0.894 

0.868 
0.853 
0.821 
0.801 
0.770 

0,745 
0.718 
0.695 
0.655 
0.629 

1.000 
0.995 
0.990 
0.981 
0.972 

0.960 
0.949 
0.932 
0.912 
0.894 

0.868 
0.853 
0.821 
0.801 
D. 770 

3.745 
1.718 
1.695 

1.629 
1.655 

8, rad 

0.698 
0.733 
0.767 
0.785 
0.803 

0.838 
0.873 
0.908 
0.942 
0.977 

1.012 
1.047 
1.082 
1.117 
1.152 

1.186 
I .222 
1.257 
1.292 
1.326 

0.698 
0.733 
0.767 
0.785 
0.803 

0.838 
0.873 
0.908 
0.942 
0.977 

1.o-f2 
1.047 
1,082 
1,117 
1.152 

1.186 
1.222 
1.257 
1.292 
1.326 

2 - 
0.712 
0.684 
0.661 

0.637 

0.610 
0.586 
0.558 
0.530 
0.498 

0.470 
0.439 
0.416 
0.387 
0.363 

0.336 

0.651 

0.315 
0.294 
0.272 
0.249 

0.712 
0.604 
0.661 
0.651 
0.637 

0.610 
0.586 
0.558 
0.530 
3.498 

3.470 
3.439 
3.416 
3.387 
1.363 

1.336 
1.315 
1.294 
).272 
k.249 

3 

0.659 
0.629 
0.600 
0.584 
0.571 

0.541 
0.51 5 
0.485 
0.457 
0.431 

0.405 
0.378 
0.353 
0.330 
0.306 

0.283 
0.262 
0.240 
0.220 
0.201 

0.659 
0.629 
0.600 
0.584 
0.571 

0.541 
0.51 5 
0.485 

0.431 

3.405 

3.353 
3.330 
1.306 

1.283 
1.262 
1.240 
1.220 
).201 

0.457 

3.378 

I_._- 

4 

0.643 
0.61 4 
0.584 
0.571 
0.558 

0.527 
0.498 
0.467 
0.443 
0.417 

0.389 
0.363 
0.338 
0.313 
0.289 

0.265 
0.245 
0.223 
0.207 
0.192 

0.643 
0.61 4 
0.584 
0.571 
0.558 

0.527 
0.498 
0.467 
0.443 
3.417 

3.389 
3.363 
1.338 
1.313 
1.289 

1.265 
).245 
).223 
1.207 
1.192 

6.05 

0.613 
0.590 
0.549 
0.543 
0.528 

0.492 

0.425 
0.405 
0.372 

0,464 

0.349 
0.315 
0.297 
0.266 
0.252 

0 223 
0.206 
0.181 
0.170 
0.155 

0.613 
0.590 
0.549 
0.543 
0.528 

0.492 
0.464 
3.425 
3.405 
3.372 

3.349 
1.315 
1.297 
1.266 
1.252 

1.223 
).206 
). I 8 1  
1.170 
1.155 

8.06 

0.603 
0.568 
0.535 
0.520 
0.504 

0.471 
0.442 
0.412 
0.386 
0.355 

0.333 
0.303 
0.281 
0.255 
0,235 

0.212 
0.195 
0.175 
0. I 5 8  
0.147 

0.603 
0.568 
0.535 
0.520 
0.504 

0.47.1 
0.442 
D.412 
3.386 
1.355 

J.333 
1.303 
1.281 
1.255 
11235 

1.212 
). 195 
1.175 
1.158 
1.147 



TABLE 8.7 1321 

DISTRIBUTION OF PRESSURE OVER SURFACE OF CIRCULAR CYLINDER WHEN M, = 3 

0.017 
0.052 
0.087 
0.122 
0.157 

I. 
0.999 
0.997 
0.997 
0.996 
0.985 

1.064 
1.100 
1.134 
1.169 
1.204 

1.239 
1.27k 
1.309 
1.344 
1.379 

0.541 
0.576 
0.611 
0.646 
0.680 

0.364 
0.341 
0.318 
0,294 
0.274 

0.250 
0.230 
0.213 
0.193 
0.175 

0,192 
0.227 
0,262 
0.297 
0,332 

0.367 
0.401 
0.436 
0.471 
0.510 

- 
P 

0.780 
0.755 
0,731 
0.703 
0.674 

0.644 
0.614 
0.584 
0.533 
0.526 

0.977 0.716 
0.965 0.750 
0.951 0.785 
0.936 0.820 
0.918 0.855 

0.901 0.890 
0.880 0.925 
0.855 0.960 
O m 2  0.994 
O.SO3 1.030 

-I: . ' - 

0.496 
0.470. 
0.443 
0.420 
0.391 

1.414 0.159 
f.448 0.145 
1.484 0.131 
1.518 0.118 

TABLE 8.8 

DISTRIBUTION OF PRESSURE OVER SURFACE OF ELLIPSOID OF REVOLUTION WITH RATIO 
OF SEMIAXES b/a = 0.5 AT DIFFERENT VALUES OF M, 

e, ra k 
0.000 1.000 1.000 
0.013 0.998 0.999 
0.042 0.998 0.998 
0.084 0.995 0.994 
0.126 0.990 0.994 

0.169 0.982 0.986 
0.215 0.967 0.964 
0.254 0.951 0.954 
0.297 0.931 0.935 
0.341 0.917 0.921 

0.385 0.888 0.891 
0.432 0.872 0.875 
0.474 0.850 0.855 
0.520 0.825 0.829 
0.566 '! 0.801 0.804 

1.000 
0.998 
0.995 
0.993 
0.985 

0.979 
0.962 
0.942 
0.921 
0.903 

0.872 
0.854 
0.832 
0.802 
0.769 
I-.. 

4 
- *  
I .  000 
0.997 
0.996 
0.996 
0.987 

0.977 
0.963 
0.945 
0.925 
0.906 

0.874 
0.857 
0.835 
0.799 
0.772 

- "mot 

M, 
6 - -* 

1.000 
0.998 
0.994 
0.991 
0.983 

0.976 
0.961 
0.938 
0.912 
0.894 

0.864 
0.842 
0.820 
0.786 
0.753 

- 
6 

Pmod 

- - * 5  

1 .ooo 
0.997 
0.993 
0.990 
0.982 

0.971 
0.957 
0.936 
0.917 
0.899 

0.865 
0.845 
0.825 
0.791 
0.759 - 

- 
8 - 

- 9  

I .ooo 
0.997 
0.992 
0.990 
0.981 

0.971 
0.951 
0.935 
0.904 
0.885 

0.858 
0.836 
0.813 
0.775 
0.742 

psu - 

- 

- 
16 - - 

&:A 
1.000 
0.996 
0.994 
0.991 
0.980 

0.968 
0.953 
0.932 
0.910 
0.889 

0.859 
0.839 
0.815 
0.778 
0.746 - 

KEY : 
* su  - Surface  

** mod - Model 
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TABLE 8.8 Continued 

06 
p *: 
d 
- 

0.734 
0.71 4 
0.708 
0.684 
0.674 

0.660 
0.636 
0.626 
0.595 
0.570 

0.545 
0.525 
0.517 
0.505 
0 493 

0.490 
0.473 
0.455 
0.442 
0.433 

0.420 
0.392 
0.374 
0.365 
0.345 

0.326 

0.301 
0.286 
0.269 

D.263 
0.254 
0.247 
0.240 
0.227 

3.218 
0.207 
0.195 
3.188 
3. 177 

0.310 

ejra 
- 
0.600 
0.631 
0.647 
0.671 
0.683 

0.719 
0.740 
0.768 
0.805 
0.850 

0.880 
0.918 

0.962 
0.934 

0.995 

I. 000 
1.030 
I. 059 
1,080 
1.100 

1.140 
1.180 
1.215 
I .246 
1.287 

1.327 
1.379 
I. 402 
1.437 
1.480 

I. 500' 
I 521 
1.544 
1.582 
1.618 

1.641 

1.702 

1.775 

1.670 

1.737 

- 

_ _  'ii ** 
_mad 
0.749 
0.727 
0.715 
0.697 
0.675 

0.666 
0.640 
0.630 
0.612 
0.58: 

0.55: 
0.54: 
0.522 
0.51( 
0.49E 

0.492 
0.481 
0.463 
0.455 
0.434 

0.422 
0.395 
0,382 
D.370 
0.352 

0.332 
3.312 
3.305 
1.294 
0.277 

3.273 
3.263 
3.250 
1.241 
3.234 

1.224 
3.216 
3.205 
1.195 
1.184 

- - 
- PSI 
0.776 
0.759 
0.751 
0.732 
0.731 

0.71 1 
0.700 
0.689 
0.667 
0.641 

0.626 
0.606 

0.578 
0.564 

0.560 
0.549 

0.525 
0.515 

0.501 

0.468 
0.456 
0.436 

0.421 
0.397 
0.385 

0.361 

0.595 

0.535 

0.478 

0.375 

0.355 
0.350 
De344 
0.335 
0.317 

0.307 
0.295 
0.289 
De273 
3.267 - 

F *  
3u 
0.745 
0.721 
0.705 
0.694 
0.675 

0.662 
0.63E 
0.625 
0.60i 
0.581 

0.545 
0.54c 
0.517 
0.511 
0.495 

0.490 
0.478 
0.461 
0.451 
3.439 

3.425 
0.399 

3.368 
3.348 

3.327 
3.310 
3.305 

1.273 

1.269 
1.261 
1.253 
3.243 
1.231 

1.221 
1.214 
1.203 
1.193 
). 182 

3.377 

1.291 

__ 

KEY : 

* su - Surface 
**mod - Model 

- - *, 
0.777 
0,763 
0.754 
0.736 
0.734 

0.715 
0.'704 
0.692 
0.665 
0.644 

0.632 
0.609 

0.581 
0.568 

pm,l 

0.600 

0.565 
0.552 
0.538 
0.528 
0.51 7 

0.504 
0.481 
0.471 
0.453 
0.439 

0.425 
0.401 
0.391 
0.379 
0.365 

0.357 
0.346 
0.345 
0.336 
0.321 

0.312 
0.301 
0.293 
0.279 
0.263 - 

-- - 
P '  s 

0.751 
0.734 
0.723 

0.695 

0.676 
0.661 
0.641 
0.623 
0.595 

0.581 
0.559 
0.551 
0.537 
0.522 

0.519 
0.504 
0.484 
0.476 
0.469 

0.451 
0.433 
0.417 
0.405 
0.390 

0.375 
0.352 
0.345 
0.335 
0.321 

0.316 
0.303 
0.301 
0.283 
0.274 

0.71 1 

0.263 
0.258 
0.241 
0.233 
0.223 

4 

0.75: 
0.731 
0.72t 

10.712 
0.701 

0.68C 
0.664 
0.646 
0.623 
0.599 

0.584 
0.564 
0.555 
0.541 
0.527 

0.522 
0.508 
0.487 
0.479 
0.473 

0.455 
0.434 
0.420 
0.407 
0.393 

0.378 
0.356 
0.347 
0.336 
0.325 

0.321 
0.307 
0.301 

0.276 

0.261 
0.257 
0.244 
0.238 
0.225 

0.283 

~- 
~ 

- 
~ 

6.05 
F ;  
2 
0.73; 
'0.71( 
0.70: 
0.68( 
0.67: 

0.65: 
0.63: 
0.621 
0.59' 
0.57; 

0.54: 
0.52: 
0.51! 
0.50: 
0.491 

0 .W 
0.475 
0.45C 
0.43i 
0.432 

0.417 
0.394 
0.376 

0.342 

0.324 
0.305 
0.299 
0.283 
0.265 

0.239 
D.252 
0.245 
D.236 
0.225 

3.215 
3.204 
3.192 
3.186 
3.175 

0.368 
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0.210 
0.202 
0.185 
0.184 
0.174 

0.165 
0.163 
0.158 
0.145 
0.135 

0.126 
0.118 
0.114 
O # l I l  
0.101 

0.099 
0.091 
0.081 
0.079 
0.075 

0.072 
3.067 
0.065 
3.062 
0.057 

3.052 
0.046 
0.043 
3.041 
3.037 

3.035 
3.035 
3.035 
3.034 
0.034 

3.034 
3.034 
3.034 
3.020 
3.020 

TABLE 8.8 Continued 

0.172 
0.161 
0.162 
0.152 
0.146 

0.136 
0.130 
0.121 
0.112 
0.101 

0.095 
0.091 
0.085 
0.082 
0.076 

0.074 
0.066 
0.061 
0.058 
0.054 

0.053 
0.070 
0.0451 
0.044 
40.040 

0.038 
0.036 
0,029 
0.028 
0.027 

0.028 
0.029 
0.029 
0.030 
0.029 

0.029 
0.030 
0.010 
0.010 
0.010 

- __ 

3, r3 

__ 
1.81C 
1.839 
1.885 
1.915 
1.940 

1.971 
1.995 
2.030 
2.060 
2.110 

2.140 
2.170 
2.202 
2.220 
2.250 

2.285 
2.325 
2.351 
2.370 
2.402 

2.410 
2.430 
2.450 
2.470 
2.500 

2.520 
2.550 
2.600 
2.635 
2.670 

2.700 
2.737 
2.770 
2.800 
2.833 

2.865 
2.900 
3.016 
3.058 
3.100 - 

0.26C 
0.246 
0.230 
0.221 
0.217 

0.206 
0.135 
0.187 
0.178 
0.166 

0.158 
0.155 
0.140 
0.140 
0.130 

0.122 
0.115 
0.106 
0.100 
0.090 

0.094 
0.083 
0.C79 
0.077 
0,070 

0.065 
0.060 
0.054 
0.051 
0.048 

0.050 
0.048 
0.051 
0.050 
0,051 

0.051 
0.045 
0.033 
0.027 
0.025 

0.257 
0.250 
0.235 
0.224 
0.221 

0.210 
0.200 
0.187 
0.181 
0.166 

0.160 
0.157 
0.145 
0.143 
0.133 

0.125 
0.115 
0.105 
0.100 
0.095 

0.095 
0.085 
0.082 
0.077 
0.072 

0.066 
0.062 
0.054 
0.051 
0.048 

0.050 
0.048 
0.051 
0.050 
0.051 

0.051 
0.045 
0.033 
0.027 
0.025 

M, 
4 I 6 

- .  
5, 

0.211 
0.201 
0.187 
0.182 
0.171 

0.166 
0.161 
0.151 
0.143 
0.132 

0.125 
0.118 
0. 112 
0.110 
0.101 

0.099 
0.089 
0.081 
0.079 
0.075 

0.072 
0.067 
0.065 
0.062 
0.057 

0.052 
0.046 
0.043 
0.041 
0.037 

0.035 
0.035 
0.035 
0.034 
0.034 

0.034 
0.034 
0.032 
0.020 
0.020 

D5 
- ** 
'mod 
0.174 
0.164 
0.164 
0.154 
0.148 

0.138 
0.131 
0.125 
0.114 
0.105 

0.094 
0.091 
0.085 
0.082 
0.076 

0.074 
0.066 
0.061 
0.060 
0.053 

0.053 
0.050 
0,049 
0.044 
0.041 

0.038 
0.034 
0.029 
0.028 
0.027 

0.028 
0.029 
0.029 
0.030 
0.029 

0.029 
0.030 
0.010 
0.010 
0.010 

- 
a - - *  p,, 

0.167 
0.152 
0.159 
0.147 
0.140 

0.132 
0.122 
0.118 
0.111 
0. I 0 0  

0.093 
0.087 
0.084 

0.070 

0.073 
0.065 
0.060 
0.055 
0.053 

0.049 
0.046 
0.043 
0.041 
0.035 

0.032 
0.028 
0.025 
0.024 
0.022 

0.022 
0.021 
0.021 
0.021 
0.029 

0.019 
0.015 
0.010 
0.010 
0.010 

0.079 

- 
16 

- Pm;: 
- - 

0.163 
0.155 
0.158 
0.148 
0.140 

0.134 
0.124 
0.116 
0.112 
0.101 

0.091 
0.087 
0.083 
0,080 
0.076 

0.070 
0.065 
0.060 
0.056 
0.050 

0.048 
0.045 
0.043 
0.041 
0.035 

0.032 
0.028 
0.025 
0.024 
0,022 

0.022 
0.021 
0.021 
0.021 
0,020 

0.019 
0.015 
0.010 
0.010 
0.010 - 

KEY : 
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TABLE 8.9 

DISTRIBUTION OF PRESSURE OVER SURFACE OF ELLIPSOID OF REVOLUTION WITH RATIO 
OF SEMIAXES b/a = 1.5 AT DIFFERENT VALUES OF M, 

3, ra 

- 
0.000 
0.037 
0.078 
0.104 
0.125 

0,147 
0.169 
0.193 
0.211 
0.23 7 

0.256 
0.276 

0.325 
0.301 

0.347 

0.364 
3.382 
0.405 
3.422 
3.436 

3.455 
3.465 
3.482' 
3.500 
3.516 
_I 

.- 

3 - - 
p s? 
7 

1.000 
0.996 
0.994 
0.991 
0.988 

0.983 
0.980 
0.965 
0.960 
0.945 

0.931 
0.915 
0.898 

0.857 

0.834 
0.821 
0.803 
0.780 
0.760 

0.734 

0.691 
0.664 

0.875 

0.715 

0.647 

- - 
P COY 
1.000 
0.998 
0.992 
0.989 
0.986 

0.981 
0.977 
0.968 

0.940 

0.934 
0.917 
0.899 
0.879 
0.861 

0.839 
0.817 
0.795 
0.776 
0.765 

0.955 

0.738 
0.712 
0.694 
0.659 
0.643 

P - *  
I .ooo 
0.995 
0.990 
0.987 
0.984 

0.980 
0.975 
0.962 
0.954 
0.939 

0.928 
0.908 
0.885 
0.865 
0.849 

0.824 
0.807 
0.782 
0.761 
0.736 

0.713 
0.704 
0.670 
0.637 
0.61 6 

- PSI 

-- 

_ _  - - *$ 

1 .ooo 
0.997 
0.988 
0.986 
0.981 

0.978 
0.974 

P moc 

0.963 
0.951 
0.93 7 

0.926 
0.902 
0.888 
0.869 
0,852 

0.827 
0.809 
0.779 
0.757 
0.740 

0.71 I 
0.699 
0.675 
0.634 
0.614 

6 

I_ El 
1 .ooo 
0.995 
0.987 
0.985 
0.980 

0.978 
0.971 
0.960 
0.945 
0.931 

0.921 
0.901 
0.876 
0.855 
0.841 

0.814 
0.790 
0.761 
3.741 
3.705 

3.691 
3.675 
3.645 
3.621 
3. 595 - 

- 

f5 _ _  - *J 

I .ooo 
0.997 
0.986 

0.979 

_-- Pmo( 

0 983 

0.976 
0.973 
0.957 
0.948 
0.935 

0.917 
0.896 

0.859 
0.877 

0.835 

0.812 
0.794 
0.758 
0.738 
0.703 

0.687 
0.672 

0.617 
0.592 

0.644 

I_ 

a 
- *  
-.a 
1.000 
0.995 
0.986 
0.980 
0.978 

0.975 
0.968 
0.956 
0.943 
0.927 

0.915 
0.892 
0,875 
0.850 
0.837 

0.811 
0.786 
0.757 
0.735 

P 

0.701 

0.684 
0.666 
0.639 
0.611 
0.584 - 

- 
16 - 
5 
1 .ooo 
0,995 
0.985 
0.982 
0.978 

0.974 
0.969 
0.953 
0.944 
0.932 

0.914 
0.894 
0.872 
0.852 
3.832 

5,809 
3.787 
3.755 
3.732 
3.700 

I. 682 
I. 663 
1.637 
1.614 
1.587 - 

KEY : 
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I 3 2 5  
TABLE 8.9 Continued 

.- 

e, rE 

0.522 
0.532 
0,543 
0.559 
0.565 

0.576 

0.604 
0.606 

0.591 

0,618 

D.633 
0.644 
0,647 
D.665 
0.675 

0.687 
0.695 
D.711 
D. 726 
D. 743 

De 7!j4 
'3.761 
D. 764 
D. 773 
D.787 

3,793 
3.805 
3.819 
3.832 
3.84.6 

3.836 
D.876 
3.890 
3.91 I 

3 - -* 
P: S 

0.627 

0.595 
0.577 
0.561 

0.537 
0.514 
0.506 
0.502 
0.472 

0.452 
0.421 
0.421 
0.387 
0.367 

0.355 
0.33'4 
0.303 
0.279 
D.251 

0.231 
0.222 
3.213 
D.201 
0.189 

D. 176 
3.156 
3.143 
D.125 
3.113 

0.103 
0.084 
0.075 
D.065 

0.614 

- *  
Pmo 

0.625 
0.612 
0.5bl 
0,577 
0.558 

0.535 
0.510 
0.503 
0.500 
0.467 

0.449 
0.425 
0.424 
0.382 
0.370 

0.353 
0.339 
0.299 
0.278 
0.247 

0.234 
0.224 
0.214 
0.197 
0.185 

0.173 
0.152 
0.139 
0.126 
0.112 

0.105 
0.082 
0.073 
0.062 

-~ 
- ,  

PSI - 
0.601 
0.584 
0.557 
0.549 
0.528 

0.506 
0.477 
0.459 
0.453 
0.434 

0.412 
0.379 
0.376 
0.349 
0.326 

0.304 
0.293 
0.262 

0.213 

0.193 
0.186 
0.175 
0.164 
0.148 

0.139 
0.124 
0.104 
0.093 
0.078 

0.071 
0.055 
0.045 
0.031 

0.238 

. ~- 
1 
- *: 

0.600 
0.581 
0.554 
0.547 
0.526 

0.503 
0.473 
0.455 
0.451 
0.431 

0.41 4 
0.382 
0.372 
0.347 
0.321 

0.301 
0.290 
0.265 
0.239 
0.211 

0,191 
0.184 
0.174 
0,162 
0.146 

0.140 
0.121 
0.101 
0.091 
0.077 

0.069 
0.054 
0.041 
0.030 

Pmo, 
~ 

Io 

6.05 
~ - *  
0.584 
0.566 
0.538 
0.534 
0.510 

0.488 
0.461 
0.441 
0.435 
0.416 

0.391 
0.372 
0.351 
0.331 
0.305 

0.284 
0.266 
0.241 
0.220 
0.193 

0.174 
0.165 
0.155 
0.145 
0.138 

0.124 
0.105 
0.095 
0.075 
0.067 

0.056 
0.045 
0.032 
0.022 

P S K  - 
- *: 
Pmo c 

0.581 
0.563 
0.536 
0.530 
0.506 

0.485 
0.458 
0.437 
0.438 
0.413 

0.388 
0.370 
0.349 
0.327 
0.303 

0.282 
0.263 
0.238 
0.222 
0.190 

0.171 
0.161 
0.158 
0.143 
0.135 

0.120 
0.101 
0.091 
0.071 
0.068 

0.055 
0.043 
0.033 
0.022 

8.06 
- >  
PS.1 

0.579 
0.550 
0.529 
0.524 
0.494 

0.477 
0.452 
0.425 
0.424 
0,397 

0.373 
0.361 
0.340 
0.319 
0.297 

0.277 
0.251 
0.227 
0.208 
0.182 

0.166 
0.154 
0.151 
0.138 
0.126 

0.119 
0.101 
0.089 
0.075 
0.060 

0.055 
0.043 
0.030 
0.02 1 

- ** 
0.575 
0.554 
0.527 
0.528 
0.497 

0.479 
0.453 
0.427 
0.425 
0.399 

0.375 
0.363 
0.341 
0.322 
0.293 

0.279 
0.254 
0.225 
0.211 
0.185 

0.167 
0.155 
0.153 
0.141 
0.124 

0.121 
0.102 
0.087 
0.073 
0.062 

0.053 
0.042 
0.032 
0.020 - 

KEY: 
* su - Surface 

**mod - Model 
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TABLE 8.10 

0.860 
0.086 

0.859 
0.087 

0.856 
0.088 

0.861 
0.086 

0.858 
0.087 

0.858 
0.087 

0.858 
0.085 

0.857 
0.087 

0.855 
0.087 

0.854 
0.086 

PRESSURES M!3ASUKED AT CONTROL PRESSURE (WITH IDENTICAL COORDINATES) POINTS 
FOR ELLIPSOIDS OF REVOLUTION WITH DIFFERENT RATIOS OF SEMIAXES 

0.859 
0.087 

0.861 
0.087 

0.858 
0.087 

0.857 
0.086 

0.858 
0.087 

0.861 
0.086 

0.861 
0.086 

0.854 
0,088 

0.858 
0.087 

0.858 
0.087 

I 

I I  

I11 

IV 

V 

VI 

VI1 

VI11 

IX 

.y 

I 

I t  

I11 

IV 

V 

VI 

VI1 

VI11 
- 

0.868 
0.117 

0.875 
0.120 

0.875 
0.119 

0.874 
0.118 

0.875 
0.117 

0.877 
0.118 

0.869 
0.119 

0.874 
O.Il8 

0.868 
0.117 

0.869 
0.120 

b l a  

0.385 
2.170 

0.385 
2.1'70 

0.385 
2.170 

0.385 
2.170 

0.385 
2.170 

0.385 
2.170 

0.385 
2.170 

0.385 
2.170 

0.385 
2.170 

0.385 
2.170 

0.301 
0.726 

0.301 
0.726 

0.301 
0.726 

0.501 
0.726 

0.301 
0.726 

0.301 
0.726 

0.301 
0.726 

0.301 
0.726 - 

0.871 
C.119 

0.878 
0.120 

0.876 
0.116 

0.876 
0.119 

0.877 
'0.117 

0.877 
0.119 

0.878 
0.119 

0.876 
0.119 

0.869 
0.118 

0.870 
0.119 

= 1.5 

KEY : 

0.897 0.897 
0.279 0.281 

0.898 0.899 
0.281 0.277 

0.897 0.898 
0.280 0.281 

0.897 0.897 
0.277 0.279 

0.897 0.899 
0.279 0.281 

* su - Surface 
** mod - Model 

0.8b5 
0.242 

0.887 
0.236 

0.885 
0.237 

0.884 
0.235 

0.884 
0.241 
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0.887 
0.239 

0.890 
0.239 

0.887 
0.239 

0.887 
0.237 

0.886 
0.243 

0.890 
0.238 

0.887 
0.242 

0.88'7 
0.239 

0.889 
0.152 

0.. 886 
0.156 

0.887 
0.155 

0.891 
0.152 

0.890 
0.153 

0.885 
0.156 

0.889 
0.156 

0.891 
3.151 

0.890 
0.155 

0.889 
0.156 

0.879 
0.221 

0.874 
0.217 

0.880 
0.223 

0.873 
0.220 

0.876 
0.219 

0.874 
0.221 

0.876 
0.221 

C.878 
0.221 

0.890 
0.156 

0,888 
0.159 

0.884 
0.157 

0.891 
0.153 

0.892 
0.157 

0.887 
0.159 

0.889 
0.158 

0.892 
0.153 

0.892 
0.157 

0.89C 
0.158 

0.880 
0.224 

0.873 
0.217 

0.879 
0.223 

0.877 
0.223 

0.879 
0.222 

0.877 
0.223 

0.879 
0.224 

0.879 
0.Z23 

0.873 
0.212 

0.871 
0.210 

0.869 
0.207 

0.871 
0.209 

0.874 
0.207 

0.875 
0.206 

0.873 
0.211 

0.871 
. 0.212 

.-A- 

0.867 
0,090 

0.866 
0.091 

0.866 
0.092 

0.862 
0.090 

0.862 
0.090 

0.863 
0.092 

0.864 
0.090 

0.862 
0.092 

0.864 
0.090 

0.865 
0.091 

0.865 
0.091 

0.864 
0.092 

0.867 
0.093 

0.864 
0.091 

0.864 
0.091 

0.863 
0.091 

0.862 
0.090 

0.863 
0.091 

0.862 
0.091 

0.864 
0.091 

0.877 
0.214 

0.874 
0.212 

0.876 
0.207 

0.874 
0.211 

0.876 
0.210 

0.877 
0,208 

0.875 
0.213 

0.874 
0.214 

~ 



TABLE 8.11 

RELATIVE DISTANCE E O F  SHOCK WAVE FROM SURFACE O F  SPHERE AT DIFFERENT 
VALUES O F . L ~ , A N D  M, 

0.174 
0.174 
0.175 
0.176 
0.179 

0.181 
0.184 
0.185 
0.186 
0.186 

0.188 
0,189 
0.191 
0.194 
0.197 

0.200 
0.204 
0.209 
0.214 
0.220 

0.226 
0.234 
0.240 
0.245 
0.252 

0.262 
0.272 
0.279 
0.289 
0,299 

0.309 
0.323 
0.336 
0.348 
0.365 

0.377 
0.392 
0.410 
0.428 
0.445 

0.0 
1.8 
3.6 
5.4 
7.2 

9.0 
10.8 
12.6 
14.4 
16.2 

18.0 
19.8 
21.6 
23.4 
25.2 

27.0 
28.8 
30.6 
32.4 
34.2 

36.0 
37.8 
39.6 
41.4 
43.2 

45.0 
46.8 
48.6 
50.4 
52.2 

54.0 
55.8 
57.6 
59.4 
61.2 

63.0 
64.8 
66.6 
68.4 
70.2 

0.147 
0.147 
0.147 
0.147 
0.147 

0.148 
0.149 
0.152 
0.152 
0.154 

0.157 
0.159 
0.162 
0.162 
0.166 

0.168 
0.169 
0.172 
0.177 
0.183 

0.189 
0.196 
0.200 
0.204 
0.211 

0.217 
0.225 
0.235 
0.242 
0.251 

0.261 
0.273 
0.282 
0.295 
0.306 

0.319 
0.331 
0.347 
0.362 
0.377 

2 

0.330 
0.330 
0.331 
0.332 
0.333 

0.335 
0.337 
0.339 
0.343 
0.347 

0.352 
0.357 
0.363 
0.368 
0.375 

0.385 
0.393 
0.403 
0.411 
0.421 

0.432 
0.442 
0.455 
0.468 
0.481 

0.496 
0.51 1 
0.528 
0.546 
0.565 

0.585 
0.607 
0.635 
0.654 
0.680 

0.710 
0.738 
0.767 
0.803 
0.837 

3 
0.218 
0.218 
0.219 
0.220 
0.222 

0.223 
0.224 
0.226 
0.228 
0.230 

0.232 
0.234 
0.236 
0.241 
0.246 

0.250 
0.255 
0.260 
0.266 
0.271 

0.278 
0.286 
0.292 
0.300 
0.309 

0.319 
0.328 
0.340 
0.351 
0.362 

0.376 
0.391 
0.403 
0.420 
0.438 

0.455 
0.477 
0.495 
0.520 
0.541 

8.06 
0.137 
0.137 
0.137 
0.137 
0.137 

0.138 
0.138 
0.140 
0.142 
0.144 

0.146 
0.148 
0.149 
0.151 
0.154 

0.157 
0.158 
0.161 
0.165 
0.169 

0.173 
0.176 
0.180 
0.186 
0.192 

0.198 
0.203 
0.213 
0.219 
0.227 

0.236 
0.246 
0.254 
0.263 
0,280 

0.291 
0.312 
0.324 
0.339 
0.353 

1327 

309 

c 



TABLE 8.11 Continued 

4del - 
72.0 
73,8 
75.6 
77; 4 
79.2 

81 .o 
82.8 
84.6 
86.4 
88.2 

90.0 
91.8 
93.6 
95.4 
97.2 

99.0 
100.8 
102.6 
105.4 
106.2 

108.0 L 109.8 

2 - 
0.872 
0.914 
0.956 
0.999 
1.049 

1.103 
1.159 
1.222 
1.286 
1.357 

- 

3 

0.566 
0.594 
0.621 
0.652 
0.685 

0.718 
0.751 
0.790 
0.832 
0.876 

0.925 
0.975 
1.030 
1.089 
1.152 

1.217 

- 

0.463 
0.485 
0.512 
0.526 
0.551 

0.577 
0.603 
0.633 
0.665 
0.699 

0.734 
0.776 
0.81 5 
0.863 
0.917 

0.961 
1.025 
1.075 
1.141 
1.213 

1.289 

- 

- 

6.05 
.- . 

0.392 
0.413 
0.431 
0.452 
0.475 

0.497 
0.520 
0.549 
6.574 
0.600 

0.633 
0.666 
0.700 
0.740 
0.784 

0.823 
0.872 
0.924 
0.977 
1.035 

1.097 

I_ 

- 

8.06 
.- 

0.36t 
0.381 
0.40C 
0.42C 
0.441 

0.461 
0.485 
0.505 
0.533 
0.566 

0.586 
0.617 
0.650 
0.687 
0.725 

0.767 
0.813 
0.860 
0.915 
0.970 

1.020 
1.080 

TABLE 8.12 

RELATIVE DISTANCE E OF SHOCK WAVE FROM SURFACE OF ELLIPSOID OF REVOLUTION 
WITH RATIO OF SEMIAXES b / a  = 0.5 AT DIFFERENT VALUES OF AND M, 
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TABLE 8.12 Continued 

54.0 
55.8 
57.6 
59.4 
61.2 

63.0 
64.8 
66.6 
68.4 
70.2 

72.0 
73.8 
75.6 
77.4 
79.2 

/ 3 2 9  

0.555 0.462 0.394 0.359 
0.574 0.481 0.410 0.375 
0.597 0.499 0.432 0.388 
0.633 0.515 0.445 0.404 
0.659 0.541 0.467 0.420 

0.687 0.564 0.480 0.437 
0.711 0.583 0.501 0.457 
0.744 0.611 0.512 0.470 
0.774 0.628 0.534 0.490 
0.804 0.648 0.556 0.508 

0.834 0.670 0.578 0.525 
0.870 0.695 0.595 0.543 
0,900 0.720 0.612 0.562 
0.934 ‘0.750 0.640 0.582 
0.972 0.775 0.659 0.599 

~ 

0.0 0.444 0.357 0.309 0.287 
1.8 0.443 0.357 0.309 0.285 
3.6 0.443 0.359 0.310 0.285 
5.4 0.442 0.361 0.311 0,285 
7.2 0.443 0.364 0.312 0.287 

9.0 0.444 0.363 0.312 0.289 
10.8 0.445 0.362 0.314 0.290 
12.6 0.446 0.359 0.314 0.292 
14.4 0.447 0.362 0.315 0.293 
16.2 0.446 0.361 0.315 0.290 

18.0 0.445 0.359 0.315 0.289 
19.8 0.444 0.356 0.314 0.289 
21.6 0.443 0.360 0.312 0.290 
23.4 0.442 0.357 0.312 0.291 
24.2 0.441 0.356 0.311 0.289 

27.0 0.440 0.348 0.310 0.290 
28.8 0.439 0,352 0,308 0.290 
30.6 0.438 0.35C C.306 0.287 
32.4 0.437 0.350 0.305 0.285 
34.2 0.431 0.348 C.504 0.286 

72.0 0.532 0.427 0.367 0.342 
73.8 0.547 0.447 0.381 0.352 -- 7- - - .  . . .  

Mea 

Qeg 1 3 ~- 4 6.05 8.06 

1.116 0.942 0.855 
1.151 0.971 0.885 
1.194 1.007 0.914 
1.240 1.041 0.950 
1.287 1.077 0.983 
1.342 1.119 I.OT5 

75.6 
77.4 

I 79.2 

~ 81.0 
I 82.8 
: 84.6 
, 86.4 
I 88.2 ‘ i  

TABLE 8.13 

0.574 0.459 0.395 0.366 
0.600 0.479 0.411 0.379 
0.626 0.513 0.431 0.396 

0.656 0.529 0.445 0.411 
0.690 0.560 0.480 0.442 
0.720 0.590 0.510 0.465 
0.759 0.620 0.539 0.494 
0.810 0.657 0.567 0.527 

RELATIVE DISTANCE E OF SHOCK WAVE FROM SURFACE OF ELLIPSOID OF REVOLUTION 

36.0 
37.8 
39.6 
41.4 
43.2 

45.0 
46.8 
48.6 
50.4 
52.2 

54.0 
55.8 
57.6 
59.4 
61.2 

63.0 
64.8 
66.6 
68.4 
70.2 

WITH FATI( 

0.436 0.349 0.303 0.284 
0.436 0.349 0.302 0.283 
0.435 0.346 0.301 0.283 
0.435 0.349 0.302 0.284 
0.434 0.345 0.302 0.285 

0.434 0.350 0.301 0.286 
0.435 0.352 0.302 0.286 
0.436 0.352 0.305 0.287 
0.437 0.354 0.304 0.290 
0.438 0.354 0.303 0.290 

0.440 0.361 0.307 0.292 
0.443 0.362 0.310 0.294 
0.446 0.370 0.311 0.296 
0.451 0.374 0.315 0.301 
0.451 0.382 0.319 0.302 

0.470 0.385 0.32; 0.305 
0.476 0.393 0.328 0.311 
0.489 C.UOl 0.339 0.316 
0.5C2 0.410 0.346 0.325 
0.517 r7.419 0.355 0.330 

IF SEMIAXES b /a  = 1.5 AT DIFFERENT VALUES OF 8 AND M, 

1, d e w  6.05 8.06 
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